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Fig. 1. (a) Brillouin zone of the monolayer honeycomb optical lattice; (b) band structure of the monolayer honeycomb optical lat-

tice; (c) Brillouin zone of the twisted bilayer honeycomb optical lattice; (d) band structure of the twisted bilayer honeycomb opti-

V3
cal lattice; here the lattice depth is fixed at Vo = 4F; , and the twist angle is 6 = 2arctan < om

n
+n> with m=22, n=1.

110302-3


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

) 32 % 3R Acta Phys. Sin. Vol. 75, No. 11 (2026)

110302

A REHHAEH, 0 2(a) B, AR REH A (4
B R HAAER R, JeRimiirR c a4k,
BALSR0E BE SR Y s B 2K TS AR s A 1 RE
AL A e VT LATEJZ [RIRE G A T R g, 43
TE AR FNE R (B B RS 0CN 1) R
R (BE DRGSR 0) 1945, oA TE— 05
R, B TAE s 47 BB T0 s Ab A s 717 1) R SRS A
A LA P Z 80, FERES 1) A ) A5 L BB IS
FREAT AL #E AT LA 538 1Y J2 (R A 5 T IR AR
SEHE, AN 2(b)—(e) Bz, BEAh, FE5RZ A4 X
5, Bl 2 RN A R B AN TS R, TR R 1 BB K
ITEREHFTRRR N 1, ¢, 2¢, ..., HI ¢ BOBRREAE) T
Wz -, WTTIE — R 5147, 4nEl 2(e)—(h)
FiR.

(a) 0
g 2|
2
4 —4r
o0 6l 2r =0E,
c 2c 4c 6c 8c
Band index
() 0O
g 2|
~
R de+1t de+2 2r = 0.02E,
c 2c 4c 6¢c 8c
Band index
(e) O
g 2|
2
ﬂ _al 416 ¢ c423 8c—3 : 8c+4
60
~ —6H1:5 4c—2  4e+31 £2r = 0.605E;
c 2¢ 4c 6c 8¢
Band index
(8)
5]
~
S
d
) c—45 1 c+67 =
| . . . Qp = 5E,
c 2c 4c 6c 8¢
Band index

P2 KB, R 5 I AR P
R AT IR RE S THAL A P17 1 SO A B A 1 Y
AN [R]. X T BB ] - a5 BF AT B9 BEAHE , {91 U7 fiE
WHEFR N 2¢, 6¢, 8¢ BT, 030X 1o LI G ff i 1Y)
Al 3 ANRET T R, AP AERE— I P R . 7RI
e SR 13 568 B T, PR R A BB B TR, B Pl
{ELRE A )22 ()RR & 0 B2 Yk — AP0 R, R PR
A, gl 3 ipar, 5 R IEETTR. X T RE R
FIBEA UL A RET, BIANREIEAR N 1, 4¢, 4c+1
Ak, 53 30 % R B SR Y s RO REAT R | s 417 Y
REA IO, p 4l Y BEAIF IR, B = MR 5 5k N8
WO, BE B WAL F, IR 2 (8RB 5 50 B i —
AR IRAARES P45, anfE] 3 ik | 2% fE2k
7.

(b) 0
g -2}
2
N —4 6¢
o0
= _gl 2r = 0.007E,
c 2c 4c 6¢c 8c
Band index
(d) 0
~
S _al
N 2c—1: 242
= _6} 4t det7 Qr =0.11E,
c 2c 4c 6¢c 8c
Band index
(f) o
< _o}
o
y -
N
2 olhiqs cT0 oS O = 1.45E,
c 2c 4c 6¢c 8c
Band index
(h)
5]
~
3
= 2¢—19 : 2¢+51
- Hi i 520 c—36: c+76 , §2r = 15E;
c 2c 4c 6¢c 8c

Band index

2 HIFERUZ 85 8L ks 1) BB 5 B2 B2 (DR 45 5 BZ (9 A8 4k, K BRI AT BB A 9, B G5 R i 1 e i B (L g
HF T I BB H IS A BEAHF TOU) BRI A RE A 7R 2 BURR U BT BRI BT, D AR IR BEDR Vo = 4B IEE N 6 =

2arctan Van
oman ) m=22, n=1

Fig. 2. Bandwidths of the twisted bilayer honeycomb optical lattice as a function of the interlayer coupling strength. The gray bars

represent the bandwidths of all bands, while the colored bars highlight bands near several specific locations (including band degene-

racy points, the band bottom, and the band top) that are flattened into flat bands due to the interlayer coupling. Here the lattice

V3n
depth is fixed at Vo = 4E; , and the twist angle is 6 = 2arctan (2m+n with m =22, n=1.
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Fig. 4. Evolution of the energy bands near the Dirac point of the sband as a function of the interlayer coupling strength:
(a)—(c) Formation of flat bands in the weak interlayer-coupling regime; (d), (e) new Dirac points emerging in the strong interlayer-

coupling regime, protected by the symmetry of the moiré superlattice; here the lattice depth is fixed at Vo = 4E;, and the twist

angle is 0 = 2arctan ( ) with m =22, n=1. In panels (a)—(c), the four bands with band indices ranging from 2¢-1 to

