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Fig. 1. The phase diagram of the half-filled 3D Hubbard model'!l. The system is a Néel-antiferromagnet in the low-

temperature regime, and the paramagnetic phase exhibits a metal-insulator crossover from a Fermi Liquid at weak
interactions to a Mott Insulator at strong interactions, with the intermediate crossover regime as a Bad Metal.
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Fig. 2. (a) Antiferromagnetic structure factor, (b) absolute values of nearest-neighbor spin-spin correlation, (c)
antiferromagnetic correlation length, as a function of the interaction strength.
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Fig. 3. Identification of the metal-insulator crossover boundaries via single-particle spectral function, thermal
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entropy and quasiparticle weight.
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Fig. 4. (a) Thermal entropy as a function of interaction''?]; (b) Double occupancy as a function of temperature!'?!,
with the inset as a schematic plot of the phase diagram in Fig. 1 including the curves of the local maximum (U,
blue dashed line) and local minimum (Us,, violet dashed line) of thermal entropy.
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Fig. 5. The entropy phase diagram of the half-filled 3D Hubbard model!!*!,
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Fig. 7. (a) The charge compressibility as a function of interaction'']; (b) The inverse charge compressibility as a

function of temperature %,

GLprd, PHEAXT LT R OEEY T ROMEEREHE R RIEZ X
HRA e B-EEHRERTH, BEHFRET ZRANTERAFHR. XM e B-E5K
BRATHE Z L7 s e MEARR P B A RH TP, HFHRIFMEAE A P&
AERUANFEERT . KRR EERFNRETANIETETRRERLES, B
FERRBEETR, HEWAEZ R R & F A2 RUT AR,



3B R=HFK- L EEER A E

FHWHMMELAREKAD), CEEMEERARET, BEN %5 HEEEANK
REELS WAL NG NEN N E W 8% E R (spin-density wave, SDW) Z§, *H
HMEH X HQ = (m,mq) (HZEEEENHME, (m,qm)F(qr,n)52%M), Hqb5H 2
WEMR, XN — B = EFR7—EZZBFHHA T (xfyrsE) &
BRRRGHF, MESF="Fm (zFm@Em) WEIAKEHFOES . WEEXFESH 2
B e AR A B B AR I B R B,

0.1 13
1F
0.08 | OB
’ ..  DMFT Gosr
4 0.4
o.06 I DI'A 02| |
- 088 082
0.04 -
acp
0.02 | l
(1).00 0.9.75 0.‘95 0.9.25 0..90 0.8‘75 0.I85 0.8.25 0.80 0.7‘75 0.75 0.01-00 0.95 0.90 0.85 0.80
n n
B8 HA= g aEEA N EMmE.: () DIAKERFEMU ~ 9.8t48 E!; (%) DMFTH %1% 2|#U = 10t

AEE, EHHEREQ=(qq9)(qqn)KEBEHMTF, Q= (qrm)UERT=ZFFL7F.
Fig. 8. Magnetic phase diagram of the 3D doped Hubbard model: (left) DTA result for U = 9.8t ['*; (right) DMFT
result for U = 10t ['®), with the ordering vector Q = (g, q, q) and (g, q, ) representing the spiral magnetic order and
Q = (g, m, m) standing for the three dimensional spiral magnetic order.

HMEMET A ARBEHHAEL R = HEEAFIEXLT] LR =85 FWHFE. W
B 8(a)fr w4, H T zh /7% TN APl (Dynamical Vertex Approximation, DTA) & % e B 57
R, FHEEARTHERRKEAERREE T 2R FE0H RS LK EESHAI,
BRERDHBETEHRNFLFHE; WA, ZERREETEART En, = 08058 £ 44X
F-LFETHEE (AFU/t=98). XTHARLE N T ZETHENEFATH, REK
A8 A B AL 4 2 oK | 89 BB R % (Kohn anomalies), 5 £ % 89 Hertz-Millis-Moriya 3£ i
. LN % FH¥3%E®H (Dynamical Mean-Field Theory, DMFT) it &% 2| 7 il
WEEEAEE (U/t=10), #wHE 8(b)Arnle, Z# K k# T DMFT i+ & B & eE i 7 &, I
U RAI T A& R AW, S8 RSIAEWE, £RNE R
(n>093) WKEXKLITHEHKEAQ= (9,9, m)™Q = (q,q,q) 8B B iR H——
MARTZHFUFHHA TS, XUHEFEN 9S54 = e AEE R p w1 AE B E < M
FERHBHEEN, EEXE LEFENTEEREZ, MAFREGREN S RKEITH In
PUIiE, HHEFEH TR GEFR.



