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Table 1. The isotropic van der Waals coefficient Cg (in atomic units) for the alkali-metal atom-molecule

systems with the atom in its ground state and the molecule in its absolute ground state.

JiF NaK NaRb NaCs
(5)=0  3Ck (4O (5)=0 3k (40 (5)=0  3Cwk (4O
Li 3153 3378 3841
Na 3402 3405 3637 3673 4111 4092
K 5294 5364 5788 6610
Rb 6149 6606 6357 7569
Cs 7509 8083 9310 8555

—B, AIRAE TR TS0 T2 WL R R A K ER . XT T Cs-NaCs K%, &
SCUHELI Co 530k MO M Z AR EOR, R T AR FEIE Cs R TR B . R HTTELE
H, BEER TR, Co WK, T 5707 8 RV bL /R Mk ELAE P 2 1

PSR SR - 20 1 22 A) Y A B /R 4R AR FH ) i o Mg 2 o A0 01 B P B
VT WL B B S B S AR L TR A AR . B AR R A T TR AR AR R 5 BB S A
FHEIHE 520 TR A Z WA B . X TR0 TR, HRWSEET /TR me
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Hrh, an AEFHESWEE, d, A7 FIKAENRE. 5& Lic Na. K. Rb. Cs JEFI#SRAE
PAIN164 a, 159 aan. 292 aas 319 aa. 402 a.. B0l AR HISCHR 47 e i AR AR B0 R34 ik
it H T EARF A NaK. NaRb. NaCs 70 T IR AR FERE 6 91.09 au 1.30 au.. 1.84 auw.. Htt
53133 Na-NaK. K-NaK. Na-NaRb. Rb-NaRb. Na-NaCs. Cs-NaCs [¥] Cird /35y 188.9 a.u.. 346
aa. 268 a.u.. 539 a.al. 538 aan. 1361 au., H530HE 104 RIEEAR T,
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Table 2. Contributions of different electronic states and vibrational energy levels to Cs for ground state

K atom and absolute ground state NaK molecule.

GRSl IRBNBE R
HTE G lauw] HFE G lau] v Cg [au] vV Cp [au] v Cp [au]
(1)'st 342 (' 2198 0 347 7 339 4 81
(2)te 2131 (2)'11 350 1 23 8 351 15 691
@GSt 113 (3 82 2 59 9 439 16 76
4)'st 45 (4)'T1 25 3 113 10 347 17 154
GBSt 0.2 (5)'T1 5.6 4 175 1 241 18 41
(6)'2F 20 (6)'11 7.7 ) 237 12 835 19 145
(Mt 01 ()L 11 6 204 13 104 20 20
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FEAETTHR o
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Table 3. The van der Waals coefficients Cg for a ground-state K atom and a ground rotational state

NaK molecule in different vibrational states, calculated using different basis sets.

v FT FRATT FEHIT
Cs [au] Cs [au] AEXT 1R ZE Cs [au] AN IR ZE

0 5294 5190 1.96% 5172 2.3%
1 5321 5186 2.5% 5113 3.9%
2 5348 5137 3.9% 5113 8.6%
3 5376 4941 8.1% 4501 16.3%
4 5403 4615 14.6% 4375 19.0%
5 5431 4472 17.6% 4382 19.3%
6 5458 4506 17.5% 4257 22%
7 5486 4418 19.4% 4261 22.3%
8 5514 4387 20.4% 4164 24.5%
9 5542 4391 20.7% 4088 26.2%

K, Co BHIHEKR, TR0 T REHE FCR AR AR IR 0. X — s ] Wy T EAR: — 7
I, TR EFEEN RS, JRE)EFHOE R T WA E A I 5, TS B F BRI
Ki H—J7M, WEHIRE, R T RE S TSI R, SERSREL BRI, A
T SR A 0 SE A TS (5 o X T IRENAESR v < 3, JE4L T HHEEB RN Co MIXHRZERN . FEERS
EFHR, B4 I 5HEA T IFES RN REL R HIERET, SR RGO LI %K R
HiEmnmEs, SHAARKESNBRSIREBEIICE BB K.

