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AR BN J3 A& B PR (BRE SRR T2 AAE T R 4]
0 gy Reldl, AR g RECISE S s 5 (0] TR seh o 52 PR 1] P FAn v BRI s A
AN BEAT R ST IR SRR S AR, RS AR AR IE R I R, HA
A R Z A B R T ILAR LR BN 1 R AR IR AT D S B A X i e
A, AR R B NS RZ G, R A B AT IR 52 28 i 3h i)
PRAR

FEUNTT IR S Bl M b, LBl A% (Rayleigh number, f&ic4
Ra) SN AL CH RAW . W1 Angeli 6 NBIZRIR T 52 BR 25 6] Py 4
AL AR L6 PE AT il % 25383 Ruelle-Takens. Feigenbaum A1 Pomeaue-
Manneville =2k %421 JE 2R . Mizushima 25 NI T 2R M e e MEBEAEF 7T 1
AN BT PR i ) 90 75 5 4645 . Rashid 25 NV i £ BRAR R 23047 i (B A5
L, FHAE AT g2 (Power Spectral Density, fijicy PSD) ZIH | | B
A3 S AR ARG ) 7 e Ra 2846 ) Feigenbaum 4% . FHE%E \BLER R R 2=
OIS AN R T I B ARSI AT AR M AT, RIUAEUR AR 707 —90° i A7
TERRII 7320 o LIRH ST b7 1 B ) BRAe) B p) 52 R 4 1) A TR R A ) 52
WAL, B AR 2 IR AR R G AR LA 5 1 F R SR A R b 7

RGNHAAEL A BHIRRS, HB) 3 E v B0 . AR R4 AR
Fi#%¥ Boltzmann J7¥% (Lattice Boltzmann method, i A LBM) 5T 7 A H
TREE T ORI s B ML B R GO R 3EE T R . X ] 25 A 120
I LBM HEATHEUERIL, FRFAHEIFI PSD 7R T 42 [ R s N #4047
Ruelle-Takens-Newhouse ITRTEFAREE AT . Mun SEM120R B2 i - IRAR AR

20t 2 I A B DU IR I R G AT TP IE, R UATHRFIRG e FABE



[T 35055 38 /K- ¥ (Average Nusselt number, 128 Nu ) FISE/N, BHEEK
ARSI IRIE . X LR T I FIESE, 2B 2 ) A 2 FAIE RO R A iR
AR AR 5 R A B A SR AR T AR e ) B AR B 5 4 i) 2

SR A 2T 52 B2 8] Y SRR B AR R 3 0 = it 7L, K2 BT U
Y B — i SR AR R GE, 0T AR 22 AT JR) L i il B 24 TP B2 45
1, HARLMEh BT N S 5 ERF R S A e s A, BTk, ASCR
FA%F Boltzmann J7i%, 0 Gt 16— 4E3E 1 43 A7 1 DY A S5 5 A5 09 [ T 4
AT T, RSB R AR e E R AR 23 70 A % 4. LBM B
WHEHMES . 5T IHTHEIM,  HAER A% Boussinesq UMM AR IX S 55 7T
JE4g e BA RO, SO AR I BUE TR . s e US4,
KR ZGZNE T B Ra BIET, #IJFERGMIRAS . Z50 FH b IR 76 5 2%
12, R T IRSh R U AR AR LAk B U], I R 1228 AR 2R Y
2 PRURHO R G AW LB S AL HR JE A
2 MA#HR
2.1 Y ERAE Y

PIsRREA 1 R, BB ACONERTE, AN R, BEFCOAEERET, B
AR, BETREE 00 DA BT AR R DABERY JUAT Hple AR i 52 25 T7 49
A B ALK d MHEE, BUENLAR,—R), BERMEET, , BEMEEN 0. B
H5HJEERLEAR IR =5 EMMEE N g, HRBER . & TCENERE
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Fig.1. Physical model diagram
2.2 LBM Hi%Y
ARSCR FH 2R S A5 N ST Boussinesq B 1 FIAS & (1144 T BGK B!

