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Hsin = % + ?pro—z + 7R0-x + VZL COS(szx)O—m (1)

Hp p, = —ihV, A o TSN EEA, b OAZME RS, ke SR AR Rl R AL
P2 GIRE Qr = Do/ (2RA) SRITTF PR O M Qp PR IERZ RT3, I
FOG TR A T, R RS S XL R R RGE SO Er = RPRR/(2m), Hb m hJET
JhE. WU RS — IR RGP IR RIS, ALE N A RAOR G AR S B, TR
43 IR SZ B OIAR SIS, Vo, FORZER SR P P75, L STRD SRS B,
18 B ERH SN O RAR T 1) Z IR Je il s e f AN 2 mh i BT B RERR S s Jef o 23 U el s
AEEHETC K P R TR, SRR S R AR
TE S A P ERE R S B (-2 PR SR LS RIS Jy 2T iy GP Rk Do
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EF. 9ij = QBGUN WyWw 7~E ZE%‘XQ*HE/ﬁzﬁﬁgﬁr Qi j‘j S Yﬁﬁﬁﬁrjﬁgv Wy iﬂ] Wy %*ﬁﬁﬂé@ﬂiﬁﬁv /7\

Wy K wy & w,, X ANERGA R A R fE—4EIE .
HTETEMETE, AR (1) ST 0ENN, BB KRS v = (2k0) ", BIRH
D7 tunie = (8wi) ™, RERBANL Buny = 8By, i By = °K/(2m) SRydbks o fEht, wy = Eu/h AR

WA S oG, BRI R T

1 2
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5 52 —o, + Vcos(x)o,, (4)
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Horft oy = ki /(2ke) ik R ATORIRSRE, Q = Qr/ B M1V = Var/ B 4518 T LS
R AR AL . RIS R IE an = a0 = 1o = a DTSR, X 1L
BLERAPIN, FOATEVFZ AR T 90 (BIZat STRD ), 4L5H) 5 AL I B B2 AR
WO ARLPETR AR Huon = (11 [2 + [o|?) T, Fot T BRI, o, o ATCRATBRRL, To R
FERAREE N g = ¥ =a.
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TERGIANLZMA (Qr = 0Br) W2 ARPUEM G R, AT 1(a) F 1(c) HRYLL
SO LT, RIIMAH B IEBUER A S LR R, & B B IMERCFE R k= kg
A (LEFEE L) XMAREAEA FIHX (Brillouin zone, BZ) Huly (k= 0) AAMAE, JEM—AHIF
Ko BGIAJIMERYEE B fAE Hzw = Vo cos(2kuz)o., b Voo = LER, RGEHITESCT RS FRIEBORSE
SR BRI FRE . X —XEFRIER S B S8 T BT B AR R AR A S LA TR T IT
PR AT LR, EARES RIS S VEA b = £hpz NAFS— BZ b #E—8, liTH
BB & 35T AN BB PRSI S BRI IR T BZ b (RN T8 B i
BUEM O DL E e A TE BZ L) 5 A 1(a) A L(c) HEEAHTKITR, ZEE RSB —FTESE
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1 REBRPERP EIE R L (a)(c) SR RIZ (50 A FR E 2 BB T E IR S B BOE R, )
Vow = 0F. RS ERILIGRRE AL S Vo = 1B FIORENEH, BB AL R AT
B WO EA IR EERETIFS (b)(d) R e AR BALA Qn = LBn 5, RERLEH AR
fo, WOMAITR, RFIFE TR, SR IRAER LM I (.

U REEROI A, AEASTE I B RIFRO AT RS L ( = 0) ALREREIIF . 45300 R PR,
R BEGWERATAR, 8 1() AT 7= 0.5 S0 TAE5 5 i MR B ISt 252
SHDURL, B Ry = oy = g, JES R FAUOARAFAMES [ ISR S BB K2, kS AR AR & %
R, FMER RS | 55 2 i, 43 5% 4 XEWEeRaRIn M 1o Fiak
= 0.6 R, BT by = s < b, BERBOTRIRG S TSA05T 8, FTARR . (BZ LA BZ J150)
W .

