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Fig. 1. Experimental setup and observations of the behaviors of magnetic pendulum. (a) Photograph of the experimental
setup. (b) Schematic diagram. (c¢) Time evolutions of the x-coordinate from two slightly different initial positions (Unit:
Meter). (d) Corresponding trajectories in the (x, y)-plane.

L(Q) 7R T PIIR L T koo T 1) BLRE IS AR A G © ARYEIZ S IRHE > BEERAIZ B AT LK
Hor AR B
(1) FRRIEH B (4 0~605) o BEERFEMABEERZ BIECRIE BT E AMER 123 - BIHA
B~ TP EIIRGHFAL o 32X — B B BT 5155 P i M i B A5 IRDEILE > B R GEAERR 22 18]
WP 2 i 2 2R B SSIRIEIZ Bl - RPN AR S iR SR
(2) RSB B (LD60s2)5) - PHUEEENE > 2SI EY~0.04m (&35 1) Hx
==0.04m (4&752) MOEMFRENE > M5 BEROUES A ARASHHL MU/ME S IR G e & # k. - 7
LI 2SR > JBR T AR R G 2 R 4L
B 1(d)k— R T HEERAEX — y P A S S © PSRl e 2o B Aid A > 4ol
AT BXFRAATEIAR XL > 2 BIXPLRZH DN ARERG] T RS 1R 2) - ZRES
SCH KT > TR IR AL B AL - RERAIINSEX MRS Z— » BARSIFRIMNE L
A E SRR RIS o 3R TEMRAE AR GERIA 22 (BRI 20 A P AN R R WR 5 J58» TiI 3  TET )
ARSI S A BAT U



LR LRl > HEAESCE TEITHLR R T 2R N RGN ZAOOHHE < 1) BARD > B RS
KBRS AN ERMFERIIZE) 5 2) 285 > WRGHFEWRN AR - ARWGEEAT
AR AT LUK B AR IS 5 3) WMEBUEME - BRI BUNE R R RSB AEA TR
AR o

3 HERZNERKESREMESHT

PP RIRA VA MR R GBI > B8 IEJ5 /) Lagrange B S REMZ 512 > 35
BrP AL B STV o FRBERE HhAR > T S50 r v I Bk P s A DA B 2% SR 28 8
JEEAR R B AE— R R ) IF 2 S 33 A S8 T B T VA 1 B A W 75 [ S P 22 TR Al (A
KRS > R TR EFNMEE AEAE > SCIR AR BRI | Ik 22 1Rl A AR BN ) > DU A
GIATT R IR B 2480 0 T Se i P R SRR 24
3.1 fEIE Lagrange Zjj Jj 24540

WRGIBENA R Ex — y PN (BB RERK) - ZIGAGERPAETEAS - % 18/ B D)
5225 BJe > T LUl & 1EJ5 ) Euler-Lagrange J5 Rttt RSe5h 112747 h -

TE/NA BEIRAUT > SEBRAR 5P (O B0 U L AR AL AR B AR ~ (22 + y*) /21 » KL E J)3%
REATLR (HUEskE B A BAL E ) #aehE)

Vi = mgAh = % (x2+y?)
HrhghE @ (9.80 m/s?) > lﬂﬂ%éﬂii’dﬁ c MHEWEIEOLT » IR B AE A

ZJ(x —x)2+(y o
S BRI » VoW (BEHISAALRERR S ) > ORI AE ) T FL B < AFBLAO - 31
FRAE I 3% B

Vo

2
Z +
[ — x)? +(y —y)? +d?
PEERLEx — YT INIE S AE
T = %m(:’cz +y%)

ok~ y2r BIIIEERFEX ~ y 77 1) _LAEE

REGiHY Lagrange AL =T — (Vg + Vingg) © FIBZES SN > 713 Euler-Lagrange J5 2
d L\ oL .
at(ag) ~3, =7
Hifigh KR (xiy) v AERRLEAEEOZ FRAS T 00 28 SOBEE R, —y g i) B T « W&
GRS AT T RAVLAL I (&1 = t/g/l) - BEERENARKR 5 BEE Fx ~ y ~ X ~ Y35 » &5 5
W R B 1 T AR

. . X=X
x+bx+l/)x +Zl 1 [Ce—x;)2+(y— y)2+d2]3/2

Y—Yi
y + by + l/)y +Zl 1 [Ce—x;)2+(y— y)2+d2]3/2

2 P 0" S PR [ A LR AR 0 B AR EAE R L o b = v/ (mJg /) T
BALEEBIMILERE > ¢ = g/UhBl B8 > dAEERFIZEE (BELIITEFE) B -




BEFEAERT 2 » O 7 ZE RS R AL - BA TR P IS H Nd =03 - P = 0.3 >

b =0.03 > [al KB BERRAIOE B B S8 (e, ) = (L DRI, p2) = (=1,-1) o« CHASH%E
HIBARII RSE > L~ 1.5m,m ~50g >y ~ 3.4 X 107 kg/s > X WA TEEAULIE LS RELH
b=27x107° < ZAM B NTHEBI PR AL = 0.03 o SLPRIIH > BT 2= - B2
A2 BB RS ~ ARNAE - DU ER P ShAE RO (LS R S > U R ) 2
bR BN IE R L - )