HEATSRAR . JEREYRIE D2GO BB, JUBIHURIE e, AU R o, FFRETEA

(0,0 a=0

e, = c(cos[(a—l)%],sin[(a—1)%]) a=1234 (1)

\/Ec(cos[(Za—1)%],sin[(2a—1)%]) a=5,6,7,8
4/9 a=0
w,=41/19 a=123/4 )
1/36 «=5,6,7,8
X, c=6,16,=1, &S 5P REEG KB FE K. HApif G AE RS 75
BN 1, T SR B HR I 1) Ed SR (] B A 500 NI TE)S
5T Boussinesq s IS I E, € A0

1
F=—(0,+0,)e G
a 2C( a2+ a4) a (3)
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T= iTa )

i Chapman-Enskog 2 B @, WK 52 1R 06 AL Y Boussinesq 77 P24 -

Veu=0 (10)
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%+v {(UT)=Va(x VT) (12)

A v oNIZENEE R WY HLR S
PO L H R T E NS E b ) 8, 5 BA%RFEC (Prandtl number, f&1ic 4
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A Ma) SESUA: Ma=Se . B, HOASSAEKRE, u NEHERRE, @ XN

C

S

2(R?—4R?)
2% T8y =\ JgBpATH 13
R +4R U, =98 (13)

HY Ma = 0.1 & ASAT i, BLPr = 0.706 . 1 I3 5 40 2 50T 5 S L4
WA 7, 7, K

1 MaH /3Pr 1 2MaH

ot TW (14)
2.3 LS AEEE . Nu THE
K FH 58 B S A N TOTER A 1) 45 6 A1 27 4/ A 2 2 T4 170 v Ak 38 077 vk
AEFR LS DLE LA O], 15T R A R AT R
f (0 =120, 0+ £,7(n,, 1) (15)
BV S IR BB A0 vAb RO | S o PN EiL4 6 B U 2 N e R TS B
EIRG. Zt& e B HEA W R, HAUERE I R Pl BT L08:

f (r,t)— (1) q>0.75

fa+,neq (rb’t) — {
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Fig.2. Schematc diagram of curved edges model
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Tt BV R R N 1R 22 s M A7) FEABE TR P50 R A
Jr ¥ %% 2E /R $(Local Nusselt Number, #1024 Nu, )7 AU

NuLzh—Hz—aG)

TN (17)

wall

PRI A 10 g B T 5, AR SCHY BE TR PNV T TR ST X 5 AR 5, 38 XL
LA (R S RATHIR B AR TR0 s R AR AR o A HEAT SR 7, IS BBk i
I A -

ar
on

:J_rd—T =*(2ar, +b) (18)
dr

wall r=r,

AP IESCS R EE T A 7 g S (ORI, PNBERIE) o

RN JE S 51 I A 1 V5 Nu, 15315 555 28 /R 8090 Nu (6) > Fi

_— 1 2z
Nu=_" [ Nu, (¢)d¢ (19)
P ETHT N AR % R TR SRR, SRR Nu S T Rl 8
PR, AT U %55 9K MU 0SB N
2.4 BRI
RO S CHRESREL, 3R SRR 7] 9654 A
X LRI Sl S LRI 0 4% R T A B MU 5 T S ST

H. & 1 I T7AFE Ra T, tHEIIEFHERES R R T (Average surface heat

transfer coefficient, it N Keq )5 SCHR[17]3256 AT 1S Keq HIXTEL . 5 R EIR, P
FEFTEX T T VIE RIF, &KX RZEANEE 4%, FFRUET 5.
# 1 Keq 53CHkXS 2k

Table 1. Comparison of Keq with literature results

Ra A XER[AT]  iRZE% Ra AL CHER[A7] IRE%




6.19x10* 3.32 3.30 0.50 1.30x10° 6.69 6.80 1.58
2.25x10° 4.39 4.55 3.57 1.70x10° 7.05 7.15 1.39
1.06x10° 6.47 6.52 0.72 2.14x10° 7.44 7.44 0.001

B TR B S A AT TR . 38 2 IS ERMESRIE S R W] =B AR
JE W% BT 21 1) Nu St K HI IR ZE 9 7E 5% LAY, LR 2038 R4 22 8] (1 AR 0 428 22
B N 2 RIS 3 . 7F Ra =8x10° FEHIRAS T, S MR ZRIR/D;
MAESE =K Ra T, Wil 3a M1 b frzn, W% 401 X401 ARG, A% 201 X
201 5 H Al IR 51 5 Fh AN SR TS IR ORfr— B « 225 KAE WIS 201 X201 FARTH
AT B R AR TN E I A%, R AN SR A LR AL R 58 PERFAE . B FE B 7R 2R
BZHEAH, A E NS R AT A I e YERUEE, DRk E AT A RS

