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Amplitude-dependent pinched hysteresis loops; (¢) POP Curves
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Fig. 2. Connection topology of the dual-memristor Hopfield neural network
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Fig. 3. Solution of Equilibrium Points (a) Local Curve Plot; (b) 3x3 Grid Multi-Double-Scroll Attractor
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Table 1. Equilibrium point, eigenvalue, and equilibrium point type

A FFAE(E P R 2T
(0,0,0,0,0)
(0,0,0,+2,0) —4.241, —4.241, 0.594, —0.342 + 1.279 FREMITERR-1 #H 5
(0,0,0,0,+2)
(0,0,0,£2, +2)

(—1.164,0.331,0.464, —0.429, 0.197)
(—1.164,0.331,0.464,0.429,0.197 +2)  —3.454, —0.941, —0.739, 0.346 + 1.096; AR MIFEH5-2 M i
(—1.164,0.331,0.464, —0.429 =+ 2, 0.197)
(—1.164,0.331,0.464, —0.429 + 2,0.197 + 2)
(1.164,0.331, 0.464, —0.429, 0.197)
(1.164,0.331,0.464, —0.429,0.197 +2)  —3.454, —0.941, —0.739; 0.346 + 1.096i AR F5H5-2 HE i
(1.164,0.331, 0.464,0.429 + 2,0.197)

(1.164,0.331,0.464, —0.429 + 2,0.197 + 2)
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Fig. 4. Dynamics behavior varying with k; (a) Bifurcation diagram; (b) Lyapunov exponent spectrum
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Fig. 6. Bifurcation diagram and phase portraits with respect to the control parameter N;
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Fig. 9. Grid multi-double-scroll chaotic attractors (a) 2x2 grid multi-double-scroll chaotic attractor; (b)

5x4 grid multi-double-scroll chaotic attractor; (¢) 7x8 grid multi-double-scroll chaotic attractor
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REASAIET AN 13 frs. M RTDAE L, BEER RIS EN S, RGO tn] S8 LA
A, HEMARRER KRN 2N, + 1/2M + 20 fidbn] WL, %AZBH Hopfield 28 [ 25 n] A4 il o IR 24~ A7
2 BRI G0 4 75T, XSGR C LRSS, Kha b, BiE No/ Mo B, &
GRS | TR ARSI R A T 05T, KSR IMEHRRGE A BRI REHAR.

(ON] ©5

6 4 2 0 2 4 6 "7 05 3 a1 1 3 5 7 T8 6 4 2 0 2 4 6 8
P2 P2 ¥2

A 13 BRI SRR I 2 XERG TR G T (a) AN IAFRG] T (b) BRG] (o) AAE
I/ GINE
Fig. 13. Coexisting multi-double vortex chaotic attractors varying with control parameters(a) Six

coexisting attractors; (b)Seven coexisting attractors; (c)Eight coexisting attractors

FRHEHISCTAL, RGBT @1 B w2 7 AR AR PTG | ZESLEA B, BESEid, =1,
do=1, ky =—-1.2, ko =12, Ny =Ny =1, G [0.1,0,0, 91(0), 02(0)], MHIIHE ¢1(0) 5 ¢2(0)
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Fig. 14. Planar-offset coexisting double-scroll chaotic attractors (a) Basins of attraction; (b) Phase

portraits of coexisting attractors
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PR EOREE L. T BEek SR AT SR AR ML, I B R BOR 2O DA HAR s o 0 &bl B
W% R G M AU B SE IR B WX . AHEEZ R, BT FPGA ARy s B S PR s B . s 5
JEPMGTTIRBE SR SFE IS, IR BN RIS ARG S BAWIIRE RS OE . BT, Aok 5
T FPGA BBk 7%, XFTit {2 Hopfield #2228 HEATRE (5221 .