B M, A 1(b) M 1(d) PREAF KR, JIAREME (Qr = 1Er) 255 BZ
AR RN AR R TIT R, 1 BZ i F IR AR RIFIRES . X v = 0.5 f500, W PAF AR AR
ML TR TR, LA R/ IMEL A B R X AR R o X — B IE PR T BORE 1 €8 B % 2R AR /DML G 2
Fmin /2kr, & (1 — Q2/8y%) . CATHFFERM] M52 SR AT 28 2 A (0 RR P T Il PR 0
PRPE. MYEE Hay AMURA o MG, SERBAR TR AR SRR AR . HARGAAEPIA K 4
R PRI SRAT -



L PT Xk an = PT. oAb PONFHELT (PU(2) = U(—2)) FRIATIE v = 0 ARSI T
NAERMERS AT (T (x) = U(z)), Fon T UGy RGN S, FHARF B E iesciirt. it
SEFRYE o A2 EBEFGERE AT, B G S FE S AR I, X AN B CITE PT B A7 {7
FEAEIEEA, HIW RS RGEM B TRIX 5 KR [Ho,u] = 0,

2 P RIUNRIFRNE: 62 = 0, Po WAL P R—AEERGTER, KR OET 2 = /2 (R
PREM AT ) o G ZFTAR AR, REH o, BAWEEE Hy £ P ST SRS
(PHZLP_l = —Hyzy), MXNRSEEYE o BT B ER I (0.Hzro,' = —Hzy)o

1E BZ WER k5, PIRRXIFRIER SO, SR, HE BZ U5 k = kpz A, —AHIMIZHR——TFloquet &
BRI BERHBE R A AU VR — s ) L = 2m 1y SR A%

T27"\IjkBZ (33) = \I/sz ($ + 27T) = _\I/kBZ (.’L‘) (5)

PGB RFREZ RIS . BB U0 el ik BZ AR RERS R AR, A
MES DA an s Go 5 Top WFEFIAIERS . R0, EX=DXFREAE (an, Go, Tor ) FIXTRZHY AL
Hihge, MHMEMARZ R L V() TCIREI R T 25 0F . X — U, JRSER) AR I RSO A AL
Wik, RGHAE BZ 15 k = kpz ALIAFAERIT . R0, FATUE—BHEH, R LR AT BZ 5%
At BIREXIFRERAE S = cndo BRI TERERIE R (S? = Tor = —1), MIMTER—FIXRIFRIELR S 1 fA]

3.2 ETHENHHRE

N T BRRIE G % R G0 AR AR/ MBI S A EATAR 2 AL, FATTE S AR 243 a] Bk
TREMIORE . SR AR TG TR Han W DABRAS R AR S O R ol P00

E,:%@waﬂﬁﬁiﬁa, (6)

5 < 4B =297 B = U B, BT b2, = Y7 =55 it 91° I
MRS o = 0 4.

BT A A R RAELENTAL ORI MR Ko, BT 01 2 SRS,
O EBRE T 50 B MBI [l b, BBV SIS 300 o, 152 eI
Viw. SECAVTERN], FEENEN LR EREERMABH Y = hn/(h) IUE, WSEUTIT FIEHL
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|Emin|/ {CBZ

El o2 kT
kemin/kpz WIMAHEAE. Horft, (b) v = 0.5, (d) v = 1.0 H (f) v = 1.5 73BN B BB 2380 -5
Hyy SERVCHCH) =APRRRTE T . B E R bR T RS BN IG AR 5 i G R Q° RRRY
M RIAR/IME 5, (Intermediate Minimum Region, IMR) [i] 41.04%/IME K45, (Center Minimum Region,
CMR) S I FE s 1Lk QP® X1 R Ge sl AR /IME TC IR B I T3 A /IMEL X I8, (Band Edge Region,
BER) ({0 Lo L QF FR ARG CMR EA IMR [l FHE.

A SRR AR B R Z I ICRLRR L . DAy = 0.5 Fl v = 1 SAIF R, RERIH =S
SOE7/BE RSN

HEEEAMRIER MIEIRIL Var, ~ 0 METIAALAT - 1655 F e & X8, (v < 0.5, B kr < kr),
I EPUE A AR AR XA 5 . BEE R AR IE Qn B, 20 Qro, /2 F5-5:00 B e A 5 )
THEMREN PO, FERGMEESS AT —10 HLIH KR T i ME X B (Intermediate Minimum
Region, IMR) Z#iid P B BUELE Kmin = 0 HY P LAR/ME XIS, (Center Minimum Region, CMR). A4
FURTRETIRIE , XA R ARG R R 2 M AR U° = 297 g [ 2(a) R G TR R AR
R, XF =05 MIEE, E2MEEIES BREPUER SR M T ati. AT RGN AZH
SRR B S, (EATSRE0E AOBUR /N 1) B MBS AR I L . AE R v, AR/ IME O B o
WRBF (kmin — kpz)o (EFERRE, MTREBIEAF ORI, YI2MEG Or SESH Vo
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S, AR RIRITFRETIT, SRR A B R MEL . AR S B A1 P R BN B 1
LI, (ERE R, BRI AR 2 kmin = ksz WA, BIANAFAE A% R R YTl
P/ MEX I (Band Edge Region, BER), i%jg RGUR/IMEAL T BN A 0L . BrABERE oL T R G0AE

OQr — 0ER FRTIRZAL T 1o RSB AR, BT A =~ kpz.