FTEE K FEF5HEEFEBRES NaK 7 72 AMC RE R3PEEA I HHA 1 1H5H 45 R
MPIRZEANAL.96% . XRHT 4s & K T2 4p BHIPRTAEWRI (0’ = 4,1/ = 1|da|n = 4,1 = 0) = 5.099
au., 4s & K BT 5p ST N =51 = 1|daln = 4,1 = 0) = 0.372 a.u.. M(6)z\A(7)=
ATRLEH, &R O oTmk 5 BT AR P T E L. [FIR, 4p A&SEE 5p SfEREE EFHIER 4s &
Rk, K ETFH 4p &% Cs BITTRRIE KT 5p A&, Fimm KT AR F mip S REZL I TTak.

KA T, A 7RSS KR T S5HES NaK 23 FRIE Cs R, San Al Tay AR
Co H) T34, BEERFRETH j WK, Cs RECEHTRN . FI, Sam M Man M Co BRI,
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Table 4. The coefficients Cg (in atomic units) for a ground-state K atom and a rotationally excited NaK

molecule.
IRBNEE j=1 j=2 j=3 j=4
v Yam  Ilam Yam  Ilam Yam  Ilam Yam  Iam
0 5807 5036 5660 5477 5636 5550 5627 5577
1 5840 5061 5692 5506 5667 5580 5658 5607
2 5873 5086 5723 5535 5698 5611 5689 5638
3 5906 5110 5755 5565 5730 5641 5721 5668
4 5939 5135 5786 5594 5761 5671 5752 5699
5 5972 5160 5818 5624 5792 5701 5783 5730
6 6005 5185 5849 5654 5823 5732 5814 5760
7 6038 5210 5881 5683 5854 5762 5845 5791
8 6071 5235 5912 5713 5885 5792 5876 5821
9 6104 5260 5943 5742 5916 5823 5907 5852

W v BONATREIRED, 5 T Uk iR B LT KA 5 7 Heah i 75 j M. AT, 5y 7 Heah sk il
Wi T R A2 AR IR, 5 [ A0, 7 BERA ALV, = 0) 25, 4 By, EBA

Eirpr o jr—oo  (22)F1(23)205E 3L SP A1 S5 MI%E, (24). (25)F1(26) 20 LTS3y S5 AT S2 A%, (21)2

CISUR VS
2(105° + 15 —j —3) .,  2(145% + 212 — 5§/~ 6) .,
Cs = . . - a - ; B b (29)
3(25 = 1)(27 +1)(25 + 3) 3(27 = 1)(25 +1)(25 + 3)
/\q:'
S (W, 1 = VJdaln, 1 = 02, A = 0,¢/, ' = Olduali, A = 0w, = ) (30)
T (Enr =1+ Einr—0, jr=0) — (En =0 + Ei A=0,0,j=0)
58— Z ('l = 1|daln, 1 = 02", N =1,V ' = 0lduli,A = 0,v,j = 0>2‘ 31)

e (Enr =14 Epar=1 jr=0) — (Epn =0 + Ei A=0,0,j=0)
MFESHR, FTXEELITEARN C; 5RA 1 iHEESIMEMMNRELE T2 —UN. #5575
MIFEXRZERE § B RIRETE . X R RABEE § 8K, I U 3 ae FIA% 3 sR A iR 2 T IR 38 K .
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FIN 25 73T (21) RS Cs RE GE=41D, DLAZHIMXRE GBS,
Table 5. The van der Waals coefficients Cg (second column) for a ground-state K atom and a
ground-vibrational-state m; = 0 NaK molecule, calculated according to Eq. (29). The table also gives
the Cg (third column) calculated from Eq. (21), as well as the relative error between the two (fourth

column).