AHFEET FPGA -6, FIHIAI4FA &% (System on a Programmable Chip, SOPC) $ AR5t
THTIITHYIZPH Hopfield fZeM 2k . BECFSLH -G A 15 Fn, ZOaHHaiEsEs: /K CYCLONE IV E
251 FPGA {5 Fi EPACE10F17C, DA i SGETE 14 7 Foiss st - ACM9767. SOPC AR H A&
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K 15 FPGA EfFEE-F-5

Fig. 15. FPGA Hardware Experiment Platform

YT FPGA KEBIR R B EUE S, ASCGEMEL (Buler) JAXTELS RGEHATRERUL. ZrkHACE
F . WAEE N, B TEE. RS 6. B 7 AR RSBl AT E0F 2B, FEn s LU e i 4s

RanE 16 fos. TR H, SR ISAHEIE S MATLAB e {7 AR A2
R DR I (CIT N o O D T

K 16 FPGA fELFEEAE (a)er J5 ARG T (b)er T 2-XRG WG (c)er Jri 3-BUmAss|

T () 71} 1-BURERG] T (e)pe T7 1] 2-BUEWT T (f)p2 i1 3- XU EWR 5|1

Fig. 16. FPGA hardware implementation diagram: (a)g;-direction dual-scroll attractor; (b)p;-direction
2-scroll attractor; (c)¢;-direction 3-scroll attractor ; (d)pe-direction dual-scroll attractor ;

(e)po-direction 2-scroll attractor attractor ; (f)¢s-direction 3-scroll attractor

6 NIST i

TR 22400, TRIE 7 2 A BEALES AN v] T PE 2 P S R bR, ] EAR Y I R AR i . NIST
M 32 22 T IR IR R R &= E IR BT 51 s Oh B HILF 51 . NIST SP 800-22 Wi E 42 H fil
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AL A BERLE R P TR, A 156 Wiphar i, P-value S5 74 FEHLIER) B E SR WK, 4
P-value > 0.01 i}, WHEAIRES, RKUTFHHAREIE. P-value B EEREILE [0,1] N, R/NEITHI
SRR Z BENLATEY WIS S AR, HEBEET 0.5, FP o iy BEAL BT .

WEZSH ap =1, by =0.001, ¢, =1.35, d, = 1.6, N; =5, a, =1, by = 0.001, ¢; = 1.35, dy =
1.6, Ny =5, f&H MATLAB A= 200 41K 20 100 J7 e — b BliRIE 4. 2 2 5H T NIST i
g5, MWRPATAE H, 15 WA s, Halad Seiem, e R R IR R G e B B rpont
BEBLP A EK 38 T G I 55 B 37 55

3 2 NIST JHAZE R 538 2% 1

Table 2. Comparison of NIST test results and pass rates

'S ek 29 Sciik BT

DA

P-value g% P-value jiiti# P-value liid#%
EIESINEY 0.0414  99.00%  0.7444 — 0.7565  99.17%
B P R 0.2557  99.00%  0.9225 — 0.3115  97.50%
SRt 0.6579  98.00%  0.8462 — 0.5852  100.00%
ARSI 06579 99.50%  0.0317 — 0.1347  98.33%
AR 1 0.0966  99.50%  0.9708 — 0.9761  98.33%
o A A 3, 0.0288  99.00%  0.7872 — 0.0635  100.00%
FHE M 01917  99.50%  0.0575 — 0.1223 - 100.00%
JEFESBURICE  0.0352  99.50%  0.9716 — 0.0742  98.33%
F SR T 0.1816  97.50%  0.8648 — 0.8486 ~100.00%
it 0.6059  100.00%  0.8861 — 0.9705  97.50%
SFEARLE It 0.3925  97.84%  0.2416 — 0.1865  96.67%
BEHLIERE Tt 0.1846  98.56%  0.0500 — 0.7061  98.33%
BEHLIEE S 0.0174  99.50%  0.0673 — 0.7399  98.43%
E2ZINIE 0.4466  98.00% - 0.9691 — 0.1481  100.00%
LR R 0.2077  99.50% 0.9374 — 0.8881  100.00%

