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   

 

 [4]



Hodgkin–Huxley (HH)

 [5]FitzHugh–Nagumo

(FHN) [6]Hindmarsh–Rose (HR) [7]Hopfield [8]

Rulkov

 [9]Chialvo [10]Izhikevich [11]Kinouchi–Tragtenberg (KTz) [12]



 [13–15]

 

 [16] 







 

 [17,18]



Chua1971

 [19]

 [20–23]

 [24–26]



Li [27]Rulkov

Zhou [28]Chialvo

Zhang [29]Hopfield
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  [30]

Hopfield

Wang [31]

Hindmarsh–RoseHopfield







 [32–34]



KTz

KTzSOM-KTzsecond-order memristor coupled KTz neuron

modelNIST

STM32

2KTz

34

5

2 KTz

2.1 





 [35]



i = (a sin(s) + b tanh(w))u,

ṡ = A
(
s+ cos(Bw)

)
u,

ẇ = cu,

(1)

uisws

w
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 s 

abcABAB



A = 1B = 1(1)





in = (a sin(sn) + b tanh(wn))un,

∆sn =
(
sn + cos(wn)

)
un∆τ,

∆wn = cun∆τ.

(2)

  

 [36](2)

unsnwn

in

(2)∆τ 

∆τ

∆τ∆τ = 1

∆sn = sn+1 − sn∆wn = wn+1 − wnn = 0, 1, 2, · · ·




in = (a sin(sn) + b tanh(wn))un,

sn+1 = (sn + cos(wn))un∆τ + sn,

wn+1 = cun∆τ + wn.

(3)

A sin(ωn)–

ω = 0.3A1(a)

A = 0.31(b)



 


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(a) (b)(a) (b)

 1 (a) ω = 0.3A = 0.1, 0.15, 0.2(b) A = 0.3ω =

0.15, 0.2, 0.25

Fig. 1. Hysteresis loop characteristics of the memristor: (a) different amplitudes A = 0.1, 0.15, 0.2 at

ω = 0.3; (b) different frequencies ω = 0.15, 0.2, 0.25 at A = 0.3.

2.2 KTz

KTz 

 [37]







xn+1 = tanh

(
xn −Kyn + zn + I

T

)
,

yn+1 = xn,

zn+1 = (1− δ)zn − ε(xn − xR),

(4)

xnnynznK

Tδε

xRI

KTz2KTz

xn

KTz

KTz
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(a)

(b)

(c)

(d)

 2 KTz(a) (b) (c) (d) 

Fig. 2. Discharge patterns of the KTz neuron: (a) plateau spike firing; (b) bursting firing; (c) fast spike

firing; (d) regular spike firing.

2.3 KTz

KTz 

xnsw

KTzSOM-

KTz




xn+1 = tanh

(
xn −Kyn + zn + I

T

)
+ e(a sin(sn) + b tanh(wn))xn,

yn+1 = xn,

zn+1 = (1− δ)zn − ε(xn − xR),

sn+1 = (sn + cos(wn))xn∆τ + sn,

wn+1 = cxn∆τ + wn,

(5)
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 eKTzsws

w

 KTz



3

忆阻自突触

细胞核

体

轴突

突触

忆阻自突触

体

轴突

细胞核

细胞体

轴突

突触

树突

 3 KTz

Fig. 3. Schematic of the KTz neuron under self-feedback modulation and external electromagnetic effect.

2.4 

SOM-KTzxn+1 =

xnyn+1 = ynzn+1 = znsn+1 = snwn+1 = wnQ∗ =

(x∗, y∗, z∗, s∗, w∗)SOM-KTz




x∗ = tanh

(
x∗ −Ky∗ + z∗ + I

T

)
+ e(a sin(s∗) + b tanh(w∗))x∗,

y∗ = x∗,

z∗ = (1− δ)z∗ − ε(x∗ − xR),

s∗ = (s∗ + cos(w∗))x∗∆τ + s∗,

w∗ = cx∗∆τ + w∗.

