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Fig. 1. Black box S produces n unknown states, with the

only knowledge of states being their dimension.
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Fig. 2. General prepare-and-measure scenario.
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Fig. 3. Spatial structure of the set formed by B for pure
states with n =2 in three-dimensional space. The three
coordinate axes in the figure correspond to z = (1+
Bi1)/2, y= (14 Bi12)/2, and z = (14 B13)/2. Here, a
denotes the quantum boundary, ¢ corresponds to the hyper-
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M 45 R SR R G EAEE, ALANBRE BN

4.

fE 4t g5t b TS BUEE BT R4,
A RRLN 3. T S rank(A) = 3 ORI, =
DL A AR . 7R M A
=AM

il 1 (BT REMDLZEFMATE) £
et T ARG, il S LS RS A L Bloch Bk
1) = 2R AANMETC O =, DR A BBk AL -

rank(A) = 3, (19)

JERTHIE RGeS T RS, # rank(A) < 2, WF
] 4zt ASE Hilbert 23 [0, Jois EAHTHi5]A.

EW: —4e 7 Raeh, R Ay pdg)
% Bloch ¥k [ —ASEm . #5 i A 8754 T
Bloch Bk A9 [R]—F1m [, W'EAT#Y Bloch /R{L
di 5 4k a3 [a], MM rank(A) < 2, iZ RS A Hisx
PRIEASE S ZIH; FHAAEZRD =TS E N =4
AMEZs 0], W rank(A) = 3, EIRZE Bloch BKAAHN.
HEFEOHOE, BVAAAE AT, R TokIB 5L
w1 RS K rank(A) = 3 B E REAFELEN T
Gr LB

=AY S 5 SO0 DU AE R B:
ri*q1 Ti'q2 T1°q3

B=| ryqi T2:q2 T2:G3 (20)
T3:q1 T3:'q2 T3°GQ3
e A et A S R A T H.
Bloch JU[ 25, #3840 T i FAH Tk S 2 1 &
ESWIRTTEE
FERR 3 (=A- =M AT/ R T
REGEWAE) & X

3
Wy = Y Bij —2Bys — 2Bsp. (21)
i,j=1
WA LA 5
5 (G T /rank(B) = 1),
Wa <

9
5+

\/TT") (ﬁﬁ*ﬁ?ﬁ/rank(B) =2).

(22)

AN, EAFAER B 0145 det(B) #£ 0, W] rank(B) = 3,

Mifirank(A) = 3, REAHE TT RS, HT A LIH

rank(B) = 2 Py & AR B Wy 1B, WO F
TELME A B IX 7 rank(B) = 2 5 rank(B) = 3.

Fika (22) MUHES ST SCER AL (10) 2810,
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HERW, =5+ 7 i rank(B) = 2 i) JLA] % {E
SCEL, B
ri//(a1 + @2 + g3),
rof/ (@ + @2 — q3),
r3//(a1 — q2 + q3).
H—LWO NG HaIeM, g Ha—gl
Sy, WL B
oy~ Y1
SR T Z R ORAEAT AT DA iy e S S (D
R(B) = 2158 A3 B, B, AAFAELAE
DLIEREIX 43 rank (B) = 2 5 rank(B) = 3.
SR, FAT S G M n] A B E LA DA
det(B) #0 = rank(B) = 3. (23)
2E4 rank(B) < rank(A) , AIHEH:
rank(A) = 3 = RENHE T RE. (24)
RXERE AT A7 1 BA U < B0 B BOR -
B det(B) # 0, BT~ 210 B4t .
W, NPAFEA R SRR R BT R
WAL, ¥ e 2 = E TR,
JEH 4 (DUZS- =450 /2 BT RGUILIE)
E

. 0,=0

6 (4 classical),
Wi <{2+2V5 (52T, real quantum),
43 (2T, complex quantum).

(26)
P, YR W Y5 FE AN R X R, DR R GE I 2
i SR BRI —
AR TR ARG - LB TRE —
EETREN =R, Wk T =38- =85
MR ANBEIWAIE R T R G ]

5 # %

ARILCRGNEHHE T T e T E s JOCHE AR Y
AR LIRS G B IR A R S

FEMERR M ARSS &, B T — 58 A TR
Jrik. B, R T AR T IR RS B S, 5%
WAL GEAR TS 0 275 SEFIS 2 M BOHORE, A
B LRy N IR T AT BRI 2 5E T R
TEMAEZRT ) RGBT 1 LM AR AR Tk
JWAETT 58, B WA A& JORHEAL T SE Bl T 424
ARG RO T RGN O T RS =R,
Forp Wy WAETT S8 0 200 TR b s it T4
PEITE.

