Acta Physica Sinica

BEESHITHSE TRANEENAEEFIER
i

Tilig * HRE T HEKEL et
(PILRE, SEHAE SRR & EE S S, M 510275)

B RENT R TR BRE P IR AR TR R R R, R, BT
AR TSGR A EENY . W TERAE d 25 Bl TEE, Hsrsesin
ol # -k O(dY); L IERBAMTT, X8 B Fml. OF BEN FEef L ER IR
BrEr R ST M B EAR A BUES S & +d— 1, HEASEOIEORE , 2R RO E R X 1E
AR & — 1 AWSLESEL, PRI FR B R A — P R A5 R — A, A SC
P TR ] L IR R AR H YRR R TR R EATIESE S, B
TGRSR, KRN R R ki L IEAE A G, A T SIS 23 1) rh
AR BT, DR R MR R X a0 . BUHEE SRR, T2 B S ks G
FEI P, %0 R FIAE d° SR S A0 T SE AR E M i B A, R TR A A s B @ — 1
SN SRR m Y L IR T I R GRS AL T —Fh i i i L A R S 1
SPEAN AR/

K B EN HEMNE; XIEfEE

PACS: 03.65.Wj, 03.67.-a, 03.67.Ac

1 5 =

AP (quantum process tomography, QPT) 1141 il SRHRAT K A it Tk BLEAT 5%

RRAE, R TE B R ERT 42—, AR FE PO B U0 foe it 2 S0y

* [ HAR R (S 62575313) BEBIAYIREL
# [ASETTE S

T W E1E#. E-mail: tianqi.xiao.quantum@gmail.com
I E{E1E#. E-mail: zhouxq8@Qmail.sysu.edu.cn



HATZW . XTHARMALS, &S ZIE8AHL e iy, BT e L
AT _F A A A AR AR A ) i LR U 0L BRI, KR R R R R A B X R R R T
[SEBE LB IR RN A1 i 55 5 S

MSEOH AR, (ETE d RS LR —ce TREEE BA d' - & DI sesgr, Hif—
FA— T E AR RN E T, AT, FEAANERY X B 5, WZARERERHME, R
AL @ — 1 MMSLE SR KR, FE LIRSt T, & il AR 2 B B e it 7 i R o A
WARERERT R T EEEN . s — D HANER: FELIRER T, g M RALIE
WA T EL DML IR B — R, CEA N TR BA R SR U0,
Gutoski I Johnston JEH], 2MARAIREPORIEA L IEMFER, 4d° — 2d — 4 DPEEE 2 AME—EHZR
AT UL RS, BEE BIENRNTIO K, BFRCE TR AR 1 R Bl SRR S, AT
B BRI 0 7 R B 12 Wang S8 6 B I M B AR ST A L IERBEZHT, M3 it — AT
B IEFEY O . RS M EEIR AN & +d— 1 EEN R DY, T KRR E YR
P i — AT . TRV, XHLPTURY RS AR T R N AR
RN — AL AR PR (E, AR R S T B B R

JUEEA HE N RO L RH LS TSR Edn L, EMIEEH 2R, dE27 ZH RISk B
WG R S AR A, RIE DT 52 (R — TR A IREG . Rt AR A~ a2 m i G
B E RS BRI, B R ] S BRI 2S 1) v 8 2 F T R ) SR A I B2, AT SE AT 30 s 4
e RS TE), IFEATRR AL R AR — R & - 1 R— iSO S S5 T A

BEXTEC— U, A SCHLI T FR 1 & IE R TR BB AT BRI . (EAI i T
JEHHES T , 8 Choi Jamiolkowski [f#, A[4- H1 2 IF i FRAO ZAE R (b WX R Chot 4lshy Ty 24201,
EBCRERY b, BT bR B S e & IE M A MR R IE AR, LA 48 v L B E T S TR
A7 ) PR RGOSR IS, TR R IR B BRI A0 AR . SRS R, )y T 7
0 ST ERC TSR I BRI TR, ELT R SR A BB HEE & — L MBH TR Work s
L F R T B B AR AR S0 T — R T2



2 HEWMELE HE RS

2.1 AEIRERMERHBIRIE

FIEMEMAE d e R AFr 2SI L L B Up) = UpUT, Hh U € U(d) AL IEH. ZmgH k4
JAHBLES , W B AR A LIRS R & d — 1 DS SRS HL

G 22 A A S B SE R, X BUR N A B T R E TSR . BEAR G B R S
Y d, AR FH Z AN oK A g

) = - SRS )