BERed;  Cs [aun] ((29)0)  Cs [au] ((21)5R) FHXR 2

0 5293.72086 5293.68319 -0.00071%
1 5807.26821 5807.2632 -0.000086%
2 5660.54039 5660.59003 0.00088%
3 5636.08576 5636.21914 0.0024%
4 5627.19316 5627.43843 0.0044%

El1ER T K-NaK R R2#B a4 V(R). BHAERENIETARCHER Cs 15 27648 BLR B
Redhsk. SEESE nd fIEAL T ) Vig FEFEERIRAEEIIZE. 1B () AT (b) JERMZHEDS K &
T 5ERE NaK 7 FRIFKES Gl Z. Hh, (a) KR Bam (M, = 0), (b) XL Mawm
BM, = £1). B (@) F (b)) FHHEETSAES K BT 5EIRES NaK 4 T HIIE 57 Z i 18
o MEHRRTBLEH, £ R > 35 agltt, KERAHEAEHIFH AT DLl VG4 PL/R s itk « (c) Al () BIR
B2 n = 4,1 = 1) RS K JEFH5ERSE NaK - FRIFKES R KA, B (o XM Sam
BHM, =0), B (D) W Moy (M, = £1). B () Al (d) FHHBEEHEAEAES K R T 5EERS
NaK 75 FAHEE G T3 i O RE & . ASCREH A T 74T [n =41 = 1) &K K 7 5 A FIRShREH
FIEA NaK 2 T Co, S RUMFT6HTR. MHAKEH v =0 IRSNEELT LN Co 1581 HITEAE TR M A 8
mE () M (D) PO HEHTR. SR, JUELRITHAE R > 80 ag XIgudH . K19 IR V6= FL/R
s VG R Z 5, W TARE 78T EEE S EE R EA R B S, oS K R+
& NaK 4 FAHRM R -3 TF8n =4,1=0,m =0,i = 1,A=0,v=0,j =0,m; =0), SHRERE
HERRAIENR -2 TSN =4,1=1,m,i=1,A=0,v=0,j = 1,m;), XHEIEZHMREEZEL
SH13000 em™t, BRI R & A BR A A AR A B0 10048 FORITAEBU/NAZ T BE (R > 35 ao) hi& H. Tiixt

THERES K EF+EES NaK 7 FAHRPE 77 F&n =4,1=1,m,i=1,A =0,v=0,j = 0,m; = 0),



®6 T n=41=1) & K ETH5LTAFRRSNAER LIS NaK 73 FRIK Co URTH8AD . Hrp,
BV LA IR (8) st AR RIS A &GRS B =FIFIEE N FUARYE (13) it FAF R A 45
R
Table 6. The Cg coefficients (in atomic units) between a K atom in the |n = 4,1 = 1) state and a
rotationally ground-state NaK molecule in different vibrational levels v. Columns 1 and 4 give the
vibrational quantum number v, Columns 2 and 5 present the results for the ¥,y state calculated using

Eq. (8), Columns 3 and 6 present the results for the 15y state calculated using Eq. (13).

v YAM Mam v YAM IMam

0 -187762.734 -41640.93211 5 21689.68424 10868.05387
1 57814.15143 19782.35821 6 23008.01377 11226.89991
2 -24060.68439 -657.21939 7 -777.46973 5309.77566

3 -511022.9626 -122368.6015 8  -150460.6566  -32081.77178
4 56358.78474 19506.0737 9 47169.43435 17354.95781

