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Fig. 2. Turing patterns in Gierer-Meinhardt model when k = 0.0128: (a) ¢t = 20; (b) t = 80; (c) t = 170; (d) t = 270;
(e) t = 320; (f) ¢ = 340; (g) ¢ = 500; (h) ¢ = 600; (i) t = 900.
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Fig. 3. Turing patterns in Gierer-Meinhardt model when k = 0.0152: (a) t = 30; (b) t = 80; (c) t = 90; (d) t = 140;
(e) t = 160; () ¢ = 290; (g) t = 520; (h) t = 620; (i) t = 990.
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Fig. 4. Turing patterns in Gierer-Meinhardt model when x = 0.008: (a) ¢ = 30; (b) t = 80; (c) t = 90; (d) ¢
(e) t = 160; (f) t = 220; (g) t = 290; (h) ¢ = 270; (i) t = 990.

M A B R 38 E 0 LR
HHREXEH 2 ¢ RY (N=1,2) W EEHHF K
Neumann i 5t 4% £F i) Laplace 5 F (1) 45 AE 48 ) . — 4
TEOLT, FEAEAA 19 3
v =Xu, 0<z<a,
(A1)
v (0) = (a) =0,
Ko € RT. $REME MRS NE® — X = 0, BE
p=EVA. AN < O Al REBRIEIE N = —(knt/a)?,
ERHEMFIRIIR R B on = cos T (k € 7).
TE B OL T, RRAEAE I &N

—Au = du, 2 =10,a] x [0,b],

du
on

(A2)
:O,
a0
KAa,b € RY, MRS HEBFERMIFMLEME &
w= X (@)Y (), AT - (’)‘( _ %) “
X" = MX,)Y = XY, H-O\+X) = )\ @#E

(a) t = 30; (b) t = 80; (¢) t =90; (d) ¢t = 140; (e) ¢t

~o00000
c [=Xelolole]
Il VI N

u

(=}

1.0 1.0

1.0 1.0

160;

140;
k)2 I\ 2

i = — <7> et = — (?) MO E( N Ay =

C vt ) = (%“) + (%‘) , ELAEE (8 7 X8 2 05

PREUCN g, (z,y) = cos I%[x cos %Ry (leZke).

5 T REAL R AL AR 1F) R, 4

k l
U= Zak,l cos Tnx cos %y,
kL

V = Z by,1 cos %‘Tx cos %ny,
k,l

AW YRS
k)2 m\?
- E Ak, — + F
k,l a
kT Im
X COS — T COS —Y
a b
+c Q. COS k—nm cos l—n
11 ]%1 k,l p b Yy

km In
+ c12 Z b1 cos — T8y
k.l

km In
= E Qk,] COS — X COS — Y,
kl a b

050503-7


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn

4 38 % 3R Acta Phys. Sin.

Vol. 67, No. 5 (2018) 050503

s ()4 (5)]
I

kTt
X COS — I COS —-—Y
a

b

kT I
+ c21 E Qg,;] COS — X COS — Y
= a b

+ c22 Z by, cos —a: cos %ﬂy

k l
= )\Zbk,lcos %xcos ?ﬂy. (A3)
Kl

2
W= (’m) + (%) mmamien

(—epp+ 11 — A) ar, + cr2be,y =0,

(A4)
c21ak,1 + (—dp 4 c22 — A) b = 0.
MTFRA (A3) HAEEMR, Wi
—cp+ e — A
cp+ e 12 o (45)
ca21 —dp+ca2 — A
BB 7 AR BT R R AEAE
1
A= 5{ —dp —cp+ c11 + c22
+ [(d/,b +cp — c11 — c22)?
— 4(d,u2 + dpci1 — craeo
1
— cuczz + 011022)] ’ } (A6)

fif X B & a2 1%
5E XAF [—1, 1] EHIFRHE k B Chebyshev 2 T Ty, (z)
N Ty (z) = cos (karccosz), k = 0,1,2,---. & x = cosz,
WA Ty, = coskz, AU FEBHERR:
Try1 (z) — 22T () + Th—1 (z) =0, k=1,
To(z) =1, Ti(z)==x.