(6)
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 

J =




A B C eax∗ cos(s∗) ebx∗sech2(w∗)

1 0 0 0 0

−ε 0 1− δ 0 0

s∗ + cos(w∗)∆τ 0 0 1 + x∗∆τ −x∗∆τ sin(w∗)

c∆τ 0 0 0 1




, (7)

 ABCxyz




A =
1

T
sech2

(
x∗ −Ky∗ + z∗ + I

T

)
+ e

(
a sin(s∗) + b tanh(w∗)

)
,

B = −K

T
sech2

(
x∗ −Ky∗ + z∗ + I

T

)
,

C =
1

T
sech2

(
x∗ −Ky∗ + z∗ + I

T

)
.

(8)

(6)x∗ = 0SOM-KTzx∗ = 0(6)

Q∗ = (0, 0,−I, s∗, w∗)s∗w∗Q∗(7)SOM-KTz



J(Q∗) =




1

T
+ e

(
a sin(s∗) + b tanh(w∗)

)
−K

T

1

T
0 0

1 0 0 0 0

−ε 0 1− δ 0 0

s∗ + cos(w∗)∆τ 0 0 1 0

c∆τ 0 0 0 1




. (9)



2× 2λ4 = λ5 = 13× 3

J1 =




1

T
+ e

(
a sin(s∗) + b tanh(w∗)

)
−K

T

1

T

1 0 0

−ε 0 1− δ



. (10)

J1

Tλ3 −
(
T (1− δ + eG) + 1

)
λ2 −

(
TeG(δ − 1)−K + δ − ε− 1

)
λ+K(δ − 1) = 0, (11)



G = a sin(s∗) + b tanh(w∗). (12)
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 KδεTeab

sw∆τ

Q∗ = (0, 0,−I, s∗, w∗)

x∗ = 0∆τ∆τ



∆τ

3 SOM-KTz

3.1 ∆τ

∆τ

SOM-KTzK = 0.6I = 0

T = 0.35δ = 0.005ε = 0.005xR = −0.5a = 0.18b = 0.03c = 1e = 3

(x0, y0, z0, s0, w0) = (0, 0, 0, 0.1, 0.1)∆τ4∆τ

44(a)∆τ∆τ

4(b)–(d)∆τ = 0.20.51

∆τ

∆τ

∆τ = 1
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(a) (b)

(c) (d)

(a) (b)

(c) (d)

 4 ∆τSOM-KTz(a)(b)–(d)∆τ = 0.2

0.51xn

Fig. 4. Dynamical behaviors of the SOM-KTz model under different discrete time steps ∆τ : (a)

Lyapunov exponent spectrum; (b)–(d) time-series firing patterns of the membrane potential xn at

∆τ = 0.2, 0.5, and 1, respectively.

3.2 e

SOM-KTze

e(K, I, T, δ, ε, xR, a, b, c) = (0.6, 0, 0.35, 0.005, 0.005,−0.5,

0.18, 0.03, 1)(x0, y0, z0, s0, w0) = (0, 0, 0, 0.1, 0.1)

e55(a)e ∈ (0, 3)4

5(b)xne

e

0


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(a) (b)

 5 eSOM-KTz(a) (b) 

Fig. 5. Dynamical behaviors of the SOM-KTz model under different coupling strengths e: (a) Lyapunov

exponent spectrum; (b) bifurcation diagram.

(a) (b) (c)

(d) (e) (f)

 6 eSOM-KTz(a)–(c) e = 0.6, 0.923(d)–

(f)xn

Fig. 6. Phase portraits and time series of the SOM-KTz model under different coupling strengths e:

(a)–(c) phase portraits at e = 0.6, 0.92, and 3, respectively; (d)–(f) corresponding firing patterns of the

membrane potential xn in time series.

e6

6(a)–(c)6(d)–(f)6

e = 0.6e = 0.92
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  

e = 3



e

eSOM-KTz



3.3 c



cc

xnwnc

c(K, I, T, δ, ε, xR, a, b) = (0.6, 0, 0.35, 0.005, 0.005,

−0.5, 0.18, 0.03)e = 3c ∈ (−3, 0)47



(a) (b)

 7 cSOM-KTz(a) (b) 

Fig. 7. Dynamical behaviors of the SOM-KTz model under different memristor control parameters c: (a)

Lyapunov exponent spectrum; (b) bifurcation diagram.
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(a) (b) (c)

(d) (e) (f)

 8 cSOM-KTz(a)–(f)c = −2.5−1−0.783

−0.2−0.1−0.02

Fig. 8. Phase-plane attractors of the SOM-KTz model under different memristor control parameters c:

(a)–(f) correspond to the attractor structures at c = −2.5, −1, −0.783, −0.2, −0.1, and −0.02,

respectively.