A LARESZ I
K 2 Nu WA IC IR I 4
Table 2. Results of Grid Independence Test for Nu
Ra 201x 201 401x 401 801x801
Nu  FHXIRZE%  Nu  HEXIRZEY% Nu AR ZE%
8x10* 3.52 0.643 3.51 0.084 3.50 —
4x10° 5.40 2.03 5.29 1.07 5.23 —
8x10° 6.36 3.89 6.11 0.70 6.07 —

Bl 3 A [FEIPIE Nu #HZS (B B (a) Ra=4x10°; (b) Ra=8x10°
Fig.3. Phase space reconstruction diagram of Nu from different grids

(@) Ra=4x10°;(b) Ra=8x10°

2.5 ARENER 152 3 T ik



K FH TN 2S5 | FH PR 5 K 2= ik 14 < #6 4 (Largest Lyapunov Exponent
#iid A LLE) /BN RGib Ra B AR IEAT AR B ik . SR LR o0 £
AW R, 2R GV PSR, T 55 58— PR R L SN, HAL TR
HL R IR PR R BT, oK S J BE VK  5 5 T VIt 3R Ge A 4 4R ALK,
T AR A 2 I T A P AR

HARG M &I T

(1) AHBE G BN AT AR 25 8] FAG 0 R e A Ak . 0 TR S T A
ZRPESI AT, B ROKP RS u 5 B v i) AEAR I o 6T AT RR R A I
fasr e, R u BEATAZSRER, DA 22

(2) THEEE LT X RS Nu BB F 41 3ET PSD 2047, LA RS
RFAEAIR S Hoi A . SR FH Cooley-Tukey Hi%k KA

(3) F KA R A H0H 5 RA Wolf HikiHH LLE. Z V@ B ER
A7 18] A AT EUE 1 FEHOR R R 0 R ST MRSl T B AL 1 B
YA IRASEE, LLE BT REAEMELL™ i 8%, #bL LLE RF KT EIEN RG0
NI . K H AT S BRI (8] s ) Cao TV IR AR
TR I TR EX 5 5 4T A SR 0L 1 Ra (¥) PSD M 55 K PR it B2 FR) I 1] o 545

RN 3,
% 3 A6 Ra FHY LLE
Table 3. LLE at Different Ra
Ra LLE Ra LLE
1.1x10° -0.0021 7x10° -0.004
1.75x10° 0.0019 8.25x10° 0.0038
2.75x10° 0.0099 8.5x10° 0.0003
3x10° 0.0036 8.75x10° 0.0019
4x10° 0.0642 9.2x10° 0.0043
6x10° 0.4274 9.5x10° 0.1574
3 ERGHR

K4 fE 5 BikRHE 7 Ra fE8.5x10° f19x10° JEE N, HE K (K 4) M

9



ik (KB 5) WA, B 6 MRS LA u KSR E R Ra ALK 72020
K. EFiEm R T RGNS SR B R T R gElilh 5 Xk
A JETAEPIA S X FRIN 003, AU R — AN 30, BN &0 45 541

K. D ke LLE 70, VEAREDE % 70 & X 18] N 180 77 2454k

(a) (b) (©) (d) (€) ) (9) (h)
L ) R N R S
@ 0 01 02 03 04 05 06 07 08 09 I

Kl 4 KA Ra (iR = & (a) Ra=8.5x10"; (b)Ra=9x10"; (c)Ra=9.5x10*; (d)
Ra=1.75x10"; (e)Ra=3.1x10°; (fRa=6x10"; (g)Ra=8x10"; (h)
Ra=9x10°
Fig.4. Temperature contours at different Ra:(a) Ra = 8.5x10*;(b) Ra = 9x10*;
(c)Ra=9.5x10";(d) Ra =1.75x10°;(¢) Ra = 3.1x10°;(f) Ra = 6 x10°;(g) Ra = 8x10°;

(h) Ra = 9x10°

. =

Kl 5 A [F Ra 72k ¥ (a) Ra=8.5x10"; (b)Ra=9x10"; (c)Ra=9.5x10*; (d)
Ra=1.75x10"; (e)Ra=3.1x10°; (Ra=6x10"; (g)Ra=8x10"; (h)
Ra=9x10°
Fig.5. Streamlines at different Ra:(a) Ra =8.5x10*;(b) Ra = 9x10*;
(c)Ra=9.5x10";(d) Ra =1.75x10°;(¢) Ra = 3.1x10°;(f) Ra = 6 x10°;(g) Ra = 8x10°;