(B1)

Ty (x) 7E [-1,1] £ N + 14> Gauss-Lobatto s NZE:

:vz—cosﬁ, j=0,1,--- N. (B2)
WN 2 I Xuy (z) € PvfE LRI E fx; i 2
un () = u(z;), WA

N
= > hi(z;)ulz;), (B3)
=0

KA hj(z) N N B Lagrange 3£ 5 3. HIEC B Bk g A& 0 &
TEMMS ST AR E, FERNEE S SHE. 5T (B3)
Ko S5, 5

(p) ;) Z d(:v)

.j:0717"'7N7 (B4)

b ZHdP) = b (x). TS B
DY = (d “)), Fop
W _ & (=)™

di':—iv 0<7’7]<N7Z7é.]7
g (i — )

o B

dB = ___ T 1<i<N-1 B5
1,0 2(1—.%?)7 XX ’ ( )
1 1 2N? +1
3=~y = XY
XHReg=env=2,6=1;=1,2, —1. —Biri 1"‘%3\

U4 A TIT L — A 3 ST 7 4 38, anD<2>—(D<1>)

S

[1] Turing A M 1952 Philos. Trans. R. Soc. Lond. B 2 37
[2] LiX Z,BaiZ G, LiY, Zhao K, He Y F 2013 Acta Phys.
Sin. 62 220503 (in Chinese) [ZSHFEL, [ & E, 258, MR,
BUTIE 2013 #)FE44) 62 220503
[3] Zhang L, Liu S'Y 2007 Appl. Math. Mec. 28 1102 (in
Chinese) [3KIH, X =FH 2007 MM 1% 28 1102]
[4] Li B, Wang M X 2008 Appl. Math. Mec. 29 749 (in
Chinese) [Z=i#, T WIHT 2008 B FHE A% 29 749
[5] Hu WY, Shao Y Z 2014 Acta Phys. Sin. 63 238202 (in
Chinese) [ 5, fEu% 2014 WEL%4R 63 238202
[6] Peng R Wang M 2007 Sci. China A 50 377
[7] Copie F, Conforti M, Kudlinski A, Mussot A, Trillo S
2016 Phys. Rev. Lett. 116 143901
[8] Tompkins N, Li N, Girabawe C, Heymann M, Ermen-
trout G B, Epstein I R, Fraden S 2014 Proc. Natl. Acad.
Sci. USA 111 4397
[9] Lacitignola D, Bozzini B, Frittelli M, Sgura I 2017 Com-
mun. Nonlinear Sci. Numer. Simul. 48 484
[10] Gaskins D K, Pruc E E, Epstein I R, Dolnik M 2016
Phys. Rev. Lett. 117 056001
[11] Zhang R P, Yu X J, Zhu J, Loula A 2014 Appl. Math.
Model. 38 1612
[12] Zhang R P, Zhu J, Loula A, Yu X J 2016 J. Comput.
Appl. Math. 302 312
[13] Bai Z G, Dong L F, Li Y H, Fan W L 2011 Acta Phys.
Sin. 60 118201 (in Chinese) [H /5, #WIJY,
FRE 2011 PEEL4R 60 118201]
[14] Zhang R, Zhu J, Yu X, Li M, Loula A F D 2017 Appl.
Math. Comput. 310 194
(15] Lv Z Q, Zhang L M, Wang Y S 2014 Chin. Phys. B 23
120203
(16] Wang H 2010 Comput. Phys. Commun. 181 325
[17] Hoz F D L, Vadillo F 2013 Commun. Comput. Phys. 14
1001
[18] Nie Q, Zhang Y T, Zhao R 2006 J. Comput. Phys. 214
521
[19] Nie Q, Wan F Y M, Zhang Y T, Liu X F 2008 J. Com-
put. Phys. 227 5238
[20] Gierer A, Meinhardt H 1972 Kybernetik 12 30
[21] Ward M J, Wei J 2003 J. Nonlinear Sci. 13 209
[22] Wei J, Winter M 2004 J. Math. Pures Appl. 83 433
(23] Li H X 2015 J. Northeast Normal University 3 26 (in
Chinese) [Z=ifffk 2015 ZRILIFKF 3 26]