KA IEGSFRMUWER T RGEH 5, WA H 7SS
[Vy) = (U®I)|Pa). (2)

X LI U ——X A Choi 4GS, PRI, XA L IE AR R HAL S AL R A [To) 1Y
ELOR
NEFRE R, SIARELILS

= 3 A Il (3)

m,n=0

Wy) = ) (4)

U
\[I
UL L IEALFE U B 4B fE B e E M TEH— e aiss [Ty) +

2.2 EEIURAIASEE SRS

X RHERIAGRRT (o) MO SR e EAiSIENT, MRAE Z IRl 2 0F T, A B R
A, R AR AR R A S AT R AT BB e 0 AR AR ) 2R AR
MTALRCR KRR V e U(d), &35 Z 0B RHM A

1
%\Vﬁ- ()

Rt EREHFARALEIALEE, 2 4R ol SRS S

[p(V)) = (V& 1)|®a) =

M=Lle(V)) = (Ve )| |V eUd)}. (6)

3



X8 L IR RAT TS I SO R A S M AR, S 00 BT AR G i i i — 1 P 428 X IR AR 485 SETAH R 1)
RRAMESY . ICEA W ] SC B
HRENE [o(V), HERWE Vo) ESHEEN

p(ViU) = (V)W) = 'T(ZTU” @
T p(VU) BRI R R, (RS R R, U R R
A AT — S R
23 FRREORTHREES
W i+ 1 RZBEASET ¢ MRS [o(Va))aey, TEHAR T X R ATR
pa=p(Vas;U),  a=1,2,....i. (8)
)5 2 S R A — S B 4 TE A T i S

Q= {W eU®@) | p(Vi: W) = pa, a=1,2,...,i}. 9)

FEMARRBI 3 (9) 4RI S & AESEPRBUESE B, aRA RAUERS I, @ W5 AR %=
ZH e, FERMMTAEZRES

QY = (W eU®@) | Ip(Va; W) —pa| <€, a=1,2,...i}. (10)

NBORTEE T SCEAR BRI R S B i S 5EC N Qo
W 1 SR AT R, ke Q KPR, R CBAE T AR TR T 2 i P S B
PEARBERI R, TR T — RN, (EAE e AR 2 A A 22 R U AT REOR?

2.4 BETHRENBEMRVEERE

WL, RIS R, 24 0 2w e A A v B (R de i AR I Jy 1) b4t R AT BEA [R] i 45
AR HT X, X HER NP R G ERIRZEVE R FIRIRE T 8 H5 . X TR AR vV,
5E 3L

giv1(V) = max p(V; W) — min p(V; W). (11)

4



A i (V) BOK, NS i a4 A5 b B AN R e REAE R 5 1) Vo B R 225 R A, DRl
SEAFTAE R & mt— PRt .
T, &+ 1 RN e E -

Vﬁff = arg maé) gir1(V), (12)

X N B e R 285
6520 = le (V). (13)
0 gl = g (VSR WA i+ 1 SR AR 251 .
5 M 5 & WIS E G P T s R aeEA R, 2 (12) BEEEA AL RN S 2SR M E i
Y HTRE KA I ). X SRZ S OF RS R X G,

2.5 Huifhit. FRFEMSEIEAED

AERE T B B BRI AR, e 3 I LB TR S 5 A AT

U; = arg Wl’él(ijl’(ld) Z[p(Va; W) — pa]? (14)
a=1
BFIRTE L 0T I e g ) i/ D R A S R . i, XY B E A
1 -
Wy,) = ﬁWz’))- (15)

FEREDTE, mTEEA AR U SR, B AR 3OE SR @ i AR A

Te(U!U)P?