(h) Ra = 9x10°
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Kl 6 & v KRB RSB EL Ra (17770 &
Fig. 6. Bifurcation diagram of the extrema of velocity component u versus Rayleigh
number Ra

3.1 FaAS R

i 6 s, fERa=85x10"Hf, RGMTEFDA. HIE 4a F1E 5a w51,
Ra =8.5x10" I RAIRZ A 5T LA R B DR BHBFR, TE R E XU
GEHE o b B I A A R BE T IA] (8 78 DX SR I T — 2R PRI 0 A, 5
BR[LOIML SR B Db T O B R A R — B, RERANRESH RS T, F
R T YR T K R A WL B 7 WARRDRI T, RS Nu T
5E Ja AN R AR

[51 %) & Sb, B LAMIE], 7E Ra =9x10" i[5 s T B i U B rpv 0o 28 BT 72
Az — A A A B AR AS R AL, T SIRE ST IR FROIRAS . B Ra 9K, —
MR RE, 73— NIRRT K, HEIERRER i (& 5e) , SFIR R ) —ul i

B (B 40 o TR SHEE R BRI, R R TGS
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B S X, RARTE B R, &S SCRIG e, EREAL
Pzl N LSRR AR 50, B BRI

K7 ANF Ra K Nu I )5 {L
Fig.7. Time evolutions of Nu at different Ra

3.2 A Sl

HE 6 P, Ra=1.1x10°I R4 C o A RER ARG S . %
PG RN R E SRR A Kinlded eIt S EM T, M
JEBESIERI4E. B, B8 R4 Nu AEIMENRY, Kl 9a R4 PSD K% U4 Al
N fo REAIE DA S LR R 2 €, o 3 SRR, 18] 10 R Gt Nu FE A HLE 1 &
11 RGtu—vAHEIPUE Y ERI N —DMHIRIR M . H.EAs Ra & 1E N014615 3845
IR T G LR . IXEERHE L F AN, RSME Ra ~1.1x10° T & 7 T — Al
F Hopf 437 (Supercritical Hopf bifurcation, f&ic A Hopf 7375 ) 3t A\ 5 R HH 4R
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8 AF Ra T~ Nu fI [ 1L

Fig.8. Time evolutions of Nu at different Ra

] 9 (a) Nu 7£ Ra =1.1x10° fil Ra =1.75x10° F ] PSD;
(b) Nu 7E£ Ra = 2.75x10° Al Ra = 3x10° ] PSD
Fig.9. (@PSD of Nu at Ra=1.1x10° and Ra=1.75x10°;
(b) PSD of Nu at Ra=2.75x10° and Ra=3x10°
S EE 5d T, 22 Hopf 7320 J5 R4t RE Ra 50 HH I A% A 4 128 8 Fee o [R] I

[ X AR AR R 5 13 M sl 0 B XU s . Ra 4R T, WL 5e mT L, iitdz
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2 AT BRI s — MIF G 2E B — AN, RSB = 2N, AHRI B 11
N u-vAHEPIER RN RS E R 4. HARSGRG AWM Ra AL L5
PATE: 7E Hopf 2» 241301, JIUIRE Ra MG 4ide, RILNIE 8 o Nu Hiki ]
Ak 14 9a th PSD B rh B IE K, AL B2 I e Xt 2 s e, A
WG Ra BN AE &, KRBV 8 v Nu Hik i FISE K J2 &1 9b th PSD i
TP RAE u—v R ANE Ra B & T 2 4%, (2 Nu AL s
TV — AR IR IR, H PSD BT 4n 2 th B f HAg i 1= . X BEHFAIESL

R, A iz sh A 20 Ra IX TR, ARG dfr i i AR IR R -

K] 10 A[F Ra F Nu AH %S [8] A4

Fig.10. Phase space reconstruction diagram of Nu at different Ra
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K11 AfA Ra RO miu—v AHE]

