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R AR B A SA S IR 2D RIA RN, A HIAERTA B bR (R0 & 73 T BB D024~ R A 1)
RIS A MGEAF NS 10 X RIFE AR T4 AGS IS, TSR UE T REA B R pAcrt, BRI
298 DS HIHER T I i Rl b pry e 5 10

ZAWFE DL qubit B0 HER T — R B NMEP UL —. P DR, =4 qubit £5060 7 —4E
Hilbert Z5[E], WMREMAN S, ANREFATSEREICH SCMHE; WiHE DU, B9 TT B qubit 1) =ZEXTFR
TSI, AT AR A TG E, AT E T, SRRk T Al 1210 1T X AR B S S TR B, (TR
M, L Z A AR (Global Measurement, GLOBAL). [ 4#ll 5 (Separable Measurement, SEP)
DA R e 5 4838 (% (Local Operations and Classical Communications, LOCC) 2 [a]f3EF LR,
By P ERE A B2 trine W DL (double-trine) 754 1. CARFFEEM, double-trine 755
TEfe/ INRZE AP FERNJC B S B R B R R R I R 2 40 AEde/ MR ZE M FE, BRI BT LOCC,
AFLRT 230 5 ) 228 A 125 30 30 A ) At ) e O AU 38 5 TATHE TGIBE LA, (AR e ™A% 10T A T - o A

LOCC @H% [11,12,18] .

Double-trine FL R AR BRI FRME, EFTRRIYZ K RFF AR E=EPIHE VIR T .
—AEAMWFEEE : M= qubit ZRFFRAG trine XFFREERS, BRI EEFI AT 200082 8] 1 22 55 2 dnfa] 2%
6?7 Double-trine 54 H e/ MRZE T I 2 BRI -5 0T 0 A5, X2 R X RRES A S B R L
G BN R RFE BRI S, SOR A ROBT X BRI PR LTS X 2 R ¢ 2 2 2295 D
A7 AR R LA R

AT =A™ qubit ZEZSHTPIFE DL HRiane,  HORE R I &5 ] 20 B A e/ MR 22 BRI TE s
PR AUIERE. 45 REN], double-trine FAT MBI Z K A BE R HAHE] B E . R/ MR
ZEOMHE, BRI ES TR AR AN R A N TR AR R S, BRI R ]
LA LT B A al o . IS, FETCB S B, BRI A N R AL 7546 b i BIAE. double-trine jX 388y
PIXFREGHAMAL, XEHAS AR R DBl & S P ML S5 e dtnT L, dRe/IMRZE BRI TC I S0 3 i
AR A R S SR B LATHLAIE ] - Al A AR R ES MRS e S P B, 53 W SR )
KPR IR A TLATEEH o



2 EWHEMESSHN
ASCHFFE=A qubit AEESTEPTFE DU NS PR S8 LSS
o), Ih1), o). (1)
WA RIAIE A (o) B, WEREPASH AR UL P, SCBRRea e =RE 5850
W) = [v)®?,  i=0,1,2. (2)

AR =FE S SR, B

pbi= 3- (3)

HEA ) UE XAEM qubit Hilbert 25[H] H = C* @ C* . i P AN NIRRT, MASA S AR5
G, ARSCRIERYZ . AFEMAER 95 V1L AR ORI 2 5 REAS AR X T ] 20 - R I B i i 250 AR
2.1 —fR=& qubit S

FERE=A qubit ZEETEREMR X IEASH T BRI LA S AR PREFANAS , 12573 DR e 10 1l 2 23 LA
TRRLEAR UM R L, ATAAR R — B 55— S 2

[¢0) = 10)- (4)

[, ATDAHE G PR R (1) AR, (58 —NSHRIT REUBCH I T, — =4 qubit 4155
5

[tho) = 10), (5)
[9n) = cos 210} + sin g1 (©
[s) = cos g|o> + ' sin g|1>. (7)
HAZHIE Y
0<f<m, 0<n<m, 0< ¢ < 2m. (8)

XH, 05 0 2 RIFTR (Y1) [W2) FIXFF o) 19 Bloch BRIAI; ¢ FoRH = AESHMTH [vo) M [¥1) K
RS, 2 ¢ =0 B ¢ =7 WF, =SR] PARIRIE N LRLES: 24 ¢ # 0, i, SHEAEE
B MG, 18] 1 R T — =3 qubit ) Bloch BRJLM7R A
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AR DS Z R R

