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Table 1.  Comparison of commonly used numerical methods for investigating thermal transport in long-range FPUT sys-

tems (accuracy, efficiency, and system-size limitations).
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Fig. 1. The dependence of heat conductivity k on system
size N in the case of o =2 (the average temperature here
is T = 0.5, the same below).
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Fig. 2. The temperature profile of the o = 2 system.
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Fig. 3. The pg(m,t) of the o =2 system at different

times, the inset shows its scaling behavior.
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Fig. 7. The energy flux auto-correlation function of the o = 0 system with the long-range interaction range truncated, where Ly

represents the actual long-range interaction length.
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Fig. 12. Temperature distribution of the alternating long-range coupled non-integrable system at different system sizes.
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“FhipspaiR R SR E A S TIER AL .

4) e YR I A S R R A ] BRUA & b
AL 3 SERE 1Y) 5 s T A RRIE, AR BRI i
FHEALIREEA T ] B, KREARG 7 R A 41 1
SBT3 i AR v B 5T ST AR
k.

AR DL bk, AR SCHR R AR — LT i [l et 1
BEHESE.

1) R FRATIHBT, #Z H AT SR e s £
R o-UK S im oy XA R el AT TS,
R ZHEZ M RGERSE N T AT A R R T ir
JE 53, DT 9 A RE A A K 2673 L 2 15 I 1™
M X BB 2 AR i, BRE T 0 =0.5,
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o~ 1.25fl o = 2 ZFRHIF S A IENE E 2ok A A BRR
FEEEUES, Hish = RS R R RS AR B Sl A4s
BAFGR. RRTERELE D RF M EREBERKNT,
AT B B vepe(o; N) L BEUIL T K LA B pgp (m, t)
MIBREEA T ARG, DL X 5y e )8 T
S GA L B 2 TR R AT RERYEHE 2.

2) AL FERMETHE IR (T =05)
N AE LR B T B4R, CAIFEERE FPUT
B AR S EL o T RERETR AR L. TR KR
FPUT R Z i, YA AR LR M i i Qnar s me sCrp BT
WS FE NG, BREAAE— TR, WAk
HASHFE I — A E 25 ).

3) A — OGRS AUE R AR L P
FHEAE AR B R R, — 4l ~riE %
e RIAT B R B 58 L 55K AR X IE R #
F L s X R RE I CHK 5 Y, DA RAE
FERSEIBETT T B LB 12 S 2R TR . XSG
PR KB B AE AR FOZ MR $8 50 S 50k
By, M AEWOLZE e T RE S A 25 A 2510
Kemedz, Imxt B BeHESL (L H R TE i 4P
FIRRAR T RS A E MR T4 T 2= B [19:16])
PR T PR AR. AR FPUT AR T iki5 i
I RS M, U R R KRR R T AR
T2 XS IS T BRI R AR — A EE A oY
Jila].

4) ARILERFE R T Ak —4E K2 FPUT
R Ha NG, X EE NE 5 RO 3
J12F AL 247 Doi A1 Yoshimurals! iF B 22 R
TTEo=2K&E FPUT AR HFERARE AR
TR RS SR T Wang 45 B9 B IRIE o = 2 A"
i SRR T R IR ST FHX R ; Xiong
Wang & B o = 0.5 4 F7 5K (19 A 2l W g - 44 74 ;
Xiong Fll Wang!*+50 #8455 2% i) iy iz A2 4k 5 -+
FIPE U B R TE . SR, X224l HUEpI b
PG 2 R, IR AMTEAN A R S8 rh i 58 A ) 2%
i SO 8 7 2 R ok — N E AR ZE BER
(77 1w].

5) BT JLAE, R AR AR R & kB
WS TR AR, Rl JE 1R B i 5%
BT AR TR] RO Bl 5 B 1)~ B L i) i
B BEAE RO-24 SR, SC T AR BLAE A R ik
W5, B H AR IR FOREERTI AR (4 MR
TAEEEI R A0 TAE ). X — e AR R R LB

P 35 s B R 1 (R FH TR AH B Y
FEARR? X — [ EHE AT

6) feJe, SMES R IR, KM EERIT
RSl IeAN I, I LR L RefE T 55 I 1
P B KA G O FLSE MRS N 854, BN,
£ dfR (Coulomb crystals)6), 7 £ 4§ 7 i {4
(Ising pyrochlore magnets)0465 D J& 3% L5 4 40
KGR (permalloy nanomagnets)!66 (K R ARSI
S A I KRR A BAE AR AR, B A R,
EAREA S KM TN RGP T
YRR I PR AL 155-6768] 1 e U 3 10 AH BLAE I ] TR
PR T M S IR R B AT, S5 A AR
X —4E KA FPUT 2K A% IR A5 R, AT N
HXT L B A Rk M ) PR A 5 R B A R AR
KA AU S AL G0 U SRe Y H
PR, AT RRE R A A5 R I AT EE 13
J128 254y JEHBTFE S KRR A IR LR
PR IV A, AR 22 mT 5 BRGS0 iz B3 4t
M52 243l 12, XAl R AH 2 (R 25 A AR R Y
BLI A e S5 T R RN B AL TR AL A . 46
T2, BRESREUE /S AT 24N, KA 53k
LR PTIE S AT /AEM T34, D i™
A= B RE I I 5 iz 18 EE A, T RE O AR SR A
REAA IS | AATT OG5 PR A8 2 1 1 DG S AR
T, Wi HE S AU 5 2 n] s iz bk A%
aaraapiifzss
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SPECIAL TOPIC —Heat conduction and its related interdisciplinary areas

