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RN AT, 75— A IR 32 0K 22 (AR R G S T G MBI I A JE 95 IR BERS 12900, e RIS gk
PRI ST R, el Ty M Bk o A S BE IR W, (04 RGN 2 M AR ISR . FEROEAR DA
BB BESAR T 45 1 AP G LA, R 25 Tt P R S I s Ab 5 O 22 CiiRa e A7 1) esh, A
R RGP AR S O, A 2SI R ST AR R 2B H . “HbT K (time crystals) 274274
TR T AN XS EWFTE.  INFIA] AR A I T B v T AR G s BT [E) PR X AR MY 1 A BRAIL AR AR 23]
ot A 1 A T S D SRS T R X AR, H S 00 B 2 ) Py 22 (AR A R 2 i i 75 1),
T IS IE S ] S 2 P ) A B R S P B A S B S I U R AR R P71 0400,

ASCEHLHATS . FE20— (%) SIH 205, 5 1 SRR AL T2 1Bk, 3R — 285 460
REAHEETTIA . HERCREA B A LA ) T LA RN 45 B T BN 2. 50 W R AN SR 25 8 22 14 30 )
o, (68 RH S ) R A A P 1 AR 25 1] SRR A ELAT P A RS AIL AR, DA B AR e AR 2 TR R DL 2% 2R 3 S Ik 2 14
R SR DU S8R I T A S R A, A AR IR IR ST IR M RE 5 TR S, A G AE S R A S5 TT
TEREEAAE, 45 T RGERETAERI A 5 FL R SC ISR 500 0 5 I B ) 55 2 1] iy R 2 ) 1 X531
TR ER. d 26 78R 4 SCEAT R A, XA 25 18] it PR U ) AR o e 5 1 T i A .

2.1 HAFTEPHEEIRME

2.1.1 —*%% 7, 1718 &h#%

B, BRI — R RIS B SIS TR Ho(z, p), T RERSHE, RGAEMH M
MBLERZ Ho(v,p) RIAEREL. M ITERELE X “MERI R (action) A8H: T = (2m)"' § pdo. WEFHE
RS AVE R R Ho(D), Ho & 1 itk i (fAes 0) AR Bl R IENE3h IR,
AR 0(t) = Qt + 6(0), Hrh Q1) = dHo(1)/dI Fs Mg BaE iR, KI5, AR
ISR SMIKEN ) V (2, 1) = V(2,4 27 /wa), MIKEIIR wa SHEAENE Lo 094 BPUE IR, 2
R IR AT B FEFAR N wa/n WIREF AR R, RITHEREME L) (rotating wave approximation, RWA)
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il (H65ER) I Z, Sk (b) 24 n = 8 HIKFRE 1 = 0.2u., W (2) 1EFr-3) &
(X-P) M= R, (o) M DiE (3) fEAM-3hiE (X-P) MAERIEEE. ZEBHSLs R 2
A L SHEEREE (IR R (T S0k U022 iy sk R A ).

Fig. 1: Lattice structures in phase space. (a) Periodic orbits of the Z, lattice model in the action-angle
(I-©) plane shown in Eq. (2); (b) 2D density plot of Eq. (2) in (X-P) phase space when n = 8 and the
driving strength is ;1 = 0.241; (c) 2D distribution plot of Hamiltonian Eq. (3). This plot is composed
of loops (white circles) formed by multiple Z, lattices separated by zero lines. (Reproduced. following

references [10:22:17),

BRI, BT 1551 5 ) T S 5
Hywa(1,0) = Ho(I) = =41 + V(1. ©); (1)

Hrr, © = 0 —wat/n NHEER TR AR, AUIHE Ver(l, ©) 7ZKT © MFIRLL, e AMHSH R
- S P, JRE SRR we/n MEMPUEIHR, 57E © 3B BB oA n AMIFEI R
SO P OL SRR FXRAR A3 A AR RIRERR S Z, . TR TR AR I A T

2.1.1.1  FEAOREAEL M T IR A ERMIR T Ho(x,p) = p?/2m + mwiz? /2 + vat /2, 2N
AR PIKE) V(z,t) = 2f cos(wqt)z™, n € No MUREIFR wy Bl nwo WAEIRKIK (Jwa/n — wo| < wy),
JEVE P58 R 7 725 2 7R TR R ] 16 X e B A (DA s 2 iy 1)
2
Huaes(1.0) = (1= 3 ) + (V2D costue), @)
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Horb p SRR TE AR SNSEE. [ 1(a) R THE -6 M=l B flp s it (2) 19 Z, sA%4it,
BorbRgk (HEREL) 2Rr n DRGE SEP G REE (B E5EL) . e SO —x e &
X =+V2Icos© 5 P =V2Isin0, | 1(b) £l THE X-P M PIRE TR (2), Hd n 95576 1E
N V210 B RSB R T 0 ERER AR L.