A, U

050503-8


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn
http://dx.doi.org/10.7498/aps.62.220503
http://dx.doi.org/10.7498/aps.62.220503
http://www.applmathmech.cn//CN/abstract/abstract970.shtml
http://www.applmathmech.cn//CN/abstract/abstract1093.shtml
http://dx.doi.org/10.7498/aps.63.238202
http://dx.doi.org/10.1007/s11425-007-0001-z
http://dx.doi.org/10.1103/PhysRevLett.116.143901
http://dx.doi.org/10.1073/pnas.1322005111
http://dx.doi.org/10.1073/pnas.1322005111
http://dx.doi.org/10.1016/j.cnsns.2017.01.008
http://dx.doi.org/10.1016/j.cnsns.2017.01.008
http://dx.doi.org/10.1103/PhysRevLett.117.056001
http://dx.doi.org/10.1103/PhysRevLett.117.056001
http://dx.doi.org/10.1016/j.apm.2013.09.008
http://dx.doi.org/10.1016/j.apm.2013.09.008
http://dx.doi.org/10.1016/j.cam.2016.02.018
http://dx.doi.org/10.1016/j.cam.2016.02.018
http://dx.doi.org/10.7498/aps.60.118201
http://dx.doi.org/10.7498/aps.60.118201
https://www.sciencedirect.com/science/article/pii/S0096300317302874
https://www.sciencedirect.com/science/article/pii/S0096300317302874
http://dx.doi.org/10.1088/1674-1056/23/12/120203
http://dx.doi.org/10.1088/1674-1056/23/12/120203
http://dx.doi.org/10.1016/j.cpc.2009.10.007
http://dx.doi.org/10.4208/cicp.050612.180113a
http://dx.doi.org/10.4208/cicp.050612.180113a
http://dx.doi.org/10.1016/j.jcp.2005.09.030
http://dx.doi.org/10.1016/j.jcp.2005.09.030
http://dx.doi.org/10.1016/j.jcp.2008.01.050
http://dx.doi.org/10.1016/j.jcp.2008.01.050
http://dx.doi.org/10.1007/BF00289234
http://dx.doi.org/10.1007/s00332-002-0531-z
http://dx.doi.org/10.1016/j.matpur.2003.09.006

32 % R  Acta Phys. Sin. Vol. 67, No. 5 (2018) 050503

Application of reaction diffusion model in Turing
pattern and numerical simulation”

Zhang Rong-Pei’’  Wang Zhen? Wang Yu" Han Zi-Jian"

1) (College of Mathematics and Systems Science, Shenyang Normal University, Shenyang 110034, China)
2) (College of Mathematics and Systems Science, Shandong University of Science and Technology, Qingdao 266590, China)

( Received 6 August 2017; revised manuscript received 6 November 2017 )

Abstract

Turing proposed a model for the development of patterns found in nature in 1952. Turing instability is known as
diffusion-driven instability, which states that a stable spatially homogeneous equilibrium may lose its stability due to
the unequal spatial diffusion coefficients. The Gierer-Mainhardt model is an activator and inhibitor system to model
the generating mechanism of biological patterns. The reaction-diffusion system is often used to describe the pattern
formation model arising in biology. In this paper, the mechanism of the pattern formation of the Gierer-Meinhardt
model is deduced from the reactive diffusion model. It is explained that the steady equilibrium state of the nonlinear
ordinary differential equation system will be unstable after adding of the diffusion term and produce the Turing pattern.
The parameters of the Turing pattern are obtained by calculating the model. There are a variety of numerical methods
including finite difference method and finite element method. Compared with the finite difference method and finite
element method, which have low order precision, the spectral method can achieve the convergence of the exponential
order with only a small number of nodes and the discretization of the suitable orthogonal polynomials. In the present
work, an efficient high-precision numerical scheme is used in the numerical simulation of the reaction-diffusion equations.
In spatial discretization, we construct Chebyshev differentiation matrices based on the Chebyshev points and use these
matrices to differentiate the second derivative in the reaction-diffusion equation. After the spatial discretization, we
obtain the nonlinear ordinary differential equations. Since the spectral differential matrix obtained by the spectral
collocation method is full and cannot use the fast solution of algebraic linear equations, we choose the compact implicit
integration factor method to solve the nonlinear ordinary differential equations. By introducing a compact representation
for the spectral differential matrix, the compact implicit integration factor method uses matrix exponential operations
sequentially in every spatial direction. As a result, exponential matrices which are calculated and stored have small
sizes, as those in the one-dimensional problem. This method decouples the exact evaluation of the linear part from the
implicit treatment of the nonlinear reaction terms. We only solve a local nonlinear system at each spatial grid point.
This method combines with the advantages of the spectral method and the compact implicit integration factor method,
i.e., high precision, good stability, and small storage and so on. Numerical simulations show that it can have a great
influence on the generation of patterns that the system control parameters take different values under otherwise identical

conditions. The numerical results verify the theoretical results.

Keywords: reaction-diffusion equation, Gierer-Meinhardt model, Turing pattern, Chebyshev spectral
method
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