Recent progress on thermal transport in one-dimensional
long-range interacting Fermi-Pasta-Ulam-Tsingou
lattice systems”

XIONG DaxingVf LI Nianbei?* CHEN Jie?f

1) (MinJiang Collaborative Center for Theoretical Physics, College of Physics and Electronic Information Engineering,
Mingiang University, Fuzhou 350108, China)
2) (Institute of Systems Science, Department of Physics, College of Information Science and Engineering,
Huagiao University, Xiamen 361021, China)
3) (MOE Key Laboratory of Advanced Micro-Structured Materials, China-EU Joint Laboratory for Nanophononics, Center for
Phononics and Thermal Energy Science, School of Physics Science and Engineering, Tongji University, Shanghai 200092, China)

( Received 31 December 2025; revised manuscript received 31 January 2026 )

Abstract

Long-range (LR) interactions are no longer just a theoretical idea: they can be engineered in several low-
dimensional platforms and offer a new way to control heat transport. At the same time, they push beyond the
standard picture developed mainly for short-range, momentum-conserving lattices. In this review, we consider
one-dimensional Fermi-Pasta-Ulam-Tsingou (FPUT)-type lattices where LR effects enter mainly through a
quartic anharmonic coupling that decays as a power law, characterized by an exponent o. Our goal is to
explain, in a unified way, how LR anharmonicity changes microscopic energy exchange, collective dynamics, and
the macroscopic scaling laws of heat conduction-while also clarifying what is well established and what is still
debated.

We first introduce the main models and the quantities used to discribe transport in LR-FPUT systems.
These include the nonequilibrium steady-state thermal conductivity x(IN), the equilibrium Green-Kubo (GK)
approach based on the heat-current autocorrelation Cjy;(t), and spatiotemporal correlations of heat/energy
fluctuations pg(m,t), together with the scaling of the mean-squared displacement (MSD). A key technical point
is that, in LR lattices, the microscopic heat current contains explicit nonlocal contributions. As a result,
different (formally related) implementations of the current may lead to noticeable differences at finite system
sizes and finite times. To extract the intrinsic transport behavior, we therefore stress practical checks: i) the
stability of scaling exponents against boundary and driving protocols, ii) validation among all the three
methods, i.e., xK(N), Cys(t), and pg(m,t), and iii) careful control of finite-size and finite-time crossovers.

Based on these methods, we review representative o-dependent transport regimes. i) The special point o = 2
is central and remains controversial. Early work reported ballistic-like behavior under certain boundary
conditions. More recent studies using more controlled numerical method (e.g., periodic driving together with
correlation scaling) tend to support strongly enhanced superdiffusion, with an effective divergence exponent

around « ~ 0.7, rather than ballistic transport. The most consistent physical picture links this enhancement to

* Project supported by the National Natural Science Foundation of China (Grant Nos. 12275116, 12175074, 12475037) and the
Science and Technology Commission of Shanghai Municipality, China (Grant No. 24520711200).

1 Corresponding author. E-mail: xmuxdx@163.com

1 Corresponding author. E-mail: nbli@hqu.edu.cn

11 Corresponding author. E-mail: jie@tongji.edu.cn

070002-14


mailto:xmuxdx@163.com
mailto:xmuxdx@163.com
mailto:nbli@hqu.edu.cn
mailto:nbli@hqu.edu.cn
mailto:jie@tongji.edu.cn
mailto:jie@tongji.edu.cn
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 Z 3R Acta Phys. Sin. Vol. 75, No. 7 (2026) 070002

weak nonintegrability and the presence of long-lived coherent carriers, such as mobile breathers or related
nonlinear excitations, while recognizing that finite-size results are unusually sensitive to boundary
implementation and to how the heat current is defined. We summarize the current consensus and the main
remaining disagreements, and we argue that ballistic vs strong superdiffusion should be decided by consistency
across multiple observables, not by temperature profiles alone. ii) In the weak-LR regime (1 < o < 3), a striking
result is a near-diffusive window around o ~ 1.25. This is conceptually important because it suggests a possible
route toward quasi-normal transport within Hamiltonian, momentum-conserving one-dimensional lattices, which
usually show anomalous conduction in the short-range case. We discuss how this challenges the common
intuition that momentum conservation implies anomalous transport, but we also emphasize that the current
evidence should be viewed as a strong candidate that still needs careful confirmation against finite-size
crossovers and method dependence. iii) In the strong-LR regime (0< o < 1), simulations show clear
antipersistent (negative) structures in Cy;(t) and a trend toward slower transport, sometimes described as
subdiffusive-like transport. iv) We also discuss an inverse LR coupling design LR-FPUT model that can invoke
ballistic transport, suggesting that LR nonlocality combined with structural modulation may open new
transport channels and may be useful for thermal rectification.

Finally, we outline key open directions: establishing reliable finite-size scaling to distinguish genuine o-
driven dynamical transitions from broad crossovers; mapping transport regimes in a (o, T, nonlinearity) phase
diagram; and identifying the microscopic carriers (phonons, stationary/mobile breathers) and their scattering
dynamics that underpin the observed superdiffusive, near-diffusive, and antipersistent slow-transport behaviors.
These needs also connect to experiments, since LR couplings can be realized in platforms such as Coulomb
crystals and frustrated magnets, and LR interaction engineering has already enabled efficient thermal
rectification-suggesting practical routes to tune heat conduction and build thermal diodes/switches based on

nonlocality and nonlinearity.
Keywords: anomalous thermal transport, discrete breathers, ballistic transport, long-range interaction
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