2.1.1.2 SReEWEhESE T BRI REIR T, AR SWE V(1) = 24 cos(kx + wat), TEE
HFIRAMT (wa/n = wo, n € N), ZRUHURBR FIAF T LR 28 B0 1 Tt A (oA 2 it Sy 1)

Hrwa(1,0) = 20, (V21) cos (n@ - %) : (3)

Forp J(e) 52 n By DUZEIR KR, po AR LIS I TR AWK BRI, 18] 1(c) R T el B s i e X-P
MZE R FL (Hrwa = 0) FPREHZE A EDGF 2/ S@I” , SRR fo2—14
FERE AL, XM T AAAERBRU IS T, SRR RN th n BOREFXIFRIE Z, SARSSH.

2.1.2 4T stk
FH A% 8] SRt T DAHAT SE R i) AR5, DAJEII 32 i TSR TR (KHO) i) 04520 Hogr ik g
#HV(x,t) = Krcosz ., 6(t/7—m), Hrp K RZid5 i B . m A B PRk B, 3R 7 = 27 /q0

(g0 € Z) B2 AR |K| < 1F, #iRIEA MR (X, P) PR WG it 1

K& 21 . (27
Hpwa(X,P)=— Z cos | Xcos| —= | —Psin|{ —=||. (4)
9 3 do

qo0
Kl 2(a) &R T qo = 4 WIETT abA& &ty b 1 el 25 0] oA U N A2 SR 1) AR 484, IRl 5| AT LY
KHO #2135 2 A0 N A A AL A, D00 L RS AR AR 25 [A) v & AT S0 2 AR 45 ). 584,11y,
AR H e s PR A 23 ] di A ) 1911

2.2 HTEFEHFEIR

] DA S (B3 3 o B R B M 25 18], AR ZSTa] i A o7 — B e B HE AR BEIE, JFIHE BOR A
TR LB SR A 1 bR v <5 S B A (AR B R
221 HikHrER

M T FRREER, 2.1/ N7 5 R 23 ) A AR A A v i Hwa 389 AT BERONERRME 100,

T2 R B OB, 5K R BT AS S T, = 71710, Jhep o A 23 AR T H0 B K T4
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Ly SRR OB B RAE I B T Hrwa Ty = Hrwa NSRS (1 = 21 /n). MYEHI&BHETE,
SEAGEH TR Hrwatm(©) = g(m) i, (0) HINEREE: g(m) FIAMERS 1 (0) HAg I R

wm<®) = eiimgqﬁm(@)’ ¢m(@ + 7-) = ¢M(@) (5)

AT S5 8] b M rh S AR AR IE R “HESIR” (quasi-momentum), AL m e MR © RILHER T

i, AEIFRE “UHEED (quasi-number) 1.

222 M RuAER
YT Zy, A, Q05 SRS S AL B B SR, AT DA i AR AR A A T AR A
1
Hrp ~ E; Y alai + 3 (Jl > ala+ h.c.) . (6)
i (i.3)
X, a;, 25 AMES RS | ANFUR/R (Wannier) SR KEAF, E) j21% Wannier SHBEDS, J, ZH
(1, 7) PRICHI OISR S Z B AR 2%, il SR AT IS A S S R FUR RS X R, AlESHE | &

REAIT I At ik =
27 .
qi(m) = / U (O)Hrwatim, (0)dO =~ E; — d; cos(mt + §;7). (7)
0

ESRUE =R O S BRARE T D R By WS & = 2| BB RIARRIFREFRY 6. X
EASHOTE N WKB B EE TR P BB By i s ) 2 S A R I B R R TR T 1L
FAPUE; WIESHL o MBEZFARMRAE [ AL iy B 2 AR RE A AT R SR AT AXIFRIA T 6
AE © KL TR M - AR AR 5 KR [0, 1] = ix (A AL 40 SRt 10222,

2.2.3 gib & Bk

HE—5 1, L3R | AT PERELIG I B 2270, BT DA S e TR e LR 5,
T 23 80 A 0

1 AN At a
Hog ~ —3 Z(Jja;_Haj +c. oc)+ Z eja}aj. (8)

Lo, ¢ FORBOBURS R, T B RO B EOR S XET Z s, U (3) SEACT HISF Lhg—
ARSI, TR TER 2 9 & R S TN Lo, RS A LR BRI P BB I S e
W LA, T 225500 % 2% 8 o, 3kl O 2 ) 2 3 0 0 e AT 245 )
A, BTG B R P