0
<1/10|¢1> = COS 9 9)
(tholth2) = cos g, (10)
(V1]iha) = cosgcosg + e’ singsing. (11)

XEENBIE T DS S S Z MR EE KR

1)

1 =AU qubit £50) Bloch SRSEUR K o B8R LB, TR —DESE E N [vo) = 10),
HAL (1) 62T 2 — 2 Fiins 6 g 3HIFOR [vi). (o) HIXT [o) B Bloch Bktliffy, ¢ For [va) HIXE
T o) 5 [3) Pk BCFTE T A0 « A SCIrHe S G LTS5 h =382 [ AR & S
PASRH RS AR [/ e
Fig. 1. Bloch-sphere parametrization of the three single-copy qubit states. By a global unitary

transformation, the first state can be fixed as [1)g) = |0), and |¢;) can be chosen in the x — z plane. The

parameters 6 and 1 denote the polar angles of |11} and |1hg) with respect to |¢)g), respectively, while ¢
denotes the azimuthal angle of |i)5) relative to the plane spanned by [1g) and [¢)1). The geometry of the

state set discussed in this work is determined by the relative positions, pairwise overlaps, and relative

phase of the three states.

TEASCH, SHEAW UL 248 =895 D qubit 57E Bloch BR BRI AIE K AR . hT A
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ZIEAR AN LZS 7 B B RN ER, ST th 24 (0,0, ¢) ik, TSRl =252 (A A w5
HEK
[(Wolv)?,  [(olw2)?, [{whnlen) | (12)

PARARRAROLAR B 20 . 3 B B B B HE T S N BRI T7

ARSCR “HJSIRFRE5HY” F2 245 double-trine ZUL5HY, HI =757k Bloch Bk EHATEHRMARME, =5
Z IR A ] AR, “AEXTFREEHE” HE =S AP E S AT, =S
REANES) o FHHAR XS EBEHEIL 1, MIPIESTE Bloch Bk EARFHGL, WARZSHEGEA LRI
ZEM . JESCHRRT CRIFRT CAEXART AR BHE I R — RSO .

2.2 MENENHIRFZERR

XHEE L qubit 5

) = |0) + B[1), (13)
HPH IS
[¥)®* = (a]0) + BI1)) ® (a]0) + B|1)). (14)
JEFF AT 15
[)®? = ?00) + aB]01) + aB]10) + B%[11). (15)

5P qubit XJFRF-25 [0 B —HIE A H—H

S0) = [00), (16)
~[01) + [10)
|S1) = B (17)
|S2) = |11). (18)
TRA
[9)%% = a®[So) + V2 ap|Sy) + 5%|S2). (19)

B, FEATEAN )2 BYPE DIZSHRAL T =40 R 125 1)

Sym?(C?) = span{|So), |S1), |S2)} (20)
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Ho SRR A B SRR T A, i RO AR

01) — [10)
V2

SR T BT M DS SIS T RO FR i, SONAR T 2SR M5 85 A B KOs e rE s 18] 5 (HAER
18 L IR B L AN R R 2RI, A 2 @ 2 ERVATRE—HHIE.
MG EIRFIR, AT =R 8 DLE S8 T A I

4) = (21)

[Wo) = [00)®* = [S0), (22)

0
| W) = |41)%? = cos f|So> + \fcosism |S1) + sin? f|52> (23)
|Wy) = [1h2)®? = cos? g|50> +V2¢e cos g sin §|Sl> + €% sin? g\52>. (24)

FIRIEAERM, W DU =A qubit A S =Rt %R =4 qubit EFEE DU
RESERE IO SO e TAE 5 DL IS 5 AT DASE B TOIB SO AR A S o

2.3 Gram 56p%

HHE =R DESSZAWEERR, & X Gram A4

Gij - <\I/l’\llj>, ’L,j - O, 1,2 (25)
HiT
W) = )2, (26)
f
= (il *03)®* = (il y)” (27)

WYL, WFE DI B ) AR B DS Z R AR 4t

Goo = Gi1 = Ga2 =1, (28)
Gor = (Hafi))? = cos? o, (29)
Gz = ((olttz))? = cos® 7. (30)