4. REERE

A, FHEERLGT EFZRLRELEANYEERRLFESNMEREL, B
HEARFWOONBL, Hyy, ZEANAREA G A AB IR RN FER,
BRI BT A@AH. 5o BhAmAY, CABHEBAABATET LI EERIL.
ERABMAURdEBEALHINERR., KT, TRTLHEKEL LML R AR
WHE, XUEAE/LTAAEAATENELR T ENERLER., AHFHEEAT, Z
BRI AESEA T A h AR ER . AL HEMAEZEE#Y0,
B, BMFAEAEUT —AHREANEN dEBESEY., £TX— 8, LRBEIAYHE
WAEFREANFI A GBS BB SE DN, Bk T BB = hdye_,e +idye_, BA
BB Z EARENRELS, SHEE, AN L MERA TSI HNERN d
KABSE M — TR AR, EEE TN 27 AHRK T4 0B M B0, A FE,
M ZERAET hE_ SRR, X—BRROGE5ERNZEXTEESHS (wE WWHEELE R
MRRBY) Wi A — &, LR EREHSE R TR 58 F £ hit B
RAAH R

B, ETHARTHLEEEFEDAERRET RUBRE, ERIFEDL
HEEAWEERR., HAH, S8 R VI B = % % K -vh (0 A A iy R4k B
HEN SRR T HARAEWBEEHNED), XEEX A HERAETENNEEER
B, NEZEFRNAREZEE T RIEAMp, BEAK, LB ETFTENZRERELATE
BERNETLZRBBETERRERA. L HRH, FLEFHRA-_EFHFRK-BAEER
W AR L BT Rk B AR B AL

%% R

[1] Hubbard J, Flowers B H 1963 Proc. R. Soc. Lond. Ser. A 276 238

[2] Kanamori J 1963 Prog. Theor. Phys. 30 275

[3] Gutzwiller M C 1963 Phys. Rev. Lett. 10 159

[4] Arovas D P, Berg E, Kivelson S A, Raghu S 2022 Annu. Rev. Conden. Ma. P. 13 239

[5] Qin M, Schifer T, Andergassen S, Corboz P, Gull E 2022 Annu. Rev. Conden. Ma. P 13 275
[6] Staudt R, Dzierzawa M, Muramatsu A 2000 Eur. Phys. J. B 17 411

[7] Werner F, Parcollet O, Georges A, Hassan S R 2005 Phys. Rev. Lett. 95 056401

[8] Kozik E, Burovski E, Scarola V' W, Troyer M 2013 Phys. Rev. B 87 205102

[9] Garioud R, Simkovic F, Rossi R, Spada G, Schéfer T, Werner F, Ferrero M 2024 Phys. Rev.
Lett. 132 246505

[10] Shao HJ, Wang Y X, Zhu D Z, Zhu Y S, Sun H N, Chen S'Y, Zhang C, Fan Z J, Deng Y, Yao
X C,ChenY A, Pan J W 2024 Nature 632 267

[11] Song Y F, Deng Y, He Y Y 2025 Phys. Rev. Lett. 134 016503

[12] Song Y F, Deng Y, He Y Y 2025 Phys. Rev. B 111 035123

10



[13] Song Y F, Deng Y, He Y 'Y 2025 Chin. Phys. Lett. 42 110710

[14] Schéfer T, Katanin A A, Held K, Toschi A 2017 Phys. Rev. Lett. 119 046402

[15] Lenihan C, Kim A J, Simkovic F, Kozik E 2022 Phys. Rev. Lett. 129 107202

[16] Rampon L, Simkovic F, Ferrero M 2025 Phys. Rev. Lett. 134 066502

[17] Pan Z, Lu C, Yang F, Wu C 2024 arXiv:2411.06932 [cond-mat. str-el]

[18] Hirsch J E 1985 Phys. Rev. B 31 4403

[19] Campostrini M, Hasenbusch M, Pelissetto A, Rossi P, Vicari E 2002 Phys. Rev. B 65 144520
[20] Sun F, Xu X Y 2025 SciPost Phys. 18 055

[21] Qin M, Shi H, Zhang S 2016 Phys. Rev. B 94 085103.