2 WA TASCEH B SR NIST MRS L. fTAE th, 530k PO ML, RS2 T
B P-value BHAE 0.5, RUHBEHIEE MR, 5308k 7 ML, SRS 8 WP RIEHHIL 0.5 1)
P-value, H7E 8 WirpRI M HAMMEE R, X—4PRUEH] T RS H & AL aTTRE, FREAK
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A, MBS T PER LB R T . AR SRR 5 | 777 A 1 22 XU A S5 A 1 A 107 305 7 AE AL A T S8 56 73
Mr, GiRFH: AZBHAR G AA DR i B R S RO R Z R G 1R, R R #1 R A2 FH e fal &
HORY A 7 ). MATLAB ${E 05 AR IE iz RGER AW A 2l 12170, Hs | 7]
MR R SR E . AL, ARG n R B SRR, & T L4l E g, NIST ik
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Dynamical Analysis and Implementation of
Multi-Double-Scroll Memristive Hopfield Neural

Networks*

LI Zihan??  LUO MinY?  QIU Da Y2 YANG Ting Y2 LIU Songh2)7

1) ( College of Intelligent Systems Science and Engineering, Hubei Minzu University, Enshi
445000, China)
2) ( Key Laboratory of Green Manufacturing of Super-light Elastomer Materials of State
Ethnic Affairs Commission, Hubei Minzu University, Enshi 445000, China)

Recent research on multi-double-scroll memristive Hopfield neural networks has attracted consider-
able attention, and significant progress has been made. However, most existing models rely on a single
memristor for regulation, yielding unidirectional multi-double-scroll chaotie attractors. Moreover, cur-
rent systems are typically constructed using polynomial-based memristor models, in which the number
of scrolls varies with the number of polynomial terms. Although such approaches allow programmable
control of scroll count, their complex mathematical formulations hinder further application.

To overcome this limitation, this study proposes a new memristor model based on piecewise functions,

which is incorporated into a Hopfield neural network as both a self-synaptic and an inter-synaptic weight.

* fund: China University Industry-University-Research Innovation (Grant No. : 2024IT118) and

Hubei Provincial Natural Science Joint Foundation (Grant No. : 2026 AFC0242)
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Theoretical analysis shows that the proposed memristive Hopfield neural network can generate an arbitrary
number of multi-double-scroll attractors, and the scroll count can be flexibly adjusted via the memristor’
s control parameters. In addition, the model can be extended by adding more memristive synapses to
construct higher-dimensional networks, demonstrating flexibility and generality.

The nonlinear dynamics of the system are investigated using bifurcation diagrams, Lyapunov exponent
spectra, phase portraits, and basins of attraction. Results indicate that the system can produce grid-style
multi-double-scroll chaotic attractors, where the total number of scrolls equals the product of the scroll
counts generated along each of the two directions. Further analysis reveals that the system exhibits initial-
offset-enhanced coexisting attractors: varying only the initial condition of the memristor yields multiple
chaotic attractors with identical shapes but shifted positions. The number of these coexisting attractors
can also be controlled via parameters, indicating the presence of super-multistability.

The chaotic sequences generated by the network pass all 15 tests of the NIST SP 800-22 statistical
suite, with p-values above 0.01, confirming their randomness and unpredictability for cryptographic ap-
plications such as image encryption and secure communication. Comparative results with recent studies
show that the proposed system achieves p-values closer to 0.5 and relatively high pass rates across multiple
tests, demonstrating satisfactory randomness.

Finally, the proposed system is implemented on an FPGA platform using SOPC technology and the
Euler discretization method. Oscilloscope measurements agree well with MATLAB numerical simulations,
verifying its physical realizability and feasibility.

Keywords: Memristive Hopfield neural network, Multi-double-scroll chaotic attractor, Co-
existing attractors, FPGA hardware implementation
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