2
Grz = ((tu|the))* = ( Osgcos 5 + € sin g sin Z) . (31)
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P, 52 Gram HiFEd

20 21
1 cos® 3 cos” 5
G = 2 0 0 n b qin @ ain 1)2 | . 32
cos” 5 1 (c0520032+e 51n251n2) (32)
21 ) n —itp ainy € in )2
cos® 5 (005200824—6 sm251n2) 1

AFEYE T PP DS SRR e, R A B A 7 A paE SRR

2.4 £MFERMSTTE L5 Pl fett

SIS A RRIS A TS TO B Sy BRI FE B A M SR X Se Al e e ok [P, B DR, =4S qubit 7535
J&T "4k Hilbert Z3[a], PRULAIRLEIER K, TCIRMALE =AAF qubit AHEFT5E B To I BE
PP UL, IO —4EXIFR s, HAPE TR T i Gram R FEH T -

det G > 0. (33)

MRS, =S DS AMETE K, 5] DA i BRI B HEA T 5e B USD; ez, #7 det G =0,
5E% USD Rl fEsEH.

P, PidE DU — =2 qubit Z3RA558 B I o i n] RENEAY /NS VLR, AR SUIE AR I —fe/ M
AP PR F R A (A I -5 ] 00 Y e A R

3 BEARNEETMET oy RbeHEAR

EAYE I T =W DL qubit (5SS RUIE R AR i NREE S S TR B
BRI ERTRT 20 D0 B R LAY . T ASCIRE R 202 RGE, AT AT DA IR M (positive
partial transpose, PPT) Z{h5Hfi 21 . PRI, A5 Hh i) 2 5 R AT 1o SR (A -5 m] 40 2 )

FITEREZRE (gap).

3.1 AMEAFH

ARSI R R R S ] 2

R PRI B2 A AE W P8 DU A& Hilbert 2500 H = C* © C* ERERIEBFHAMEE (positive operator-
valued measure, POVM) ; X T AT POVM ek = e, w203k B2, —4
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POVM i TANIER@BAFA, Bl { My}, FHHE
My =0, Y My=1I. (34)
P
HHASH p, MH kAR IR
p(k[p) = Tr(pMy). (35)

PR EAZOR POVM U BAT Sk REEH , I AFAZUA R 58 ERIE b e ir i d— a2 6e 1 .

ORI R . NIRRT MO AE R

M=) A®B,, (36)
l

J
+|

Al i 07 Bl i 07 (37)

MFR M @R358 #— POVM WA TR A 84T, WHRkZ POVM SRn] 7l &

LOCC eSS BL I & — & = I or il &, HFFERTA m] /-l EfaEaS th LOCC L8l P =2RM &
T 2B K AR

LOCC C SEP C GLOBAL. (38)

RIZG K F IR I SRR AT S BRI R SR b o PR 0 12) 0 A s e LU e A I S A . 5
e RO ST P PR RS BT T MR, USSR 2 R REIETER T 5 A S R A 2, T
PRI T 85 POVM HIXETT5: POVM YA

T 2®2 245, Peres-Horodecki ¥, PPT &5 2122, XHEE POVM LAk
WH—EATIN 2 @ 2 IEEAPRAS, FIGZ AR ARG T4 S0 POVM ST Al A e . i M*
R A qubit AEE R EIR AT, WHEASCITS B 2 @ 2 B,

Mul4sy <= M>=0, M">=0. (39)

Pk, EASCHR A PAEE XA POVM TR PPT 25k 2] i w] 23 & .

WEERENR, RIS UGS SHAT g0 Fr 72w, WEA S e XAEwEHm 2 © 2
Hilbert Z3[0] b HpilHt, WM @ MR T W qubit BSKERLMEE SO, PR TR AT 00 B i i 5
RN DULEZS ], AN RERTE = HEX AR TS (A) P A B
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3.2 RIMRESHEGMEMRL

TEfIMRZE P, R SR HHN A A S S RN 5T =FESE W), [W1) F [Uy), B
PRI ] Fm o = A POVM J0%
{Mo, My, My}, (40)
BMELER @ v, FIRRASY (V). FEFEANT, HP RNy

2

Pup = 3 S (WM. (41)

=0

AT (BB /NS 22 A B T 3600 PR, HC AL I N

2
1
PEP — max = > (0| M| W), 42
ME ““3Z; | M;| ;) (42)
2

M; =0, i=0,1,2, (43)