H5HEAEMEG HRERMIERNENN =4,1=0,m =0,i =2,A =0,v = 12,j = 1,m;), MEREZEN

HN-14.3548 em ™", BN BE R EI G T BT B 1V LRI AR BRI B (R > 80.ag) 4 1E M

4 g

AT 1RSI T BREHORE T WORES IR T 5HEh RS T M s R Ml AR . %8
g R AL T St S B AR E XU oy, TR R R R TSRS TS s/p/d
ST USRS D T s ZETEE Co FRIEN. BT 5 ORIGE 125 7 5 5 a1 57350 116
1 Co RBUIONEL, B0AE T ASCHES AWM BRI, MR, THE THS K 754 TREHES
NaK Z[a]f] Cgo KM K-NaK 155 Cs RZEBE > TIRNE THI NG K. J0 FHEETH > 11,
Cs BEREENE TRHOR KM . A TAEF SRR RN Co RETH T MR i 170 TRl
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Fig. 1. The potential energy V of the K-NaK system as a funetion of R. Panels (a) and (b) show the
interaction between a ground-state K atom and a ground-vibrational-state NaK molecule in different
rotational states. Panels (c¢) and (d) show the interaction between an atom in the |n = 4,1 = 1) state and
a ground-vibrational-state NaK molecule in different rotational states. Panels (a) and (c) correspond to
the Yam state (M = 0), and panels (b) and (d) ecorrespond to the IIxy state (M; = 1). The rotational
quantum numbers corresponding to each asymptotic channel are indicated in the figure. The solid black
lines represent the potential energy curves obtained from numerical diagonalization, while the red dotted

lines represent the van der Waals potential energy curves calculated using the analytical Cg formula.
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Fig. 2. The potential energy of the NaK molecule as a function of the internuclear distance. The
dissociation threshold of the state (1)!X7 is set as the zero of energy and the data are taken from

Ref. [47).
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Van der Waals interaction between alkali metal atoms
and alkali metal polar diatomic molecules™

BAI Xuhui ZHANG Yanpei JIN Chuanqi YANG Yuechao GAO
Weihe WANG Gaoren! HAN Yongchang!

(School of Physics, Dalian University of Technology, Dalian 116024)

Abstract

van der Waals (vdW) interactions play a crucial role in ultracold atom-molecule collisions, as they
dominate the long-range part of the interparticle potential and govern essential scattering properties at
millikelvin and submillikelvin. In this work, we systematically investigate the vdW coefficient Cs between
alkali-metal atoms and alkali-metal polar diatomic molecules in the Y1 electronic state. Based on second-
order perturbation theory, we derive analytical expressions for the Cg coefficient for the following cases:
an atom in the s, p or d state interacting with a molecule in the rotational ground state (j = 0), and
an atom in the s state interacting with a molecule in a rotationally excited state (j > 0). The formulas
explicitly include the dependence on the vibrational quantum number v and rotational quantum num-
ber j, enabling a quantitative description of the internal-state dependence of the long-range interaction.
Taking the K-NaK system as an example, we calculate the C coefficients using the derived formulas and
analyze their variation with vibrational and rotational quantum numbers. Our results reveal that the
vibrational excitation significantly enhances the Cg coefficient, while the rotational excitation shows a

relatively weaker but non-negligible effect. Furthermore, to determine the applicable range of the vdW

* This work has been supported by National Natural Science Foundation of China (Grants No.
12241409 and No.12104082), Liaoning Provincial Natural Science Foundation (Grant No. 2024-
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Fundamental Research Funds for the Central Universities (No. 82231146).
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potential, we compare the potential energy curves obtained from perturbation theory with those from a
full diagonalization of the dipole-dipole interaction matrix. This comparison allows us to establish the
minimum internuclear separation above which the second-order perturbative treatment remains accurate.
Our comparison reveals that the vdW potential provides a quantitative description of the long-range in-
teraction for R > 35 ag in the K(4s)-NaK(X'XT, v = 0) case. However, for the K(4p)-NaK(X'X" v = 0)
system, the perturbative treatment requires a larger separation (R > 80ag) to achieve the same level of
accuracy, indicating a significantly extended range of the non-perturbative dipole-dipole coupling. Our
findings provide systematic theoretical tools for modeling long-range interactions in alkali atom-molecule
systems and provide quantitative reference data for future experiments on ultracold atom-molecule mix-
tures and quantum gas experiments.

Keywords: ultracold atom, ultracold molecule, dipole-dipole interaction, van der Waals
coefficients
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