Fig.11. u—v phase diagram of center point at different Ra

K R GATAE — X OB R BRI R 2 M, B P+J% P-, HURa=1.75x10° (i 4>
TP SCHEATARZME BT . PRI BRI Nu I AP 41 (&1 8) . PSD i (&
9a) . AR EMMEL G FHRE (B 100 a8 EHx R FA 4 3 A
e aEg. NEMU=0 R u-vHE (810 EEIEEIR. XK
W, BrRAslaR A AN, AN ORI BAT s M R AR S s 15247 8. I
s, AR JE ST P DGR B A AN SCRATIR AW ST o
3.3 F1E 0 A SR AL AL

¥ Ra ¥ 52 3.15%10° 1N, RGN N RAEAF K. HE 655, RGN
FRYETFAa KR, SRy BRI T 4 BEAL HL 1] Bt o5 — iz s,  HEE Ra 1
IARR G0 B2 A S . BURa = 4x10° #4704, u—vAHE (B 12) %k

EHUH BRI XA, I8 AR 7 AEIE RS P RS RT3 35
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[ ) A R X, X — IR AN AT B R A B R4S AE. PSD B (1 13) M

Bl 0y AL N T E S H LLE=0.0642, #fii\ T 24 H NIRHIRES .

K 12 ASJE] Ra Fot fiu—vAH K] (a) Ra=4x10°; (b) Ra=6x10°
Fig.12. u—v phase diagram of center point at different Ra

(@)Ra=4x10"; (b) Ra=6x10°

K 13 1f Ra=4x10° fllRa=6x10° F Nu ] PSD
Fig.13. PSD of Nu at Ra=4x10° and Ra=6x10°
N EWE RS 24, DOKCFEREE u B AR, W 14 fos. &5

RRH], IRMIPUERAEAE DI BN . P RAER B R, TR
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— AT IR M 4 o X EDILEIE TR M SR TR AR B IR Z 1 1Y

S0 AL o

Kl 14 AN[H Ra U AHZSEEM (a) Ra=4x10°; (b) Ra=6x10°
Fig.14. Phase space reconstruction diagram of u at different Ra

(@) Ra=4x10°;(b) Ra=6x10°

LT, REZN T —IKR1E 3% (Heteroclinic Bifurcation) . B
PIESIN R R R EEU S RS RFERE LT, SEUR R R PR A,
M5 R T S IR A o 1 SCHR[20]4R3E 1 72 SRR T, RGE JIXR
ik [z Hopf » % Ja, SIUXGH MRS IR, I il R 9k (Blue-sky
catastrophe) AR . XERRE LAHBIKEIINER, R URTER &S
I R MR B OUE 1l AR BAR S 7 2R

%4 Ra I INE 6x10°,  FRGRMHEIRAL H <Xk SO
U o b EAR B AT T 032 20 X 1 A% A RS R I ) ) B 2 2 1, O BCRIRAE B
PR S TR 2 R R 98 5, B 15 /T, RS Nu k% 1R W
[F1 (5] B Pt 2 386 003X S BSOS T TP BUIRIZ Bl DKRUJBE (1 8 B Ik 9
GIER S PR TTIR 2RI PR:  REMBN ) Re 5 5 A MR s A T
KI5 1A KIZ 3] o
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% Ra N RGEATE (K 12) PARBURMER 5| T rg<Bi4ie: B
A B BT TR v ) e ARG BEOK IR B4, ARSI /K7 i u SRR Al . fEIEE
Py M 511, B AR A% O DX IO N T R G IR TE] Ak b AR PG PR IR
s ARG A A1 FELPLIZE )6 LB R B« SRR O R XUz 5l . £ u A 20 8] LA
B (B 14) mphl, SR 2 T R A Tk 3 SRR IRR T IR, AT 1

W5 F a5 M R Fa IR EH A — NG F. MU RS LLE=0.4274, {54bFiRE

RS
Kl 15 ANA Ra T~ Nu i )5 4L
Fig.15. Time evolutions of Nu at different Ra
3.4 T

AR AIAE Ra £ 7.5x10° i K s 4 b0, B 15 AT 0L Nu #R %
TREEI/N, 1B 16 A ML T A USSR A E S . AKREL ASWECTAE
il —2k A HIE, S 4ERm. RG] FRRE, RN RZEH—
ORI 43 %% (Neimark—Sacker bifurcation) #EASUE % M1, 1A PSD B (F
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17) BT ALIFIE A f, BX MR A f = mf, +nf, 41