2
> M; =1 (44)

1=0

X Ly SR qubit SES[E] ERYERAEART . RIS TR R R POVM R RO i 2R

3.3 R/MRESWHTSMEML

FERLPERAET , FEEOREA POVM JCRAZ AT T ARG N 202, X%
T EREA POVM JUR 2 PPT 44k, T2, a0 IE T mMRER P I Rieh Py, H
LA LA

2
1
Psep = max — \IJz Mi \Ili { 45
W = a5 2 (WM (45)
T 2

Mi t 0) 1= 07 17 2) (46)
M =0, i=0,1,2, (47)

2
S Mi= L. (48)

1=0

¥ 2@ 2 RYh PPT HAlHESH, ERA A0 PR AT/ T O s,
T A AT T AR R, 7
Ak = P’ — P (49)
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i

sep
Ay > 0,

WBERRTE SR/ MR ZE ISP S5 o BRI B ™ AR 0T B Al 20

3.4 FELSPHBRENERL

TETCESOr i, MR AR AE” 4558 MY POVM 5

{M07 Mla M27 M7}

Ho M; FoRBE IS (W), 1 M, FoRAHELER .

TEBg SOy PRESRA E M AN BB B . IR, W THERE @ # 7, 22

(W;|M;|¥;) = 0.

TESF S AT, T SO IR 2

1 2

Pysp = 3 ;(‘I’JMJ‘I%)
BRI R IR TC s AR T 20y PESh | AR
2

1
glob
Pisp = {AI}:%?} 3 ;<\I]i‘Mi|\I]i>y

W

AL R T AL R POVM AER IR AT iR R T S B

3.5 TN SHEITIHNERL

(50)

(51)

(52)

(53)

(54)

FER[ AR, USD 44 POVM LR AU [ 3584 T ARG 2@2, E50T

XA POVM Jeg i PPT 29, Pk, A& TR USD Seflt i3 h

2

: 1
Sep __ . X X
PUSD - {J\%%\ili} g ;<\P1‘M1|\I/1>7

10

PLAe

(59)



W

R, E L USD A AR Tl 2P P RE 22 B R

sep __ pglob  psep
AUSD - PUSD PUSD'

o

sep
AGEp > 0,

VU5 R R A B TC I Sy AT 55 R LT A ml 20

3.6 HERERE
T EARIAREL, A SO SE
(0,m,9)

PEATEH . XMT RS, HEWE M I ES S

|U,) = |)®2, i =0/

W I 7 SR AR DY A DA 1 A -

glob sep
PME ’ PME’

glob sep
PUSD’ PUSD'

A2

Ay (6,7, ¢)
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(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)



AGsp (0,7, 9)- (73)

KA BT F 20— AR AS P DU et M PRI AR T 43 U B O P 35 B A S A LA M
R,

JSE A 960 double-trine A BIENARNTENE, 2 HILE AR RS BEHE— =40 1
W T ME 1 USD (08(HEE, IF FLRPIIE AT S5 Pl O 259 JLATREAE

KOS, ASOR MM (semidefinite programming, SDP) kAR LA G R 220 iy
SDP B CVXPY b 29 3 SCS kM 0. Attt 0 5 22 (0,7) S NER A, o
T ARV 22K gap BORA KBS HE—5 IR AT . MR Bl Ay T e, A
% double-trine AT TRk, BOEL4h R SARNHEAE 1075 BBN 50, W ME $sIKH, 40—
W THIABS A DI, DAHATE gap H IR S IO %

4 Double-trine 7 % W AT F V&

TE AT — =S PIPE VUIE Z AT, A Seihie— DA E R AR ER D] double-trine 54E. %

SEAEZ T VIS HAN I B AR RO BAICRE . ASCREAEAMITEME, TR ESn— =
SHMELER

T LSRR, AR H B EH double-trine FARH) CAIMER A AR SCHYBI AR, el ixAnifE
BV ME 5 USD 7E[—548 B ARIIAFRIE RS, AR =SHERHe IS .