224 MEHIRG

TSR D7 T R G R SR i 35 P L 70 32 B s 1 A T INFT  AE AR ATl X — B
BIH Felix Bloch FERFFE U i ol i shid 91 s P9 seasialehy, wl DAYE Bl e 28 1 38 2 2o 1) — IR
AR RSB RN, SR (2) A (A0 25 ) A ey e, LS8 T — N 0 1 5 =S R AR
A, BREHBRIE o XA R . TR R R S TR aat = I/\, RRKIET
FOWBMER DA ERE R AHOCR: (afa)(t) = 3 + 2&28%;”"‘ e, FFEOREERE (7) A, R
LML N < 1 PARSSIREN 55 1 < 1. Gl Y w%ﬁajﬁif“m /:(i)fMﬁ‘@]ﬁ%ﬁﬁﬁﬁﬂm{%{%m%%Jﬁ

o ]. |J]|T
2\ A2

(9)

sin(mT + (517')

m=m(t)

Hobom(t) PREEIRSNGREE o BRRREN, ERIEZEA AR, SeFEOF RS —ERm, T2 £ HMiRG, Bk
RN A(QTa) max = 27|/ N2 TRJEE, PR R K BB AT S 4 K S 3 BE 3 I S AR B . DR, Bk Sl
54 B BRI TR I IR, TEAH S I PR AR B — I R RO M A H RS2 48, ARSI
SCHR [41] 95 3.2.5 75

2.3 H=EEHEX Z L AN

wmiE 2(b) Fras, TSR E B EAXZ R (X, P] =i)\), BHTE (o) iWEHGHRER
B—JA, SR UL /2, Horh S Ry & AR AT A B A P, %k Z,, S pisl,
BRI LA AL 2T SN 75 51 Peierls F07 02, 2 53052 B0% 28 R0 DA B RE BB 45 44 R X R
JB, TR AR 2 ] et BRI RN PATE I i Hoq(X, P) = LK (cos X + cos P) 2l
B, HETLRPSEN/2m = p/q (p M ¢ HHFRE, i BEN q DT, TR p E
B, HAEMERE R PRI 5 & TR ARG AN Hofstadter MMELEHY B354 TLIEL 2(c). H551Hb, 4
A2m =1 H K <0 i, A RAE AR IE A2 1 55 [ B B AR R T & i A&

=X =2xly, = |X =m+2nl). (10)

l€Z l€Z

ARSI -t Gottesman, Kitaev fil Preskill 5| A, W] AVE R4 & RS H T A& TR W
PR T A5, IAERFR A GKP 35 P



(a) Square lattice (b)

P/2n

04 0.6 0.8 1.0
A/2x

Bl 20 T HERZS ) SR SRR B LY. (a) qo = 4 I, KHO AL —4EIE )5 A AL (b) dEXT5) JLAT
MIGL. HTR (o) WEMGZMAEHEE, HkEh 9 B UTHEIE T, S REMGHENHR (%
@ II); () FERMIEFEMILE: A/2m € [0,1] MR R S RERRPREL. (B 3cmk %) s d i A i)
Fig. 2: 2D phase space lattice and the non-commutative geometry effects. (a) 2D square lattice of the
KHO model for ¢y = 4; (b) Noncommutative geometric phase. A coherent state |a) is moved along a
S/

closed triangle and acquires a geometric phase factor given by €/*, where S represents the area of the

closed path (purple region); (c) Hofstadter’s butterfly: quasienergy spectrum and gap Chern numbers for

M\/27 € [0,1]. (Reproduced following references [1+44:4]).

3 A= JE R

FE b, FATE 1A S ) R s R B T3l s ARTRE S T2 A AN IR B ) 22 A AR
HIRL TR R, PHE L Z I (R B )2 f 1 2 AR RS A 25 8] Fh A SO T -5 S 2 1) o st A T
YR Z 188 5 2R, 487 5% 23 18] o A A ARAR AR AR 23 18] o S 28 AR ELAE . A B R 2 e AR A
FBRFIE, V52 5 SRS AR nT AZEAT 25 18] rh b ATl SAES Jr2f RGP R R BER SRR LR LA

