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Fig. 1. Band structure of non-Hermitian Lieb pho-
tonic crystals. (a) Schematic of the lattice consisting
of three sublattices A, B, and C; (b) Geometry of the
unit cell, where red and blue regions represent gain
and loss, respectively; (c) Bulk band structure under
periodic-boundary conditions; the inset shows the
first Brillouin zone with the high-symmetry points
I', X and M. Green shading denotes photonic band
gaps (Gaps 1-4).
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Fig. 2. Higher-order topological corner states. (a)
Schematic of the non-Hermitian Lieb photonic crys-
tal supercell consisting of a 10 x 10 unit-cell array.
Open-boundary conditions are applied to all bound-
aries with an air gap of width ¢ = 0.12q; (b) Com-
plex eigenfrequency spectrum of the supercell. Vari-
ous eigenstates are categorized: bulk states (B;-By),
edge states (blue circles), and higher-order topo-
logical corner states (red pentagrams). Light-green
shaded regions indicate the four photonic band gaps;
(c), (d) Spatial eigenmode field profiles of the corner
states C;-Cyg, corresponding to the red pentagrams
in (b).
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Fig. 3. Topological edge states and non-Hermitian
skin effects. (a)-(c) Normalized eigenmode field pro-
files of the one-dimensional edge states, correspond-
ing to the complex eigenfrequencies in Fig. 2(b)
with positive, negative, and zero imaginary parts,
respectively; (d) The bulk state By exhibits only a
weak non-Hermitian skin effect; (e) Bulk states Bj
and (f) By demonstrate significant non-Hermitian

skin effects.
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Fig. 4. Topological properties of the non-Hermitian
photonic crystal supercell with PBC,-OBC,.. (a)
Schematic of the ribbon supercell consisting of a
1 x 20 array of unit cells along the y-direction; (b)
Projected band structure along the k, direction;
gray dots, red curves, and colored dots denote bulk
states, topological edge states, and bulk states ex-
hibiting the non-Hermitian skin effect, respectively;
(c) Spatial distributions of the eigenmode fields cor-
responding to points A-E marked in (b).
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Fig. 5. Point-gap topology of the eigenfrequency
spectrum under periodic-boundary conditions. (a)
Complex eigenfrequency spectrum at k, = 7/a
[referring to Fig. 4(b)], where gray and colored
dots represent the eigenfrequencies under periodic-
boundary conditions and OBC,, respectively; (b, c¢)
Normalized eigenmode field profiles in the frequency
ranges of 249-252 THz and 270-294 THz, respec-
tively.
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Higher-order topological states and
frequency-dependent skin effect in non-Hermitian

Lieb photonic crystals®

YANG Xiaosen! CHEN Zhangyuan FENG Yaru

( School of Physics and FElectronic Engineering, Jiangsu University, Zhenjiang 212013,
China )

Abstract

The introduction of gain and loss into non-Hermitian systems can induce topological phenomena
distinct from those in Hermitian systems, among which the non-Hermitian skin-effect and higher-order lo-
calized states have attracted broad attention. In this work, we investigate a non-Hermitian Lieb photonic
crystal with spatially distributed gain and loss, and systematically study its band structure and topologi-
cal properties. Finite-element calculations of the complex band structure and finite-supercell eigenmodes,
together with a point-gap winding-number analysis, are used to examine the topological properties and
non-Hermitian skin effect of the photonic crystal. The results show that higher-order corner-localized
states can appear in multiple photonic band gaps, exhibiting multi-gap localization features. As the fre-
quency varies, bulk states gradually evolve from extended states to localized states, showing a pronounced
frequency-dependent non-Hermitian skin effect. « By analyzing the point-gap topology of the complex
eigenfrequency spectrum, we establish a direct topological connection between spectral topology and the
non-Hermitian skin effect in Lieb photonic crystals. The results indicate that the sign of the winding num-

ber is associated with the boundary toward which the bulk states accumulate, offering an interpretation
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of the frequency-dependent skin localization. In addition, the introduction of non-Hermiticity lifts the
degeneracy of corner states and enables effective control of their spatial distributions. Our results indicate
that the lattice geometry of the Lieb lattice is favorable for realizing multi-gap higher-order topological
phases and frequency-dependent skin effects, providing a physical basis for the design of multifunctional

topological photonic devices.

Keywords: Non-Hermitian; Photonic crystal; Higher-order topological states; Non-
Hermitian skin effect
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