FCA U (R 455, m A n R

4 16 AN[F] Ra #UT Nu A% A H A
Fig.16. Phase space reconstruction diagram of Nu at different Ra
Ra £198.75x10° i, &l 18 Ffion, R ZEM Nu Bl w068 B 3 3 FL™ %
HE, B 16 M AL £ IXCAR Bz CRF 42—k Ra X [H]. PSD Kli%
(B 17) RIS AR D AT A 2 M0 £ 5 f, 2%, Bz
A —ANB A £, S B MY £, / 2 BB . i m] LUHIIKT LIRS R GeidE A

B IR 5 o

19



& 17 A[E Ra f¥) Nu [’ PSD

Fig.17. PSD of Nu for different Ra

K] 18 AIF Ra "~ Nu R[] AL

Fig.18. Time evolutions of Nu at different Ra
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% Ra 1% 9.2x10° i, M 18 Al & H R4 Nu M E IR SRS A H, BN
MR, BOGEANME IR . PSD Bl (B 17) PIAART ALHER {0 f, 7
OO I, R 16 B Nu EAEUE R —4EM A5 . Ra BE— 219N
£ 9.5x10°, R Nu BRI HR, TR DNRA LRIV
PRSI T. B 19 Hh PSD I B b B i 2 B4 w8 AL 288 1 e 7 L 3 B T

HUACH LLE=0.1574, RS NIEIEA.

K19 Ra=9.5x10° F Nu ff] PSD
Fig.19. PSD of Nu at Ra=9.5x10°
HI& 59 5 h wT L, T FAE R w00 ) K s B R i #B s B, U AR
PR RARAIE HAEIR o B TV KSR, EAUE AR B, 2 4 #UE Nu FRI4R
Gt (& 200 MBMEAEERE AL ZE, XA PSD il (] 21) Fugdsk—
o FFEAT I PSD K13, B AR Nu RGN, B R AIE Nu 5

R Nu IR G . AR T AR, B3GR Nu 4R A s E AR IR 1K

21



1T R AR RSP SFE AL S L, P FATECRI TR A 1) 72 S 1)
SRR G AP R A s REIR TR R G 3 152 AT . EIRIR
PR ] 22 1 IR IR TS DX IR (i e, 100~ AR 10 P T 3 5 U3 o
A (22 8 BT R Bl e A = (0 A PR s SE IR . PR IR AN A, 45
RGBT RIS A4 AR S A0 R B vk s, HARA 2= 75 Ok
FFAGE o

Bi%E Ra 3K, = B NARIRIOPRIER] € tWEVE R, Rt NS Y,
Had A PIRIR R, REEDONAEEL . 404K Ra, 2 3GECRI
PRz o RF G5, R IIR BUE I Zh &S T BT, RS RBUTF A
SHhiE. BE, Rgsh EREAR, BT BEREE, R
AR o

K 20 Ra =8.75x10° i} £ 5 Nu F I [E] AL

Fig.20. Nu evolution of individual heat sources at Ra =8.75x10°

22



K21 Ra=8.75x10° i % #J& Nu ) PSD
Fig.21. PSD of Nu for individual heat sources at Ra =8.75x10°
4 &
K% T Boltzmann 7795 3F @i AH A AV EE A DR 1% 1 7 A S KRS
WERTEHE, WEIT 7 BE Ra H9RIS,  HAG I 20 A i DU AN S5 P FAG R [52 7  PA Jl

ISR AR LR PR R AL, Z0m Y 1 RSS20 2 570 338 TR0V il ) 52 28 51 0 22

()X Ra ™, RGEIAE PRI E H A

(2)1£ Ra~9.5x10* i}, RHEZ—IHIRA XX 32, BRI EHIE IR IR
) E RO BRABR, T R % A8 E I BRAR N TR g 8 A A

(3)7E Ra ~1.1x10°HF, R4 HMINA Hopf 47, e A y— M
5E HIRRPRIA, N b IE X AE B2 3 PL K Ra H5 K5 H Bz 30 51 A 14 R ik

IR o AR IRIA PR BE Ra 850 = 4k .
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(4)7E£ Ra = 3.15x10° I, RGUENEIAFEAL Iy ERIEXRXUNZ 5, K4
JFAE o, FBURIRM RS, BERESARME . E, IR T N A
R, AR BT B A TR 8 X0 12 3328 B 4H N RS Rl P

