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Fig. 1. A schematic description of the Kerr nonlinear resonator model driven by a stochastic field. The
middle quantum system denotes the Kerr nonlinear resonator, with the stochastic driving acting on the
Kerr nonlinear term. Two independent bosonic thermal reservoirs are located at two sides, with
temperatures characterized by Ti and Ty, respectively. Based on Eq. (15), the incoherent inelastic
scattering processes corresponding to transitions between the Fock states |m) and |m + 1) are
characterized by the transition rates (b) I'Y ,(Ey,11,m), describing the excitation process from |[m) to
|m + 1), where the p thermal reservoir provides energy wy, , while the stochastic driving compensates the
remaining energy Ep,i1m — w5 and (¢) I (Eyg1m), describing the relaxation process from |m + 1) to
|m), where the p thermal reservoir absorbs energy wy ,, while the stochastic driving absorbs the

remaining energy E,,41.m — Wk -
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Fig. 2. Based on the Matsubara frequency expansion, the contributions of different expansion terms to
the energy current Jp are shown for (a) Uy = 0.1 and (b) Uy = 50. The red circles (semiclassical
approximation) represent Jp obtained by retaining only the high-temperature and vacuum terms in the
transition rates , and the blue triangles (full transition rate) represent Jp obtained by retaining the full
contributions, including the high-temperature, vacuum, and quantum terms. The resonator frequency is
set as the energy unit wy = 1. The other system parameters are set as the Matsubara summation
number truncation N, =5 x 10, the photon number truncation N, = 100, the random drive strength
~v = 0.1, the system-reservoir coupling strengthsa; = a, = 0.01, the reservoir cutoff frequency w,. = 10,

and the reservoir temperatures kg1 = kg1, = kg1 = 2.
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Fig. 3. The input energy current log,,(Jp) as a function of the driving strength + under nonlinear and
linear driving cases. The blue solid line represents the result for nonlinear driving, where the effective
driving strength depends on the specific transition channel, characterized by
Yemme = [m(m — 1) —m’(m’ — 1)]*y. The red dashed line represents the result for linear driving,

characterized by 7,m = 7. Other system parameters are set as wy = 1, Uy = 0.2, Ny, = 5 x 104,

Npn =100, oy = a, = 0.01, w. = 10, and kgT) = kg7, = 1.
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Fig. 4. Behaviors of the pump energy current Jp and the average photon number {a'a) as functions of
the temperature bias kg AT, the Kerr nonlinearity strength U, and the random driving strength ~. (a)
Jp as a function of kg AT for fixed Uy = 0.1,y = 0.1; (b) Jp as a function of Uy and kg AT with v = 0.1;
(c) Jp as a function of v and kg AT with Uy = 0.1; (d) (afa) as a function of kg AT for fixed
Up =0.1,7=0.1; (e) {a'a) as a function of Uy and kg AT with .= 0.1; (f) (a'a) as a function of v and
kAT with Uy = 0.1. The other system parameters are set as wyg = 1, Ny, = 5 x 10, Ny, = 100,
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il g 11 BT BIOR S R R TR TR A AR L, AN 5(b). FERIRZET, MEAFRA Je 81 H
AR AR S~ Jp/2, A 5(d). AR 1P e T RoR ks A BE R R E R iR 22 AT
RILHARARIAT .
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kT, = kgTo — kg AT /2, kgTy = 1.

Fig. 5. (a) Behaviors of the system effective temperature kgTy (21), the left Bose thermal bath
temperature kg7Ti, and the right Bose thermal bath temperature kg7, as functions of the temperature
bias kg AT for weak driving v = 0.01; (b) for strong driving v = 0.2. Behaviors of the pump energy
current Jp, the energy current flowing into the left Bose thermal bath Jj, and the energy current flowing
into the right Bose thermal bath J, as functions of kg AT for (c) weak driving strength v = 0.01 and (d)
strong driving strength v = 0.2. The other system parameters are set as wy = 1,Uy = 0.1, Ny, = 5 x 10*,

Nph = 100, o) = O = 001, We = 10, k}Bﬂ = kBTo + kBAT/2, kBTr = kBTO - kBAT/Z, and kBTO =1.
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kT, = kpTy — ks AT/2, kpTp = 1.

Fig. 6. (a) The input energy current Jp and (b) the average photon number (a'a) as functions of v and
kAT with fixed Uy = 50. The other system parameters are set as wo = 1, Ny, = 5 x 10%, N, = 100,

o) = O = 001, We = 10, kBTi = kBTO + ]{IBAT/2, kBTr = kBTg - kBAT/Q, and kBTO =1.

