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Fig. 1 The lowest Bloch band structure and linear stability analysis with

under self-defocusing nonlinearity. The lowest Bloch band for (a) Cubic nonlinearity and (b)
Quintic nonlinearity; The maximum of imaginary part of collective spectrum from the linear

stability analysis, Max[Imag(®)], as a function of Bloch wave number K in the cases of (c)
Cubic nonlinearity and (d) Quintic nonlinearity.
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Fig. 2 Collective excitation spectrum from eigenvalue equation of the linear stability analysis

for selected Bloch waves with self-defocusing nonlinearity. For cubic nonlinearity, the Bloch
waves labeled by points a, b, and ¢ in Fig. 1(c) are chosen, and corresponding collective excitation

spectrum is shown in (a) k =-0.6, (b) k =-0.45, and (c) k = 0.25 _respectively; for quintic

nonlinearity, the Bloch waves labeled by points d, e, and f in Fig. 1(d) are chosen, and

corresponding collective excitation spectrum-is demonstrated in (d) k =-0.6, (¢) for

k'=-0.45, and (f) k =0.25 _respectively.
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Fig. 3 Propagation evolution of typical Bloch waves with self-defocusing nonlinearity.
Propagation evolution of Bloch waves at (a) k = —0.6 and at (b) k = 0.25 in the presence of cubic
nonlinearity; Propagation evolution of Bloch waves at (c) k =—-0.45 and at (d)k =0.25 _inthe

presence of quintic nonlinearity.
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Fig. 4 The lowest Bloch band structure and linear stability analysis with
under self-focusing nonlinearity. The lowest Bloch band for (a) Cubic nonlinearity and (b) Quintic

nonlinearity; The maximum of imaginary part of collective spectrum from the linear stability

analysis, Max[Imag(w)]. as a function of Bloch wave number K in the cases of (c) Cubic

nonlinearity and (d) Quintic nonlinearity.
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Fig. 5 Collective excitation spectrum from eigenvalue equation of the linear stability analysis

for selected Bloch waves with self-focusing nonlinearity. For cubic nonlinearity, the Bloch waves

labeled by points a and b in Fig. 4(c) are chosen, and corresponding collective excitation spectrum
isshown in (a) k =-0.78_and (b) k =-0.28_respectively;for the quintic nonlinearity, the Bloch

waves labeled by points ¢ and d in Fig. 4(d) are taken, and corresponding collective excitation

spectrum is demonstrated in (d) k =-0.78 .and (d) for k =-0.28_respectively.
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Fig. 6 Propagation evolution of typical Bloch waves with self-focusing nonlinearity.

Propagation evolution of Bloch waves at (a)k =—0.78 and at (b) k =-0.28; in the presence of
cubic nonlinearity; Propagation evolution.of Bloch waves at (c)k =-0.78 and at (d)k =-0.28 in

the presence of quintic nonlinearity.
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ASOE S LR E T IR e SR i, RGUIEI T PTXFRARE KA
SAIAAE Gy FAFAE = IR B IR AR ZAE I SR AR R 7 _E AR R (R IR ) AN REE 1, fom
TARME Y EEUEA E REE EALT, HIARE A FERAE. H e, AR
ORI TLIRAR 2, RO K A 34 7 A i i A, AR AT W e 0 - A L
DX o AIS R, %A B 2 1T A5 A 9 ki F) 1 i) AN 1 5% A B X
OAIIR U BB E R A = RARZR XS T RE AT i a2 ) 1 ) A
5B MIANR S8 AEAT HLIH X P o 40 1) XS B A 0 A R A L) D e A e 1k
T AL T RE A SRR TR A AE I 25 REAT AR . A XK, AN B U B
re ARE TARGMEH & SRR RETT LA B AL R ANRESE T ELHR
B TLRARERIYETS DU T, AFAE — P AP AR E L, B SRRSO AR
HL BEAE S, AZ AL AR 2 R FURTRAL . BL4E, ARRsE IR BN AE A
TREBEE S AL . £ BHEUE TIARZIERY, fFE e SRR ML 2 AR
JEAK S A ) 53— A B EARFAE . i 2 As e 1 20 B 45 2R 7T DI I A7 VI ) A%
SRRSO B IE . B FEAE RGP AR 2R XS PT AR LKA 55 i
il ANKGE VERZ I A BRAAE, B9 AR R 72 AR UK e AR S 45 1O B 3 I BE 12 2
fiffo
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Modulation Instability in Parity—-Time Symmetric

Periodic Potentials

Deng Chengxinyu?  Lu JiahaoV Zhang Yongping? '
1) (Department of Physics,Shanghai University, Shanghai 20044, China)

Abstract
Modulation instability (M) is a fundamental nonlinear phenomenon.
Considering that parity-time symmetric non-Hermitian periodic potentials
and higher-order nonlinearities are currently active research directions in
optical systems, in this study we investigate the nonlinearity-induced
modulation instability of optical beams propagating in parity-time
symmetric non-Hermitian periodic potentials. Eigenstates of this system
are spatially extended Bloch waves. Through linear stability analysis
combined with the other method of nonlinear propagation evolution, we
systematically investigate the modulation instability of Bloch waves in the
lowest band of a parity-time (PT) symmetric non-Hermitian periodic
potential in the presence of cubic or quintic nonlinearities, respectively.
We demonstrate the distinct characteristics of modulation instability in
self-focusing and self-defocusing nonlinear regimes.
First, regardless of cubic or quintic nonlinearity, an important feature
arising from the PT symmetric non-Hermitian periodic potential is that the
nonlinear Bloch band becomes asymmetric with respect to the center of
the Brillouin zone, which in turn leads to an asymmetry of the Bloch wave
modulation instability about the Brillouin zone center.
Second, for self-defocusing and self-focusing cubic nonlinearities, the
regions in the Brillouin zone where modulation stability and instability
occur for Bloch waves on the energy band are complementary to each
other. The mechanism underlying the instability is the collision of two
bands among the collective excitation spectrum in the eigenvalue equation
of the linear stability analysis.
Third, regardless of whether the quintic nonlinearity is self-defocusing or
self-focusing, it renders the Bloch waves across the entire Bloch band
modulationally unstable. In the self-defocusing quintic nonlinear case, a
new instability mechanism emerges: the presence of discrete energy level
crossings in the collective excitation spectrum. This mechanism
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introduces new features to the instability, including a small instability
amplitude and its existence only at discrete excitation quasimomenta. The
presence of the level-crossing instability mechanism in the
self-defocusing quintic nonlinear case is another important feature of PT
symmetric non-Hermitian periodic potentials.

All results from the linear stability analysis can be verified through
propagation evolution simulations of the Bloch waves. The research
findings enhance the understanding of the influence of higher-order
nonlinearities on modulation instability in PT symmetric non-Hermitian
periodic potentials, and also provide a theoretical foundation for potential
applications of nonlinear control in non-Hermitian optical propagation.

Keywords: Parity-time symmetry, Non-Hermitian periodic potential, Quintic

nonlinearity, Modulation instability

*Project supported by the National Natural Science Foundation of China (Grant No. 12374247).

T Corresponding author.E-mail:Yongpingl1l@t.shu.edu.cn
The first author.E-mail:dcxy@shu.edu.cn

16