7cc

cc ≈ −1.3

c ∈ [−0.79,−0.67]

c ∈ (−0.67,−0.27)c ∈ (−0.2,−0.1)

8c = −2.5−1−0.783−0.2−0.1−0.02

8(a)7(b)

 8(c)7(a)8(d)c = −0.2

8(e)8(f)

c8

c99c

c = −2.59(a)LE1 =

0.41LE2 = 0.1c = −19(b)LE1 = 0.16LE2 ≈ 0

c = −0.7839(c)c = −0.29(d)
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 c = −0.1c = −0.029(e)9(f)



cSOM-KTz

c



(a) (b) (c)

(d) (e) (f)

 9 cSOM-KTz(a)–(f) c = −2.5−1−0.783

−0.2−0.1−0.02xn

Fig. 9. Time series of the SOM-KTz model under different memristor control parameters c: (a)–(f)

correspond to the firing patterns of the membrane potential xn in time series at c = −2.5, −1, −0.783,

−0.2, −0.1, and −0.02, respectively.

3.4 

K = 0.9I = 0.04T = 0.4δ = 0.08ε = 0.004xR = −0.8a = 0.18b = 0.03

c = 1e

(0.1, 0.1, 0.1, 0.1, 0.1)(−0.5,−0.5,−0.5,−0.5,−0.5)

1010(a)

10(b)–(d)

e = 1.5-6e = 3.2
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 -5-4e = 3.5-4



11





e





(a) (b)

(c) (d)

 10 (a) e(b) e = 1.5-6

(c) e = 3.2-5-4(d) e = 3.5

-4

Fig. 10. Bifurcation diagram and phase portraits of coexisting attractors: (a) bifurcation diagram versus

parameter e under different initial conditions; (b) coexistence of a period-6 attractor and a quasiperiodic

attractor at e = 1.5; (c) coexistence of a period-5 attractor and a period-4 attractor at e = 3.2; (d)

coexistence of a chaotic attractor and a period-4 attractor at e = 3.5.
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(a) (b) (c)

 11 xn(a) e = 1.5(b) e =

3.2(c) e = 3.5

Fig. 11. Coexisting firing behaviors of the membrane potential xn under different parameter conditions:

(a) coexistence of periodic and quasiperiodic firing behaviors at e = 1.5; (b) coexistence of periodic firing

behaviors at e = 3.2; (c) coexistence of chaotic and periodic firing behaviors at e = 3.5.

3.5 





SOM-KTz(x0, y0, z0, s0, w0) = (0.1, 0.1, 0.1, 0.1, 0.1)

12

(a) (b)

 12 SOM-KTz(a) (b) 



Fig. 12. State transition behaviors of the SOM-KTz model: (a) transition from quasiperiodic oscillation

to hyperchaotic state; (b) transition from chaotic state to periodic state.

K = 0.6I = 0T = 0.25δ = 0.001ε = 0.001xR = −0.5a = 0.3b = 0.2
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 c = 0.3e = −2SOM-KTz

12(a)

K = 0.6I = 0T = 0.35δ = 0.005ε = 0.005xR = −0.5a = 0.18

b = 0.03c = −0.783e = 3SOM-KTz

12(b)

12xn



SOM-KTz



3.6 

SOM-KTz

Shannon

 1313(a)

13(b)13(c)13(d)



1SOM-

KTz


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 (a) (b)

(c) (d)

 13 SOM-KTz(a) e–c(b) K–c(c)–(d)



Fig. 13. Spectral entropy distributions of the SOM-KTz model: (a) spectral entropy distribution on the

e–c plane; (b) spectral entropy distribution on the K–c plane; (c)–(d) corresponding three-dimensional

spectral entropy distributions.