TS HEER G (0.5 <y < 1), FKFRETIVMESRIIG AL T55— 70 BN IXAMI, EAE
2R AT RN LD HESRA S AR Qr WA/ IMERR] k= 0 B3, TR R a8 2 e FLH X
NGk = kpz. GEANAX TR GITIHNINE, X — S8 B Aok R T — R 2106 K [J0 18] 2(c)
oy = 0.8 FiR], R T kmin — kpz B BER X, BUCHESFN, B0 RExT N AG S 8 5 4o
BER QPF ~ /(29 + 1)(2y — D[ 2(c) PABEARLEE]. HE Qr IO Q°, R4biH

ZRIAZEhEAM.

MPEASR AFEPUEM G (v > 1) B, ARHLHE N EE . T v =1L, SR HvIMER) i
P TATHEIN X G, BRI ESY, RHY S 2 m AR R P ki S0 BB T BRI AL
Hk=04k, WE CMR &M, MMAGHR SR O = 29y/7% — 1A 2(e,f) PO HBELARE]. B
Qr HEK, B/ IMESER A BLIH DA Lo 35— L XL, RGEEH 1 0.5 < v < L XIEJRYAE (AL,
R Q78 FQ°, BB 2(d) Brsmgii. Ay =13 W61, BHE Qr 0800, AEHR
MERZEDT T —RIVE IR . S AT IOt %, B o —A1 HLOH DO A, B A B
ZEGRE A X b X R IR T = AR BIALR QFT . QP QL0 TERHIRR T AR S
BRI EAR . fa, £y =15 IR, hTREWRRSRIALT 26 A HIHKA 5, A
R REBRL XS, ) BER, BiEEE ERREARE.

CRETERIE 2 PTDAKCEL, BRAIEZ M (Var > 0) S BEATIHA BN POy s —E i f, gt —
SRR DA RET R . XY FECRGAER/ NS 2 G T R IEA CMR BrBL, MIimE4E 1 HAhzh
RIBPAFAETEE .

Li LR, REAFIT BRSO A S B PP R A XS EUR IR, Gl R
S G IR ZE S MARE, W LARTE VRIS IE 2 AR R RS EI R, AR IR 2R T AR R S
FEBE A G 2 T ARF R A ELAE AL -



4 ZEAME S TTHA

4.1 SFHEE

R GU ST BT B 6 7 BERAE S AT 95 b e AE AR/ IMELAL OIS RS . T TR X 2
TR, BRI 273 B R EAUh L :

we|
U(x) = = e uyy () + e T Tu_y, (2). (7)

\Ifg(x)

Horp, uay, (v) FORMESNRSY £k BITIEBRSHY IRy, e T bl DURIT A B

An, k .
OEDY (®)

n=-L bn,k:

L RV R W 40, ank A1 bn s NBHFRE BRI R B kes an vk, T b sk,
W H/Mes GP 7REH X RIZ R € Rkifie:

£— /dx{\IJTHMn\I/—Fg S [, } (9)

3,7=1

X H
i

A PR B IRARER TR, A TELRKAE OF /0N = 0 R REMESHAL, X B A S50 FrA 1
BNBRA ke, an thes On, v, o A BIIIBERE S S S N EHERME A, BRGEWBE
S PR RO AERTE R . SEhs b, BB anen, T Onan, TEAEP AR P H GRS, AINAERLE B
Wo T AN 3 B ) AT REAFAE R RIE 22 5 o IXPRIIE T FRANTRT LA GE— ROMESL A A6 AN TR R PR IR R B TAH o

XHETAHRAE , BRI A PR B e e, R E I N e R W PR SR . 25T
e AL RERS BB S R G RGP S X PR, S T SR ICEL I BRI SR AR Bl 2 AN AE AT, FelTit—2
FET RGN A AR 20000

(02.2) :/11 \IJTULZ\I!dJJ. (10)