4.1 Double-trine &

HEARSCRAMSEAL T, double-trine ZSEENT Y

b=n==, 4=m (74)
s = A L8 DL R 5 oh
[%a) = |0), (75)
i) = 20y + Ly, (7o
) = 20y = L. )



X —=ANSHE Bloch BR EAYRL = FEXIFRGE . XTI HH VS5 N
|\IIZ> = |¢i>®27 1= 07 172 (78)
B 56 AT AR AT, PR DS Z R AR AE T B DU ARy . X Bid =38, A
1 .,
(W[ 0;) = T F (79)

A, double-trine £55EA) Gram 4 H

1 1/4 1/4
Gor=[1/4 1 1/4]|- (80)
1/4 1/4 1

VR B ELAT— BRI BRI A G A G . OAHEGE
: (81)

r=2, (s2)
Hrp A_ —E#IE.

4.2 RINRESPHEGNESR

KT AR SRR R FRAAS SR , PO AR BT DAZS HYRE A LR 1 B /NG 2E A Bk S el % BT 25 Gram
TFEARIEAEN A, MRS A 5 o

N 2
PEY = % (Z \/ﬁ> , (83)
k=1
Hrh N ARk E . 7€ double-trine 1FIEH, N =3, ARALEHN

(84)

2
1 3 3
glob N e e
Pap= 9( 2—1—2\/;) ) (85)

(86)

SN

TR A 5



B L,

PEIP ~ 0.9714. (87)

X EERRN, AR AT DALMY SR B =R PE DL trine A

4.3 BRIMRESHNTISWELSR

Double-trine Z54E7E ME Hh ) — A~ BEME U < 1T 430057 DA S 5 8 (A 00 1A ) 1 e ey o 11121
WA,

PP = PEOP ~ 0.9714. (88)
it
Ayt = P’ — Pag = 0. (89)

BXULE, 7E double-trine ZSERM /MR HHIT S5 oh, BE PRI HHIA TR AU RS 3. o RIFE—
W], ST S RS IR B R SR R, LOCC I AR REREIX — i U Bk, 75 ME
i double-trine &M EEDH

GLOBAL = SEP > LOCC. (90)

KRR, BRI EARXT LOCC Y%, FA R RE BRI AT B - B h
PLd. Al iilE S LOCC Z IR 2EmAE AR S T RS -
MIUT_EF, double-trine A5 HAT i REXIFRIE . =M E S LT P qubit # =4EXIAR 250, 1M
Se% Hilbert 23[R & —4E R FR 1250 Xf T double-trine ) ME il &, CABSH TN
AL T . A TS AT ABRARE - RS R S S IE A RO AR TS DY POVM JeR AT 4, T TS
POVM JEE WL 500, W ARREHAE RS 7S R SAs DI 2 KT double-trine 25411
XIFREEH , HEARLIRIE T R =W DU -

4.4 FTBEUSPRHBENEESR

5 ME A[Al, USD ZORAfE R A REL A, HAFLAHESSR. BT double-trine W% I
LMK, 5% USD wPASEHL.
XS AR T X =S, BRI B R AR USD iz &4 T Gram A FFH) S/ NAAEE .
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Double-trine (1) Gram Hi [f4 i/ NSREE RN

)\min = = (91)

S

it

PESH = Amin = 0.75. (92)

WtEyl, EEANET, double-trine FAEFPARA 0.75 By MIIZHRIELTTRE S 3 HE

4.5 FTELSRPTTFUEESR

1t USD {155, double-trine MM EZH 5 ME B AR SAWFEN, nlWl&EH LOCC
TEZALSS i B 3R 0.5 12 L

A¥P = PESE — P3P = 0.75 — 0.5 = 0.25. (93)

BCJM, 75 double-trine ASYEAYTELE SUAHHE TR A 07 AT
ATUAL RIS AR 0.5 38— MU, XEH— (4% DUIAT SRS TR 1 trine ASHOWRLR,
SRS PHAC AR A DI G 2 RS, MDA trine 25T 2, Hep DUARHOBEH 0.5,
B4 USD HSLAE%
1-0.5=0.5. (94)
AR AN E RN 0.5, EAHERIE—SEN, T4 RR RGBT — 3. L, double-trine 5
S USD shifi

GLOBAL > SEP = LOCC. (95)

4.6 Double-trine EAERYE N

Double-trine Z5H 7R T il —HPi#5 DIRAESTEA WS BHESS THIARIE 2. 15 ME &, w]7)
M n] AR BRI B e U PERE s i USD o, BRI TR . XU, AR
R IUE T BARR 2 FREI . T IR double-trine ZSERTEWG I HHAE 55 B AN TR I
BIRG, R 1R LR AR