4 NIST

4.1 NIST

NIST SP 800-22

15

SOM-KTz

(x0, y0, z0, s0, w0) = (0, 0, 0, 0.1, 0.1)(K, I, T, δ, ε, xR, a, b, c, e) = (0.6, 0, 0.35, 0.005, 0.005,

−0.5, 0.18, 0.03, 1, 3)X = {x(1), x(2), . . . , x(n)}

xnIEEE 75432XB(n)
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 322532

Pi = (XB(n))25:32 . (13)

NISTNIST

PP ≥ 0.01

106 bitNIST100

1P

151

 1 NIST

Table 1. Results of the NIST tests.

  P 

01  0.0966 1.00

02  0.2248 1.00

03 (F) 0.0146 1.00

(R) 0.7399 1.00

04  0.2368 1.00

05  0.0669 0.99

06  0.6993 0.98

07  0.5141 1.00

08 * 0.7598 0.96

09  0.6579 1.00

10  0.2248 1.00

11  0.2622 1.00

12 * 0.7231 0.97

13 * 0.4220 0.97

14 (1st) 0.7399 1.00

(2nd) 0.5341 1.00

15  0.0712 1.00

148818
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 4.2 

SOM-KTz

STM32STM32F407ZGT6

168 MHz

AD568916

SPI

 AD5689SOM-

KTz1415



Computer Microcontroller
(STM32F407ZGT6)

D/A converter
(AD5689) OscilloscopeComputer Microcontroller

(STM32F407ZGT6)
D/A converter

(AD5689) Oscilloscope

 14 

Fig. 14. System block diagram of the microcontroller-based hardware experimental platform.

 15 

Fig. 15. Photograph of the microcontroller-based hardware platform.

168(b)8(d)8(e)

16(a)–(f)
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SOM-KTz





(a) (b) (c)

(d) (e) (f)

 16 

Fig. 16. Attractor phase portraits and corresponding hardware experimental results.

5 

KTz





∆τe

c





NIST

STM32F407

SOM-KTz
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 A KTz neuron model based on a discrete

second-order memristor: dynamical analysis and

hardware implementation*

WANG Mengjiao† LIAO Yuzhou

(School of Automation and Electronic Information, Xiangtan University, Xiangtan 411105,

China )

Abstract

Compared with first-order memristors, second-order memristors exhibit better bio-inspired charac-

teristics due to their possession of two internal state variables and can describe more complex nonlinear

modulation effects. Motivated by this advantage, a KTz neuron model based on a discrete second-order

memristor is proposed in this work. By introducing a discrete second-order memristor with dual internal

state variables into the KTz neuron, the proposed model achieves a unified description of the autap-

tic feedback mechanism and external electromagnetic modulation effect, thus enhancing its capability

to characterize complex neuronal firing behaviors. The firing dynamics of the model are systematically

investigated by means of equilibrium-point analysis, Lyapunov exponent spectra, bifurcation diagrams,

phase portraits, and time-series analysis. The experimental results show that the proposed model can

generate abundant firing patterns, including periodic firing, quasiperiodic firing, chaotic bursting firing,

and hyperchaotic firing, and can also exhibit rich nonlinear dynamical phenomena such as state transition
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 and coexisting attractors. These results also indicate that the model has strong sensitivity to parameters

and initial conditions, as well as complex nonstationary dynamical characteristics. To further evaluate

the complexity of the proposed system, spectral entropy is introduced to measure the irregularity and

complexity of the generated sequences from the frequency-domain perspective. Meanwhile, the statistical

randomness of the output sequences is verified by the NIST SP 800-22 test suite. The experimental results

demonstrate that the chaotic sequences generated by the proposed model possess good complexity and

satisfactory statistical randomness. Finally, a digital hardware implementation platform based on the

STM32F407 microcontroller is constructed to realize real-time iterative computation and signal output of

the model. The experimental results obtained from the hardware platform are in good agreement with

the numerical simulations, which verifies the feasibility of the proposed model. These results suggest

that the model has potential application value in complex neuronal dynamical modeling, chaotic sequence

generation, and related engineering implementations.

Keywords: discrete second-order memristor, discrete neuron, firing pattern, hardware
implementation
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