A b AT JE I ) B B T, W (0.) = 0. FIH Hellmann-Feynman E, EATH 0£/00r =
(OHp/O0R) = (04)/2. ENBAHRMBE T — DM BRI @ T8 ) 3 el (o.) BiZE0E
PCRIBIIE , #7 (0.) RBULBERIE P, RGERVA A —JARAL; A HARFES:, WIRITRA T S
UL, BT DASE SCOAR U EEAHR 9000, (1) Afr a5 I T e A AL AE A s AR R I L AL, B
7A@ T BER, Bl ke = ke, HEBEWAL (0.) = 0, LRAFI ] SO FRYE ; (2) Ao DA I TR kA
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Qr/Er
B 30 e E 22 ARIREE Voo /Er = 0.2 HMEAEMGREE ghr/Er = 0.1 BT, SW3 RIS
B Qr MELRKR. (a) BERUESNR k. B Qr 2L, HA ko/kr = 1 F ke/kr = 0 23 BIXE RS
DA, A RO B A . (b)-(d) pliEnEER B RACHRE (o,) A (0.) B Qr HIAEML
(a)-(d) Hr, e o R 0F 2 1) S 4 B I 1 L
TEREF L ke = 0, ShEMET CMR, [AHSHE (0.) =0, FEZRIEH R M A S 15, BREARRE
W gk B e AL (3) BBl iig SR ITERER TR —ARMEIEE . IR hmEsh i ke # 0, kg, i
SA)ET IMR, HEAS i B — WS S oS4 B, AT B A it sf (8] SO AR =R AE 1 (0.) 5 (4)
HBUAS I 2 H I () S AH SRR P MRS, Hah B mdET IMR, B ke SERGEMIER. HARE
ABEMAORES I ) S PR, B BER AL NS, (Bl T PR s R A TR, 5 3 5 Bt s ) ) 00 )

FRBUEE

RIS 53 O I G G i T2, TEAMETRIE I E N Var /B = 0.2, v = L5 BT, FATHR
GO 7B WAL G Qr T SRESH A ST N . ESEEIHX Y TR 2(f) Br
A~ (Qr, Vo) ME PR —F0K PR AL, HAESRICA TR 3. Hrp, SSERRRNEs. Rl
RS VARt D AR Ar 655 T 25O BN Y SR80S o | TR LA ) o BORH 55 HLAR S I B(EL, /808
B A STERR S R SR E DL PR e,

W 3(a) fras, 1/ Qr KEL, RRPER BRI BIG A BUETER BRI, W2 k/kr =1, £
HIEASAL TS e, P9 B R4l B st amllE, B na(z) = na(x), AT (0.) =0, ]S
XIFRHEASPADREF o AR AS R RIE 5 Z0 A —2, ROl A AT X — S8 e B . A
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Qr WIS, BER B G BT T SR/ AR — A X,y T BORL PG 3 Han BORRARRET
AR B RE R ME [ Le,d)], WARTRRERARE, RIS RAR ISR LES 2 187
FESESr. BRI, FERPRARN AN IR 3 BEAN S5 BRI AT, PRSI RSB 5 AR BUEXT I
Wi LBER IR ke JLT-584— 2, HESREINEERIE. Wik, 768 3 d, &aus (20H) 555E
s (S020) FET SRR G, X2 HHEPUERM A3 (0 R S50 AR IR R T B SR AE . A2
&, AEFPEAR A EAE ARSI, ZRF SR E IR, H SEME DR AN R W . 24
Or/Ep RN, BEREhEEAMBIT T, BRI PO, XA o OsER. 25
ERrg, B Qr WS, ESKREHNE. BRSNS/ KRGS AR H OB B ESEHE A
WA, FEE 2(F) Bros i SR T R B AR R B0, R8s HAH SRR EAE AN 2 MR B B
KRBT Tk E R S5 o

Besh, fnlEl 3(b-d) PR, EASHER & B Qr BIALIGARIGIELE, (0,) TRREZ FREAL, A R
(o2) AU BAERA SR A9 PR Xk, X SEERERE MR, Rk AN [ & 1A Z AR e 28 3 — A
A2, X5 HIEUER AOLRASR R T AR ERE TS SR I A5 R A — 2L

4.2 TEAK

TEZRGE T T A SR B B SIS LA T A Z )G, 2B 50X B FHITE R BRI R )2
TR Zh F AR R T A B o JUIU AN DU 1 S ARUE IR 5 TERS AR P, T LR E 1 R R AE NS
PLA T IR A Ty, 220 AN ] R Y T S R 00T O L R, O R TR R A A R
FESEH b AR O R DA SRR AT U AR T BEE R, A A AR SO e IR S5 S5 A0
AEVEITR AL T AT SEI I IER LI B 1 04