X —ARER GBS T A SOSN8 . H—, double-trine 544t ME i £ GLOBAL =
SEP, iX—PEBU T H e m X FRE S 2N RIRS R ? H 7, double-trine £54E4E USD iy 0.25
PR R WS B R R B %57
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% 1 Double-trine FEEAER/INREZE SR TCIL Lo b i e A HEME RE SO B2 . Horr Pelob i1 peep
G BRI R AT 400 R AR RN ER, AP = Pelob — P FoRme (il AR T R 400 B e
220, 1ZFEW], [7]— double-trine Z4HE ME F1 USD 2 IUA[FMMN )29 7 ME # GLOBAL =
SEP > LOCC, T1i#E USD #* GLOBAL > SEP = LOCC,

Table 1. Optimal discrimination performance and measurement hierarchy of the double-trine state set
in minimum-error discrimination and unambiguous state discrimination. Here P#°® and P*® denote the
optimal success probabilities under global and separable measurements, respectively, and
AseP = pslob _ psep denotes the performance gap between them. The table shows that the same
double-trine state set exhibits different measurement hierarchies in ME and USD:

GLOBAL = SEP > LOCC in ME, whereas GLOBAL > SEP = LOCC in USD.

O HHESS pelob psep A®eP W29
double-trine ME 0.9714 0.9714 0 GLOBAL = SEP > LOCC
double-trine USD 0.75 0.5 0.25 GLOBAL > SEP = LOCC

JESEEAREET R — B AW DUSSE, s 3 14 B R A ] o I AR, B A
ME 5 USD ik RE 2= ke HO LA K &
— R Z AT TR /ANIR 2 2 3 o oy R 2 7 %
=53 T double-trine ZREEMMENTE R . TEf/MRZEDPET, double-trine ZRHH £
Pie’ = Pt (96)

RIVRE PRI A T - BB LS. XM double-trine SER R BEXFRMERIAN o Oy 1 HIWTIX
—EHEREEN TR =M I qubit 558, AR 3 R HA-FEMRIER, xRS

(651, ¢) (97)
Ty
ASh = PR — P (98)
SEATRLLE 40T -
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5.1 EFHFE

TS

(0,m,9), (99)
T EARIEE 2 RS E R = A BAFE DS
[vo)s 1), [4a), (100)
(a) $=04b A S (b) $=nd b AZD 515 (c) $=n2 4 ALD 2t

0,008

0.007

0.006

05 10 15 20 25 30 0.005
0 3
0.004 B3

(d) =34 b ATD 435 (e) p=n it AL 4
0.003
0.002

0.001

0.000

0.5 1.0 1.5 20 25 30 05 1.0 1.5 20 25 30

/2 SNSRI HE R S RAI TFT A WO M RE 2B . BT FR AR = PSR — Pik. (2)-(e) 4141
i ¢ =0,m/4,7/2,3n /4,7 AbHY (0,n) ZEDI . GERER, BORH) ME ZHHF A HHAE double-trine
XPFRIIE, T B AR SRR IR LT D B AR AR RS T (0, m) ~ (1.419,0.140),
ML AfR ~ 8.1 x 1077,

Fig. 2. Performance gap between global and separable measurements in minimum-error discrimination.
The color scale represents AP, = PEP — PSP Panels (a)(e) show the distributions of A3 in the
(0,n) plane for ¢ = 0,7/4,7/2,3mw/4, 7, respectively. A large ME gap does not occur near the
double-trine symmetric configuration, but mainly appears in asymmetric, nearly degenerate regions. The

marked representative hotspot is located at (6,n) ~ (1.419,0.140), where A ~ 8.1 x 1073.
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Hb— AN IE S

W) = )%, i=0,1,2. (101)

5 4 SRR 3 A A S NSRS A AL F B PEY A1 PR, BT ASCERINE 202 R4, 1l
SR PPT & RRSHZIME, Ut PSR Rl /0 R RS B U R . A e d: B v — 25 1

A0, 1, ). (102)
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Fig. 3. Geometric structure and parameter dependence of a large ME gap. Panel (a) shows the