[22] Richardson R C 1997 Rev. Mod. Phys. 69 683

[23]LiQ,Gao Y, He YY, Qi Y, Chen B B, Li W 2023 Phys. Rev. Lett. 130 226502

[24] Li G, Antipov A E, Rubtsov A N, Kirchner S, Hanke W 2014 Phys. Rev. B 89 161118

[25] Cai Z, Hung H h, Wang L, Zheng D, Wu C 2013 Phys. Rev. Lett. 110 220401

[26] Taie S, Yamazaki R, Sugawa S, Takahashi Y 2012 Nat. Phys. 8, 825

[27] Rozen A, Park ] M, Zondiner U, Cao Y, Rodan-Legrain D, Taniguchi T, Watanabe K, Oreg Y,
Stern A, Berg E, Jarillo-Herrero P, Ilani S 2021 Nature 592 214

[28] Dufty D, Moreo A 1997 Phys. Rev. B 55 12918

[29] Paiva T, Scalettar R T, Huscroft C, McMahan A K 2001 Phys. Rev. B 63 125116

[30] Huang E W, Sheppard R, Moritz B, Devereaux T P 2019 Science 366 987

[31] Brown P T, Mitra D, Guardado-Sanchez E, Nouraftkan R, Reymbaut A, Hébert C D, Bergeron
S, Tremblay A M S, Kokalj J, Huse D A, Schaull P, Bakr W S 2019 Science 363 379

[32] Hussey N E, Cooper R A, Xu X, Wang Y, Mouzopoulou I, Vignolle B, Proust C 2011 Phil.
Trans. R. Soc. A 369 1626

[33] Hsu Y T, Lee K, Badoux S, Dufty C, Cuoghi A, Wang B Y, Kool A, Haik-Dunn I, Hwang H
Y, Hussey N E 2024 Nat. Commun. 15 9863

[34] LuM, Song Y F, Deng Y, He Y Y 2016 arXiv: 2602.22705 [cond-mat. str-el]

[35] Tahvildar-Zadeh A N, Freericks J K, Jarrell M 1997 Phys. Rev. B 55942

[36] Zheng B X, Chung C M, Corboz P, Ehlers G, Qin M P, Noack R M, Shi H, White S R, Zhang
S, Chan G K L 2017 Science 358 1155

[37] Xu H, Chung C M, Qin M, Schollwock U, White S R, Zhang'S 2024 Science 384 eadh7691
[38] Xiao B, He Y'Y, Georges A, Zhang S 2023 Phys. Rev. X 13 011007

[39] Wang Y X, Shao HJ, Zhu Y S, Zhu D Z, Sun H N, Chen S'Y, Yao X C, Chen Y A, Pan ] W
2025 Phys. Rev. Lett. 134 043403

11



Antiferromagnetic and thermodynamic properties of the three-

dimensional Fermi-Hubbard model

HE Yuanyao
Institute of Modern Physics, Northwest University, Xi’an 710127, China

Abstract

In condensed matter physics, the Fermi-Hubbard model is a fundamental model for describing
interacting many-electron systems and is closely related to quantum many-body phenomena in
correlated electron materials, especially including quantum magnetism and high-temperature
superconductivity. Compared with the extensively studied two-dimensional systems, the three-
dimensional (3D) Fermi-Hubbard model remains less explored. In recent years, however, with the
successful experimental realization of its finite-temperature antiferromagnetic phase transition in
ultracold atomic optical lattice, this 3D model has been gradually attracting growing interest. This
article provides a concise and timely overview of the major theoretical progress on the three-
dimensional Fermi-Hubbard model from research groups worldwide, analyzes its significance for
understanding the fundamental physics of strongly correlated electron systems, and discusses
several important issues that deserve further attention.

The paper is organized as follows. We begin with a brief introduction of the Fermi-Hubbard model,
emphasizing its fundamental role as a minimal paradigm for strongly correlated electron systems,
and summarize its recent progress in both theoretical and experimental studies. Next, we provide
a comprehensive review of the most recent determinantal quantum Monte Carlo (DQMC) studies
of the half-filled 3D Hubbard model. This includes a detailed examination of the antiferromagnetic
(AFM) and thermodynamic properties at finite temperature, with a particular focus on the AFM
phase transition and the metal-insulator crossover (MIC) phenomenon that emerges above the Néel
transition. The temperature dependences of commonly used observables are also discussed,
including the double occupancy, specific heat, and charge susceptibility. In the third section, we
review several many-body computational studies on the magnetic phase diagram of the 3D doped
Hubbard model, including the AFM phase and the spin-density wave phase. Finally, we highlight
the outstanding challenges in the 3D doped Hubbard model, with an emphasis on the possible
emergence of fermion pairing and unconventional superconductivity. We also discuss the direction
of combining many-body precision computation with quantum simulation based on ultracold
atomic optical lattice experiments to jointly resolve the major outstanding scientific problems in
the 3D Fermi-Hubbard model.

Key words: Fermi-Hubbard model,  antiferromagnetic phase transition, thermodynamic
properties, metal-insulator crossover, many-body numerical calculations
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