AN, B 7(a)-7(b) 73BN THIABEIL Je MM Kerr IR Tt A MIAERIBER J. FE&E BEPLLKS)
SRIE v Al Kerr JRERMEIRIE Uy AR R, WA RS ELA, "DIERIESRE Rz 1 AR &MLy,
TERIFRIREVE T, MRGERA AT P AR BE TR B HH w8 BEXMFRME S = o, WURDA J, AR RS, 2t
— W RY], GBS ECE (L 2 B B A AR SRR € U WIRALERRIBEIR Je Bl + ZE4EHY
110, ARLAESRE U B/, BEVRREIRBIGR)E v RBUHAT LM AL, 02 + BRI, i 2B v 93
KIMRE i TFE, HEE U IR, MR X, (A, TERE + JEWEREREE Us AY2Z
e BEALIKBISRE v B/, BERAEAR Uy PRIBUHETEN, HAEIEAK Uo MRS T1A, HEEE ~ 154
K, RER AN X2 R T 55 E8MA AT RE R iz 045 1E, HAE KM ARZIEsR I X ] R4
AT A Uo AU
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Fig. 7. (a) The input energy current Jp and (b) energy current J, flowing from the Kerr resonator
system into the right reservoir, as functions of v and U,. Other system parameters are set as wy = 1,

Ny =5 x 104, Ny, = 100,01 = o, = 0.01, w,. = 10,and kpTi = kT, = kpTp = 1.

4.2 RFiR

MTRES T TRERR L+ L =0, HIE Kerr R 7RG H 2 A MBLEZERDL TR 1L 72
JEmZE ks AT Kerr JELRMEIRIE Uy AKBEVLIRBISRIE ~ RICFEVEN T B A5tz s . & 8(a)-
8(c) ik T [ E Kerr JRLMESRIENS (WAl 8(a) i Uo = 0.1), thT ks AT PuiE 1 APz Iy 1), 1
KT ks AT WRBATSSFR AT BEF ks |AT| BBV, 1| BHBD, FHAE kAT = 0 RILT-HZ%. [F]
i}, BEE BEVLSKBISRE + ASaE, 1 W] I 2 ke TR S i TR ALK& 3271 T Kerr i
PR RIARGREE, TR0 T — AR AR BE 22, A& Toe Tz, FERIRAT R al PATEIR 8(b) (1 &
v =0.1) WEE]. Kerr &ML Up RINGIR IR RGP MH)RIEFE, Miisib 7RG SHhEZ
Al R TS, e R Thnz. it s BENLAKEN 5 Kerr JR28M 2 MIAFAERI ST 45 Pl
A, I 8(c) R T TR I AE (v, Uo) SRR PR —4ERHI17 0. AES5 ALK IR,y B/, ST 1 B
& Uo BR8], FIL -SSR AR ST R K10, FER5m FEHLOK SN I8, BEE U B
K, T L SO . & G IS oA A 2 5ot TR IR, X R R i AR ALK Bl 45
LR Kerr JREMA T Y6 Tz,
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Fig. 8. The photon current I, flowing from the Kerr resonator system into the left reservoir, as functions
of v, Uy, and kgAT. (a) I, as a function of kg AT and ~ with Uy = 0.1; (b) I, as a function of kg AT and
Uy with v = 0.1; (¢) I, as a function of v and Uy with kg AT = —2. Other system parameters are set as

wo =1, Ny =5 x 10%, Ny, = 100, oy = o, = 0.01, w, = 10, kgTq = kpTo + ks AT/2,

k‘BTr = k‘BTO — kBAT/2, and kBTO =1.

5 KBTI

BT RABIE Kerr AELMT, HLA2 1 (000 et e 5060, 950 TR PR EDE IS4 TR A8 S22 v
B BGRTTAE (SNATL) S SeB T RER) Kerr 4R THIZY, JErll G AR LM A R B T A8 PRl 3
A KLSERARAA 1A/ NAFERIREHI [69]. HE ATk R 100 B0 AT DA R A

o2 .

H= 0226+ Us . (22)
ot C M BGER T IO AR IE, @0 RGBT, ¢ FRENMIBARE. fERANBEIRN Us r =
BL($ — ¢,)2 — BEy cos(¢s) — 3Ey cos($2=02) By = O3/ JRHURAER, L WHUBHRIE, By B4R,
B RN G REEMIBERZ I, do FOMHSRIE FEAIHINL, G, 49 SNATL PHOMI B2, b 9568 Us n

FERA IR/ IMERL & MEREIIETT, ARG YR T0 5 MG S R ] LA RN [70]

Hy_ g = hwoa'a + hgs(at +a)® + hga(al + @)%, (23)
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Hab (a) MIER T4 (EK) B, hwo = V8EcEcs M hERE, hgs = csv/Echwo/6cy il hgy =
csBo/12¢o NARLMEREGIE, Ec = €2/2C AHHERE, RE o = E%(deS—R/d¢k)|¢m‘ FH GBS
IE, & REMAIERER T B, /h = mwy 4 6(g94 — 593 /ws)m(m + 1). HI, IRA RGN Kerr JEL kiR

_ 593
WUy = 12h<g4 LTO) (24)

B g > 52w, B, AT DASE] Kerr ST THIRMME.  HR Kerr 4R T-H04 R0 B %5 4
Hegr = h(woda + Udlalaa). W% EAE Kerr JLAEM_EMABEYLIR 0U (1), GIAILE g5 8% g1 E3I AR
PR, IR REEEIRE (2) HABEHLIRE) Kerr 4R TROM IR, 9 b, wo/2m JHIN 4.08—5.0 GHz,
Us EARINAIZY 5.0 MHz [71). Tl %2 (24) HLE UpocEo, WURARMSERBEGTIR B I M0
Ey, WATRERE 548K Up I wo, TTREEIASCHITAT S BIX .