(5)7£ Ra~ 7.5x10° fffix, VRIEM 5| T 2KkHa, FEIN REZLH—RIFH 7, it
A—MUFEIIE . £ Ra~8.75x10° i, RGKASRBE, BB
. MEE Radk— BN, BUFABUR, REHKEAMEIHE, &%

Ra ~9.5x10° iZ 4 A WIFA 2L, ARGk NTRIER

AW TT 5 AL I BT 58 B 45 A A] T LRI RS T B AR A 8 PR I AR Ze 1k v A
A2, B PRI IR) BOAE BLAE S XS 3 AT I B AL S R T8 o s . JE 8L
PER] R GER FUANIR B BE SR B AR ST SR IR 3R, DASE AT s HL R B A 2 R Y
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A Study on the Evolution of Nonlinear
Characteristics in Thermal Convection within a
Confined Circular Cavity with Multiple Heat
Sources Based on Lattice Boltzmann Method

XIE Ganhao, ZHAO MingT

(School of Energy and Power Engineering, University of Shanghai for Science and Technology,
Shanghai 200093, China)

Abstract

The flow and heat transfer characteristics of thermal convection in
confined spaces exhibit strong dependence on and complexity due to the
spatial geometric configuration. This study numerically investigates the
nonlinear dynamics and bifurcation transitions of natural convection in a
two-dimensional circular enclosure containing four isothermal circular heat
sources arranged in a diamond configuration, with the enclosure wall
maintained at a constant cold temperature. The lattice Boltzmann method
with a double-distribution function model (D2G9 for the flow field and
D2Q4 for the temperature field) is employed to solve the governing
equations under the Boussinesq approximation. Numerical simulations are
conducted over a range of Rayleigh numbers (Ra) from 8.5x10% to 9.5x10°
at a fixed Prandtl number of Pr=0.706. The flow regime transitions are
identified through temperature contours and streamlines, while the system
state transitions and bifurcation types are determined by analyzing time
series, phase space trajectories, power spectral density (PSD), and the
maximum Lyapunov exponent.

The results reveal a rich and complex bifurcation cascade as Ra
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increases. At low Ra, the flow remains in a steady, symmetric state. A
supercritical pitchfork bifurcation occurs at Rax9.5x10% where the
symmetric steady state loses stability, giving rise to a pair of stable, mirror-
image asymmetric steady solutions. This symmetry breaking is manifested
by the dominance of a single vortex near the top heat source. As Ra
increases further to Ra=1.1x10°, the system undergoes a supercritical Hopf
bifurcation, transitioning from a steady to a stable periodic oscillatory state
represented by a limit cycle in phase space. This single-frequency
oscillation is driven by the periodic expansion and contraction of the
dominant vortex near the top heat source. Between Rax~1.75x10°and 3x10°,
the system maintains single-periodic oscillations, with vortices periodically
generated near the top heat source and moving toward one side. A
fundamental change in dynamics occurs at Ra~3.15x10°, where a global
heteroclinic bifurcation is identified. The limit cycle destabilizes, and the
system transitions directly into chaos, confirmed by a broad-band PSD and
a positive maximum Lyapunov exponent. Phase space reconstruction
reveals chaotic trajectories intermittently visiting regions corresponding to
the two unstable mirror-image states, forming a heteroclinic network. As
Ra increases through the chaotic regime, the flow structure near the top heat
source reorganizes from intermittent dual-vortex motion to a persistent
central thermal plume, causing the collapse of the chaotic attractor's
topology. Remarkably, at Ra=<7.5x10°, the chaotic state destabilizes via a
torus bifurcation, leading to a quasi-periodic window characterized by two
incommensurate frequencies in the PSD. This is followed by a frequency-
locking phenomenon at Ra=8.75x10°, where the system reverts to a
periodic state. The locked state eventually breaks down as Ra increases, re-
entering quasi-periodicity and finally transitioning back to a fully
developed chaotic state through torus breakdown at Ra~9.5x10°.

In conclusion, this study elucidates a complex and non-standard route
to chaos for multi-source natural convection in a circular enclosure,
involving successive steady symmetry breaking, Hopf bifurcation, a direct
transition to chaos via heteroclinic bifurcation, and a subsequent quasi-
periodic window with frequency locking. The findings highlight the
profound influence of the interplay between multiple discrete heat sources

and curved boundaries on the system's nonlinear dynamics.

Keywords: Chaos; Multi-heat sources; Thermal convection;Lattice Boltzmann method
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