MRIGHTR RS, AR I A BREh BRI . Al PO S AR AR B PUR AN ] 5 TAH .
o, IAES . PR AT LA A 5 SN i R AT R [ G 2 R S, i AR S
WIS A Bl AR MELRAR T i B, s Ta] R 30 A 28 8 B8 it 2 BSOS 15 A Rl U G [l R ), SR B
SO IR Z K . 75 BAG BUEHERLR, RATCIUA R BAG I B EAR TSR SRR AR,
BeAR B A R R R, AL ] AS AT S ST TS BBl A b aS Al o D m
WS RS RS 2 BAG AERERY R DA E SR, A RGO RERETE AR A
PR O (MR AR S A RHECZTR, SR 80H i T ) 9 K s R ) 5 B OB R 20 803, BdG
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MRS R R 2 S TR R GRS TR RS (B S IR A AR AT A PR g

Pk, AR EZ AN AR, BRSSO SR RBE T M T S HF B A £5 44 DY 1
ik XX = S EA MR AR I R A T R R, FATUE— a7 B R LER AR R R
AN [ B SR AR 2l 2w B 22 S S HC ] SERGAR I A ) R o

N T HRFHARBVRBE G, FN e RS R B k5 AR e i sh By o hesh . Bk
o, AR R R BT S

Uy (a,t) = e Hrtke [¢1 (z) + up (z)e" ™ 4 oF (x)e*iqx”w*t} ,
(11)
W (a,t) = e~ Hrtike [%(x) + ug(z)et it 4 v;‘(x)e_i‘”'”“’*t} ,

Hot e (6 (), go(2)] " i GP HERMESIR, kA p 4 MFRRRIR S i 5 (28 g
RICECEHES R, w A ORISR B RE R uy(2) A () FORGCRRIE, W IH— A
Y iro fdx (Ju(2)? = v (@)]?) = 1o $ FRBE A AR RN GP 7 iR (2)], HUREXT

uj Ml vy BERPETT, PARGHE] BAG JrfE:

U1 U1
(%1 (%1
w = HBdG 5 (12)
U2 U2
() ()
Hrp BAG g iE ] LAE N
0 0 1 0
0.0 0 0o =1
Hpac = L+ TR ) (13)
1 0 00
0 -1 0 0

BT Lk TR T B 5E . HEPUERE G IA SO I A B A E X e A T, R,

Li(k,q) gP7 gP5;P, gP1Po
—g®? - ~Li(—k,q) —gP3P] —gP,P;
L= , (14)
g P; g®1®y Lok, q) 93
—g®1®;  —gP1 P  —gP3*  —Lo(—k,q)
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1 15 20 05 1 15 20 05 1
q/kr q/kr q/kr
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Ground States and Elementary Excitations of Spin-
Orbit-Coupled Bose-Einstein Condensates in a
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Abstract

The interplay between periodic potentials and artificial spin-orbit coupling (SOC) inultracold atomic

gases provides a versatile platform for exploring exotic quantum phases.

In contrast-to conventional

optical lattices based on Raman coupling modulation, a Zeeman lattice characterized by a spatially varying

longitudinal field (o, modulation) exhibits distinct symmetry properties and competing mechanisms. Here,

we systematically investigate the ground-state phase diagram and elementary excitations of a Raman-

induced SOC Bose-Einstein condensate in a one-dimensional Zeeman lattice. At the single-particle level,

we show that the Hamiltonian possesses a composite symmetry —combining PT and extended reflection

symmetries—which protects a robust band degeneracy at the Brillouin zone boundary. Driven by the
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* A Project Supported by Scientific Research Fund of Zhejiang Provincial Education Department
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trepreneurship (Grant No. 202513291018) .
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competition between the periodic Zeeman splitting and Raman-induced spin mixing, the quasi-momentum
minimum displays a non-monotonic re-entrant evolution across different momentum regimes as the Raman
coupling strength varies. Incorporating many-body interactions, we construct the ground-state phase
diagram using a variational ansatz and the Gross—Pitaevskii equation, identifying four distinct phases:
the band-edge, single-momentum Bloch, stripe, and band-center states. The phase transitions are found
to be predominantly second-order and strongly governed by the underlying band structure and symmetry
constraints. We further analyze the elementary excitation spectra within the Bogoliubov-de Gennes
framework and compute the static density and spin structure factors. The results reveal characteristic
dynamical signatures, including an inversion of the density and spin excitation branches in the band-edge
state, as well as distinct crossing features in the Bloch state linked to the single-particle dispersion minima.
Our findings elucidate the critical role of symmetry and band structure in shaping the quantum phases and
collective excitations of SOC BECs in Zeeman lattices, providing clear experimental signatures accessible

via Bragg spectroscopy and spin-resolved measurements.

Keywords: Zeeman Lattice; Spin—Orbit Coupling; Bose-Einstein Condensate; Ground-
State Phase Diagram; Elementary Excitations
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