3.2 P AR B

¥ Ll By BANE R (Su=x>v=y) > PERMERRA=0=y=v=
Offy5g > HASRE P T 85 70 A P4 5 Ak R 4E Jacobi FEIEHIHHIE(E (eigenvalue) RPN (RHIE{ESLH
/T O WP iR SE » AAEIESGRIAERSE) -

S BGPTSR A BP-H 08 o WS I/E T B P iU 0L B R HAF AR S AR VRN SR 1 PR » |
FA[H1 > (0.990.99) 5 (-0.99 —0.99)AHFAEE IR NT 0> AEEFH AL 5 (0 A7 5%
HRRT O FYHHIENE » AT E P8 L o I > i1 300 0) AL HERHE(E Y SE R4S/ T 0 > (0, 0)
U R AREE W, o BE—3F > i 5B B AL Jacobi KERE: » T 4GB H gk KRR (B AR SC R fRT

—b ++Vb? + 4K
max = f
Hr
PR G d?)
=Y (2 + d?)5/2

HIE AT L > AHER SR LT » B AT NE (RRARAEMELSEAR) A5 A5 AR A D A1 A T B ik
/AN > G PR B Tk P T T P T LR o R M Rt Bl © TR 35 I PR AR A K
FEEREE BRI R B AL B U Y B R A -

# 1 WSIWER T P8 R AL E R Jacobi FEFFAFAE(E SRR E M

Table 1. The eigenvalues and stability of the equilibrium states under attractive magnetic force.
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Table 2. The eigenvalues and stability of the equilibrium states under repulsive magnetic force.
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Fig. 2. Numerical results of magnetic pendulum. (a, b) Under attractive magnetic force, the trajectories started from two
slightly different initial conditions. (c, d) The results for repulsive magnetic force.
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Fig. 3. Under attractive magnetic force, the influence of damping coefficient b on the attracting basins and the fractal
dimension D. (a) b = 0.01, D = 1.92. (b) b = 0.02, D = 1.88. (c) b = 0.03, D = 1.80. (d) b = 0.04, D = 1.63.
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Fig. 4. Under attractive magnetic force, the influence of the vertical distance d between the pendulum bob and the magnet
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Fig. 6. Under attractive magnetic force, the variation of the largest finite-time Lyapunov exponent with respect to the fractal
dimension of attracting basins.
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Relationship Between Transient Chaos and Fractal Dimension of Attraction Basins in Nonlinear

Multistable Dynamical Systems: A Case Study of the Magnetic Pendulum System*

WANG Jingda, ZHANG Ling, SHAO Jiarui, ZHANG Songbin,

HUANG Yuhong', WANG Hengtong

(School of Physics and Information Technology, Shaanxi Normal University,

Xi’an 710119, China)

Abstract

Transient chaos and fractal basin boundaries are two important features of nonlinear multistable
dynamical systems. Although their differences have been widely recognized, the intrinsic relationship
between the dynamical complexity of transient chaos and the geometric complexity of basin boundaries
remains unclear. Taking the bistable magnetic pendulum as a model system, we investigate this
relationship through experiment, modeling, and numerical simulation. We first demonstrate experimentally
the properties of transient chaotic motion and bistability in the magnetic pendulum. We then construct a
simplified dynamical model and analyze the equilibrium points and their stability. Numerical simulations
are performed to study how the basin structure depends on key system parameters, including the damping
coefficient and the vertical distance between the pendulum bob and the permanent magnets. The transient
sensitivity of trajectories is quantified by the finite-time Lyapunov exponent, while the geometric
complexity of basin boundaries is characterized by the box-counting dimension. Our results show that,
within the parameter range studied, stronger transient chaos is accompanied by more complex basin
boundaries and a larger fractal dimension. In particular, the finite-time Lyapunov exponent and the fractal
dimension of basin boundaries exhibit a positive correlation. This correlation can be physically understood
from the local instability near saddle points and the associated escape dynamics in the multistable energy
landscape. These findings suggest an intrinsic connection between trajectory-level dynamical complexity
and basin-boundary geometric complexity in multistable systems, and may provide useful insight into
transient behavior, sensitivity to initial conditions, and basin-structure control in complex nonlinear

systems.
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