IO, BB T 2T 4 [8,23], 1 Kerr 1R T RAPIMBA NI € T-Hue. B
B 5 SR 2 PR P, T AT 2 AR RORIE T30, AT T TT AR Ok, i & ol P
WS [22], Gt S R AS AR S TR TR TR TH, BN LT DR A th 55 00 B
BRI [72], FR0 4 . ME, TTRASREUH PG TR BRI Sa(w) = L [ drei(af(t +
)a(t) [73]). AT, SRR TEDETHON (afa) = [, dwS.(w)-

6 it

ARICHET R G-I AT AR T 07, AT Matsubara SR BEFFHRVT T BEHL Kerr £E1 53]
TR TR BRSO TROR. SCE R A R

MITIESRE, FEARA T BT AR R 2k 5] Mataubara i IT 5 ik, KRR RN
2, FERSUA T IORAL. AR Matsubara $53R REITJ5 3%, 4R th T8 Einstein 1% e £0ik FR i)
BT U0 52 ZR A AR A A AR A, A B R AT ST AL A W M. 4 BEALAK SN SR AL T 0,
BT Matsubara SR FEITRYAEA T BRI E R B ZRIBAL 5 15T [63] AW 24528 FAARDFTERM], FEifai
D3k, LS TS v 0 ) 2 22 LR P s A T oA £ R, e Kerr ARZPEAEM XTA], ihTXF
e T IC SR ZUAM ], BERES AT R TR M, R T RGBSR T RE . (HEE R PR IR L T
1o, 9 2L IR ALY BT . TR TR AR IR ], RGBT N R A NS T 2 UL

MRS B G A, s AR TR AR i ik 3, B b T RERLAE 5 R A BRIE REZR R S8, M
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Nonequilibrium energy and photon transport in a

stochastically driven Kerr resonator®

LU Yuwei CHEN Yitian LIU Huan WANG Chen'

( Department of Physics, Zhejiang Normal University, Jinhua 321004, Zhejiang, China)

Abstract

Nonequilibrium quantum transport in quantum optical systems has attracted increasing attention in
quantum thermodynamics and nonequilibrium physics. In particular, the regulation of energy flow in Kerr
nonlinear cavities plays an important role in the design and optimization of quantum thermal devices.
Recently, stochastic driving has been recognized as an effective mechanism for inducing nonequilibrium
energy exchange and enhancing transport performance in open quantum systems. To explore the influence
of nonlinear field fluctuations on quantum transport, we investigate the nonequilibrium transport proper-
ties of a Kerr nonlinear resonator under stochastic driving, with particular attention to both energy and
photon currents. In this model, stochastic driving is introduced into the Kerr nonlinear interaction term.
Meanwhile, the resonator is coupled to two bosonic thermal reservoirs. Under the weak system-reservoir
coupling condition, the stochastic-averaged quantum master equation is derived to describe the dissipative
dynamics and steady-state transport behavior of the system. The incoherent transition rates reveal the
inelastic scattering processes associated with energy exchange among the system, thermal reservoirs, and
stochastic driving channel. Based on the Matsubara frequency expansion method, the integral terms in
the transition rates are decomposed into the vacuum term, the high-temperature term, and the quantum

correction term. In the weak stochastic-driving limit, an approximate expansion demonstrates the linear
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dependence of the input energy current on the nonlinear driving strength. Compared with linear driv-
ing, nonlinear driving introduces transition-channel-dependent energy injection processes, which become
more favorable for energy transport in the strong-driving regime. Our results show that the stochastic
input energy current increases with both the temperature bias and the stochastic driving strength, while
stronger Kerr nonlinearity suppresses the input current. The average photon number exhibits similar
behavior, indicating that both the temperature bias and nonlinear driving effectively increase the res-
onator’ s effective temperature and induce stochastic energy injection. Further analysis reveals that the
photon current is suppressed as the stochastic driving strength increases because the elevated effective
temperature inside the Kerr resonator forms a thermal barrier that hinders directional photon transport.
However, in the strong stochastic-driving regime, increasing the Kerr nonlinearity can instead enhance the
photon current. Moreover, the studied model in this article may be realized based on the circuit quantum
electrodynamics setup. This may provide a possible route to design the practical quantum system. We
hope that these results can deepen the understanding of stochastic-driven quantum transport in stochastic
quantum systems and provide theoretical insights for the design and optimization of quantum thermal
devices.

Keywords: quantum energy transport, quantum master equation, stochastic driving, open
quantum system
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