2m+n
2¢+2 are highlighted in green. In panels (d) and (e), the newly formed Dirac point band structure are highlighted in black.
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Fig. 5. Evolution of the energy bands near the band bottom and band top of higher-orbital bands as a function of the interlayer

coupling strength: (a)-(e) Band structure near the band index 4c¢ (green line); (f)—(j) band structure near the band index 4c+1
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Fig. 6. Evolution of the energy bands near the higher-orbital band-degeneracy point (6¢) with parabolic dispersion as a function of

the interlayer coupling strength: (a)-(e) Band structures for an optical lattice depth of Vo = 4FEy; (f)—(j) band structures for

V3n
Vo = 10E;, here the twist angle is fixed at 6 = 2arctan (Qm ) with m =22, n =1, the band with band index 6¢ is high-
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Fig. 7. Evolution of the energy bands near the higher-orbital Dirac point (8¢) as a function of the interlayer coupling strength, here
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the lattice depth is fixed at Vp = 4F; , and the twist angle is 6 = 2arctan ( ) with m =22, n =1, the eight bands with

band indices ranging from 8c¢-3 to 8c+4 are highlighted in green.
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Fig. 8. Wilson-loop phases for three types of flat bands in a twisted bilayer honeycomb photonic crystal lattice: (a) Schematic of the
moiré superlattice Brillouin zone (black hexagon) and the region used to compute the Wilson-loop phases (red rhombus), the dashed
line C; indicates a representative closed path used to evaluate the Wilson loop; (b)—(d) Wilson-loop phase evolution across the
Brillouin zone for the flat bands associated with (b) the s-orbital Dirac point (2¢-1:2¢+2), (c¢) the band bottom (4c), the band top
(4¢+1), or a high-orbital band-degeneracy point with parabolic dispersion (6¢), and (d) the high-orbital Dirac point (8¢-3:8¢c+4);
the horizontal axis k denotes the crystal-momentum coordinate along a chosen direction in the Brillouin zone (with period Ko

along this direction), and the vertical axis ¢ denotes the Wilson-loop phase.
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SPECIAL TOPIC— Ultracold atomic and molecular physics

High-orbital flat bands of ultracold atoms in twisted bilayer
honeycomb optical lattices”
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Abstract

Recent experimental progress on twisted bilayer optical lattices with ultracold atoms provides a highly
controllable platform for flat-band physics beyond solid-state moiré materials. While previous studies established
that interlayer coupling can generate flat bands near the Dirac points of the s-orbital bands in twisted bilayer
honeycomb optical lattices—thereby enabling quantum simulation of magic-angle twisted bilayer graphene—an
important open question is whether higher-orbital bands can host equally rich (and possibly distinct) flat-band
structures, and how their topology and geometry differ from the s-orbital Dirac-point flat bands.

Here we systematically investigate the single-particle band structures of ultracold atoms loaded into higher
orbitals of a twisted bilayer honeycomb optical lattice under tunable interlayer coupling. Our results reveal that,
with appropriate interlayer coupling, flat bands can also emerge i) near other band-degeneracy points in higher-
orbital bands, and ii) near the band bottoms and band tops of the higher-orbital bands. Importantly, we identify
two distinct flattening mechanisms with different coupling dependence. For degeneracy-induced flat bands, the
bandwidth is minimized near a critical interlayer coupling, whereas stronger coupling restores dispersion and
reduces the flatness. By contrast, flat bands forming near band bottoms or tops flatten monotonically as the
interlayer coupling increases. In the deep-lattice regime, as the interlayer coupling is tuned, some higher-orbital flat
bands can drift in energy across the spectrum. In particular, flat bands initially embedded in a continuum of
dispersive bands may migrate toward (and eventually into) an energy gap, becoming increasingly isolated. We also
analyze the topological and geometric properties of representative flat-band subspaces using non-Abelian Wilson
loops. The flat bands induced by the s-orbital Dirac points exhibit a nontrivial Wilson-loop winding. By contrast,
most higher-orbital flat bands show suppressed geometric-phase effects with vanishing Wilson-loop winding and
Wilson-loop phases locked near zero. Notably, for flat bands induced by higher-orbital Dirac points, although a
robust winding analogous to the s-orbital Dirac-point case is absent, the Wilson-loop phases display finite
fluctuations around zero, signaling a residual non-Abelian geometric response. The demonstrated tunability of
flatness, band isolation, and geometric response lays a foundation for future studies of interaction-driven strongly
correlated phases and topological quantum phase transitions in ultracold-atom moiré systems.

Keywords: ultracold atomic gas, optical lattice, flat band, twisted bilayer optical lattices, Wilson loop
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