Fy = [(Ug |Uy) ] = (16)

PAR R HE

A =1-F,. (17)

Hr, B QUWEARED B R B RSP et EESORME RS, U AT EERG, NIRRT F
TENAELATE 1A

XSRS, AR A IS K, SRR o TRBIPBIRE » AT
Pl T, AESE IR T A B WA B A BUG (5 1k KRR T2 25 AT RS I A B 2 1Y
B Egiae Sy, PRI F A A XPEEERE AT R 4

5



X AR AR ZEME A A LRI T, A R IR ZE(E R 0 ), BERABE AR & b ) et i
FEAE R AT SEBLERI 5 1) b o B TR X g3, PRI IE 4R 6 & e W B 5 S ME— 1 e R L IE SR
AR AR T, M KR 2 — T /N o BRI fE IR, — B 25 E » fTHC107° 2
1074, E—AFAEHA R, AT AR SO SX— R A3 1 B AR R T 2T 5, 153 R X T i
AR5 FA PR L [RIART R A o A X S s e T4 4, FRATTRI AT 0 AR 2R 5 H ARAS B e
KEYBE RN XTI BTG T M b IR . FEWIIE, ACTAEEZ R L1k
FEJEA T e/ NI B 5 O B I, PRI, A SCBR (L 3 R Tl A S ) el 2R A T Je s G

Zib, X— BTN LI TR R AT AR - 7 s B iR B g B, ik L IR A
gl TEf b, RIRURMEEE A R R A BIBE I ERA T RN, Wit — &t
XA R LR

3 HKEWEE SR

SRR FE Y 7 SRR, WA 4EE R R E H A Z RS AT TRE O, AP
P HTIRRETERE R BN O R B S D R A ORI AR AR E AR AR RO . A
LRI FIREA AR EE AT 1B 1 g3t T B L IR e N AR 1 B 2K @ s
PR, H R 1(a)-(c) XML d = 4 =R EE TR, & 1(d)-(f) XYL d = 5 B =1L
FPEAAREARR . XA B AR A, SRS FARMEAA R R e st Ae A b, PR ] — 1 B P
Z A M2 S T[] — AR R EA A R0 AR A A% 1F R A A B

ME 1 RTRAR H, FEARFELERE . A H R R AR RO fE T, B PR R iR AR Kt 2%
Bowmni g g, HERZENT 1o XU PR A& Y NS VPR SR RS R D S B it R BUR I e 4 o ik
ety, FBLRTUHIETTBER I . S RO R AR BT AR B2 e, (AL
R0, RVNZE RN AR H AR AR BA R E . bR 1 WL, SR A Rl
d* — 1 i}, CAHMA—IMEREARREXE, 3] d® — 1 X—hSHTE A iS5 1 AW
AP S (ES BRIy, 75 RO e O B i R e B, Ak & i 5 A g T+
TUEAE R PRECK I XA, A2 1l FOE Y R R SR BB S B 7 , @° — 1 SE AP — Ak
WK SEOT S E TR, MARR B R AT B RAE D 2505 A B A8 73—, A SCER
bRt @ +d — 1, FERKHAENCAH BIENY L IESFEET 5 M I SRR A8 EbsFr, T

6



- B U AR S AR SO Ykt

RERT B E 2P R PR X,

S NI S

57 %

YeftE d=4, Htradfe uf)

1 T
0.8F 0.8} 0.8

0.6 067 067

o o =

o4 o4 Xo4r

e i

= AN o

— PR d —

(b)
1

HilE 1A, Ak
VERAZ A 1 R sk B A E—

X

YEftE d=4, H i fe U

#+

(c)

X —BAn A AT Z 1, ASCIHRITIE )
s 5 b ST 0 e 2R R T

Lo d F1 d? + 1 =AFHER A EER SR RO 42,
RS TR EMREE S RE . B 2 A T EEBIR AP TR EE A

4efte d=4, H b7 U

0.2 02t A 00 02t
4
0 : : ‘ 0 & 0 : ‘
5 10 15 20 20 5 10 15 20
ST KA K n @_L{m] Eéﬁ)ﬁ%éﬂ( n JSL I AR KA n
(d) 4% d=5, HiRitfe Ul (e) 4% d=5, Hiritfe UP (f) 4% d=5, Hiridfe U
1 - 1 4 1 -
0.8 081 14 081
20061 #2006 2006
i g s
K04} K04 Ko4f
02t 02t 02t
0 A [AV‘/ *VQC ! ; 0 ”QAM‘ ZAi
15 20 25 30 5 10 15 20 25 30 5 10 15 20 25 30
ZT@J" 5 Hdfs 26 H n 7 4R 5K n 7 i aR 25 n
L In<d®1 L 1d2%1 <n < d%+d-1 L In> d%+d-1