Bloch-sphere representation of a representative ME hotspot. At this point, |1)y) and |¢,) are very close
to each other, while [1;) has a moderate separation from them and involves a nontrivial complex phase.
Panels (b)—(d) show the dependence of A}, on 6, n, and ¢, respectively, with the other two parameters

fixed near the hotspot. The large ME gap remains stable in a finite asymmetric geometric region.
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Fig. 4. Performance gap between global and separable measurements in unambiguous state
discrimination. The color scale represents AP = PE> — PP Panels (a)-(d) show the distributions of
ep

AYSp in the (0,7n) plane for ¢ = 7/2,27w/3,3m/4, 7, respectively. A large USD gap is concentrated near
the double-trine state set. The double-trine point is located at 8 = n = 27/3

¢ = m, where AFEH = 0.25.
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Fig. 5. Geometric structure of the double-trine state set and parameter dependence of the USD gap.

Panel (a) shows the Bloch-sphere representation of the double-trine state set, where the three states lie
on the same great circle and are separated by 120°. Panels (b)—(d) show the variation of A{§, when 6,
7, and ¢ are perturbed around the double-trine point. The double-trine point gives AfE, = 0.25, while

perturbations away from this symmetric configuration generally reduce the USD advantage.
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Table 2. Comparison of the GLOBAL-SEP gaps in minimum-error discrimination and unambiguous
state discrimination for different three-state geometries. The double-trine-type uniformly symmetric
geometry has equal pairwise overlaps and a uniform symmetry among the three states. The asymmetric
nearly degenerate geometry contains a pair of very close states and a third state with a moderate
separation from them. The results show that a relatively large global-measurement advantage in ME
tends to appear in asymmetric nearly degenerate geometries, whereas a large global-measurement

advantage in USD is more closely associated with the double-trine-type uniformly symmetric geometry.
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Geometry dependence of collective-measurement
advantage in two-copy discrimination of three
quantum states*
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( School of Physics and State Key Laboratory of Optoelectronic Materials and Technologies,

Sun Yat-sen University, Guangzhou 510275, China)

Abstract

Multi-copy quantum state discrimination provides a minimal setting in which the nonlocality of
measurements can be revealed even when the input states themselves are product states. In this work,
we investigate the two-copy discrimination of three qubit pure states with equal prior probabilities, and
compare the optimal performances of global and separable measurements in two representative discrimina-
tion tasks: minimum-error discrimination (ME) and unambiguous state discrimination (USD). A general
three-state qubit ensemble is parametrized by three Bloch-sphere parameters, which determine the pair-
wise overlaps and relative phase of the states. After the two-copy embedding, the three signal states lie in
the symmetric subspace of two qubits. The optimal success probabilities under global measurements are
formulated as semidefinite programs. For separable measurements, we use the positive-partial-transpose
condition, which exactly characterizes separability in the 2 ® 2 system, and thus obtain the exact optimal
separable performance.

Using the double-trine ensemble as an analytical benchmark, we first recover its known measure-
ment hierarchy: in ME, separable measurements can attain the global optimum, whereas in USD, global

measurements strictly outperform all separable measurements. We then extend the analysis to general

* Project supported by the National Natural Science Foundation of China (Grant No. 62575313).
1 Corresponding author. E-mail: zhouxq8@mail.sysu.edu.cn
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three-state geometries by scanning the parameter space and refining the regions where a nonzero global-
over-separable gap appears. Our results show that the equality between global and separable measurements
in ME is not generic. For certain asymmetric, nearly degenerate configurations, in which two states are
very close while the third state has a moderate separation from them and a nontrivial relative phase,
global measurements can strictly outperform all separable measurements; a representative gap is about
8.1 x 1073, In contrast, the largest USD advantage is concentrated near the uniformly symmetric double-
trine geometry, where the gap reaches 0.25, and perturbations away from this symmetry generally reduce
the advantage.

These results demonstrate that measurement nonlocality in two-copy three-state discrimination is
strongly task dependent. The global-measurement advantage in ME is favored by nonuniform, nearly
degenerate state geometries, whereas that in USD is closely tied to the symmetric double-trine-type
geometry. This distinction clarifies that the advantage of global measurements in multi-copy state dis-
crimination cannot be inferred solely from pairwise overlaps, but must be understood jointly from the
discrimination criterion and the overall geometry of the state set.

Keywords: quantum state discrimination; global measurement; separable measurement;
measurement nonlocality
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