AW B SR AE T B A AIE L T 2Rl
(AL AR 5 L 13 50 2507 T BAT 32 1 R iS5t
HAKITR, Al FRICAN TRl T 2R S5
A TR E S5 R T BT, B A T 4
VRSG5, INTAT ROk 275 R IER BOR AR &
MRS RS R RFE R, BN, i AR 5 A
BLIARALTT, SE LS T R TE G i 15 BAk
H, DIRE A SR AR AR TR TR AE
YT I, SR K R A TR
PRSCBR A TR R, BN A B SRR G SRR
R SRR, AR B AV R A 00 R BB A L
AR5 58 AR TAEAT LA LA [l eI 85,
R BUAHERAE B e T RGE, A JEAHNL Y e 4
A PEWAETT 5 FOR, BEFETEME A 3R 5E T HoA &
PRVERY WAL D5 58, 4R TH S E; &), KA1k
DA 5 At B 5 B (AN 7 21 98, 5
P) B INARSS &, MG — BT SR BEE
HEZR. RO TRt — 2D el i T BORTEA AT 5 R
% MR, T B S A R
4 % R A L BB ST
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Abstract

Quantum coherence is a fundamental feature of quantum mechanics and a key factor that distinguishes

quantum mechanics from classical theories. From theoretical and practical perspectives, the characterization

and quantification of coherence are crucial problems in quantum information science. Although quantum

coherence has been recognized as a quantum resource and a systematic framework for its quantification has

been developed, existing measurements generally depend on a pre-fixed reference basis. This dependence poses

significant challenges in practical scenarios where the reference frame may be misaligned or the measurement
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devices may be uncharacterized.

To overcome these limitations, we detect quantum coherence within a semi-device-independent (SDI)
framework. We introduce the concept of an “incoherent source,” defined as a collection of unknown quantum
states that are jointly diagonalizable on an unspecified basis. By using the rank analysis theory of Gram
matrices, we transform the problem of coherence detection into the evaluation of experimental correlation
matrices. This approach eliminates the need for prior knowledge of the state’s density matrix or the alignment
of measurement bases, requiring only the assumption of a bounded Hilbert space dimension (e.g. qubits).

We systematically construct two types of coherence witnesses: linear inequalities and nonlinear
determinant-based criteria. For the minimal resource case involving two preparations and two measurements,
n=2, m=2, we derive a linear witness W; and prove its tight upper bounds for classical and coherent
systems. Moreover, we demonstrate that the determinant of the data matrix B (or BTB) serves as a sharp,
nonlinear witness. A mnon-zero determinant unambiguously implies rank(B) > 2, providing a robust and
conclusive test for coherence.

Furthermore, we demonstrate that this framework not only has the ability to detect coherence, but also has
remarkable discriminatory power. By increasing the number of preparations and measurements, the rank of the
underlying state correlation matrix A, which is larger than or equal to 3, can be probed. We show that
rank(A) > 3 necessitates a complex quantum system, thus requiring the full complex structure of the Hilbert
space. We construct specific linear witnesses (e.g. W3 ) that can distinguish three hierarchical levels: classical,
real-quantum, and complex-quantum, based solely on experimental data. We also analytically demonstrate that
although linear witnesses W> in n =3, m =3 scenarios fail to isolate complex structures due to geometric
overlaps, the nonlinear determinant witness provides a definitive “pinpoint” identification of complex-number
quantum systems.

In summary, we establish a comprehensive SDI theory for witnessing quantum coherence and complex-
number structure, without the need for state tomography, or trusted measurements, or a pre-defined basis. Our
results provide a novel tool for proving quantum resources, which is of great significance for fundamental
research on device-independent cryptography, randomness generation, classical--quantum boundaries, and the

role of complex numbers in quantum mechanics.
Keywords: quantum coherence, device-independent, coherence witness, complex quantum system
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