B 1 A [l T R A 4 T e A T A P o 7 0 e 2 i A . (a)—(c) RSV 4RI

RBHERFLFE, (d)-() XYL d = 5 = MURMARMERE . P 5352 DI 50 5) 2 7 i S ) e el

d=4 1=

FBART @ -1 FE d? =1 3] & +d -1 ZFFKT d® +d -1 XIE. A B =5 A w5 i
SR —E BARZIEERE T, AR BENUE AN SR LA AR A B =0 S SR .
Fig. 1. Evolution of the reconstruction fidelity with the number. of independent measurement data for
different fixed unknown unitary processes. Panels (a)—(c) correspond to three representative unknown
processes in dimension d = 4, and panels (d)—(f) correspond to three representative unknown processes
in dimension d = 5. The shaded regions indicate the ranges where the number of independent
meastrement data is no greater than d? — 1, between d®> — 1 and d? + d — 1, and greater than d? +d — 1,
respectively. In each panel, the three colored curves represent three independent reconstruction
trajectories for the same fixed target unitary process, obtained from different random initial conditions

and numerical optimization paths.
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Fig. C1. Infidelity statistics for different dimensions below the parameter-counting reference lower
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Fig. D1. Evolution of the reconstruction fidelity with the number of independent measurement data for
a representative unknown unitary process in dimension d = 8. The horizontal axis denotes the number of
independent measurement data n, and the vertical axis denotes the reconstruction fidelity F'. The dashed

lines indicate the parameter-counting reference lower bound d? — 1 and the guaranteed data-count
benchmark d? + d — 1 of an existing adaptive scheme, corresponding to n = 63 and n = 71 for d = 8,
respectively. The shaded regions indicate the ranges where the number of independent measurement

data is no greater than d* — 1, between d?> — 1 and d? + d — 1, and greater than d? + d — 1, respectively.
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Adaptive Unitary Quantum Process Tomography
Approaching the Parameter-Counting Reference
Lower Bound*

WANG Peilin#  XIAO Tiangi#’  ZHOU Zhangkai ZHOU Xiaoqjit

( School of Physics and State Key Laboratory of Optoelectronic Materials and Technologies,

Sun Yat-sen University, Guangzhou 510275, China)

Abstract

Quantum process tomography is a fundamental tool for characterizing unknown quantum operations
in quantum computing, communication, and metrology. For a general quantum channel on a d-dimensional
Hilbert space, the number of independent real parameters scales as O(d*), leading to rapidly increasing
meastirement resources. If the process is unitary, only d?> — 1 independent real parameters remain after
removing the global phase. Existing adaptive schemes have reduced the required number of independent
meastrement data for unitary quantum process tomography to d> + d — 1, but. a gap still remains from
the parameter-counting reference lower bound d? — 1.

We propose an adaptive quantum process tomography scheme for unitary processes to approach this
bound. The method is formulated in the framework of entanglement-assisted quantum process tomogra-
phy. By applying the unknown unitary operation to one subsystem of a maximally entangled state, the
process characterization is converted into the reconstruction of the corresponding Choi pure state. In the
ideal noiseless model, each measured projection probability is regarded as one independent datum, and all

historical probabilities constrain a candidate unitary set.
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The key innovation is the direct adaptive optimization of probe states. Instead of selecting the next
probe state from a predetermined finite set, we search for it in the experimentally accessible probe-state
space induced by unitary operations. For each candidate probe state, the range of the predicted projection
probabilities over the current candidate set is used as a distinguishability measure. The probe state with
the largest probability range is selected, so that the next measurement can amplify the difference among
the remaining candidates and efficiently shrink the feasible set.

Numerical simulations for different dimensions, target unitary processes, and random initial conditions
show that the proposed strategy steadily improves the reconstruction fidelity. Within the tested dimensions
and accuracy thresholds, stable high-fidelity reconstruction can be achieved with about d? independent
measurement data, close to d®> — 1. Statistical comparisons around d? — 1, d?, and d? + 1 indicate that
d? provides more stable high-precision reconstruction in the tested cases. A representative d = 8 result
also supports the convergence trend in a higher-dimensional case. This work provides a structurally clear
and numerically supported adaptive approach for efficient unitary quantum process tomography near the

minimal-data regime, while finite-sample and noisy scenarios remain for future study.

Keywords: quantum process tomography; adaptive measurement; unitary channel
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