3.1 #H=ZTEBHENNEF

3.1.1 #sia=R 48 Z1EA
% O R A E — e B PO 32 4037 RN IR SN B 2 A AR 1, B ok PRI C o He (2, p,t), KL
TR EMER S V(2 — x;) BRI |2 — ;| AR, 2 RS n] 14

H= ZH 2o, pist) + > Viws — ;). (11)
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AR EN S UK AN R el 275 2, %2 1R R GUAE e WO R i R0 4 T

HRWA = ZHE{WA XZ,P + ZU X 7Pz7X]aP]) (12)

1<j

Howr, Hywa (X, P) 2R THREBL MR BR, U eSS MM A V(e — ;) 1EiEF S5 2T
FIIER. E T MYLE s B RIER S, HoA RO B 3 DU T AR 2 A B S R

1 2
U(Ri]‘) = % A V(Rij sin T)dT. (13)

HiT U(Riy) & XAEREFE S5 R SR, HF LA RS Ri; DiE, SO HARON 2 18I A AR T 95
SEAS A KR, ATRASE ST LR B 92 [a) A A AR 25 0] s i S0 X B9 3T e J 7
s WHURHIRCR BRI ILAE ) V (25 — 1)) = ed(i — ) P, HAERG A pAR 23 IRTAH IR A KRR PR %5
U(Rij) = m'e/Rij. MTHIFHHEMENER V(e — 2)) = €"/|o; — ", HRABUIGREY, FEOH
(n = 1/2) RPN EUEIE, BEERFS (n — oo) MTHAR BN 25 A HE B L PERG A P68, KT8 T E3h
L T [ SRR EAE A P RS, T A T 22 40-358 (Lennard-Jones) #5, p IR B filf f HE
JRI G R, FOAH A3 TRl 8 R T el Ao R HBONS L 1) S R A EA T (A T3 1,

3.1.2 AAENPay R AR

45225 W L B A A FDRL TR 500, T — e p U BB R B 20 = (X3, P)T 47
TR TAR R, SR EHESEASTR], AL A S ) R R b e LB @ DRI T RTSZ i) “RHZS[R]J7 (phase space force)
F, = -V, H, 3 Hag B B iE Nz gl 5 e

d
2 =nxF, (14)

b 3l B A A B T FLAA T AR T A S AR AR U (Ryy), 55 5 KL FXEEE @ AT
O SRS p S iU(Ryj), B2 Fij = —Fyi. fhenT DRSS 4 P by <44 izglem:
(1) BrAEs2 B A 0 3 R, R T s ) v R A (2) R334 SO 23 18] g 55 HoR 2 () B E L
HIrmaEe, B F; = V; x fy; (3) PIASR T AR A A ELA R R MHRE . 7 AR

BRI S s sh i R T T ZIs e 01 Fr = qu x B 5_ B ) s BA H H i SR IE
2, FER B T TES5 K (¢/m — oo) BIAIRTE, WKL Iz 3l (cyclotron motion) A2 T2, il
AR g B L EAS R G i2 8l (magnetron motion) WKL 22T RSN v = (¢B) ' F; x 0, 5
ZE R (14) R—8 M. FR AR iEh Iy 5 FEREUE R AN IR 2 (R SR GEAE AR 25 ) b A AL B 2, %
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TOAHAS TR A 15, R EAE T 2 S BSOS R DR BT R AH A8 RIS Ruo, I DA T AH LA I 5
FeE ML wr SEHOIER:. MAE=(AS RGN T, B 2R A R AR A (e ik
#8( Lennard-Jones %) HYAI[H], FEILH ANZIERE . AR PR Z al o] 30 1 (0 B A2 46 55 1 1) 52 8 o v
,pc [13].

3.1.3 AR 1A ah AR a4 T g,

2, R A R PR S Ag S, G A EAE R, A EIREh Y h it 2 A B s R T
5 Z AN EAR I 2R TR, JRIRUR E M2 i R A (2n /7 = 4) FFVHIE WSS, W] DATEAR =S
] A AL T IE T i N 2 A EAE IR T (S0 2.2.1 7)), HZ 0k 25 A 4 i 1

1
Hpwa =Y _ 5K (cos X + cos P,) + > U(Ry). (15)

TEATE AR AR ISR T, AHEL 2R ARE 1R R @ AEAN 23 A0A% s M HEA TR IR, AT O HES
Z VR Gl AS U T SCHRS A AR 25 8 WA AR R 25 BERL R AH TR FH I, B iony 2 T e A 5 [ v 2
PR S RIIVE S S 4545 A 23 1] (R U2 i el AR AR A AR 25 353 v B R LR IR =S
R AR TR RF RS R 1 2 AR S S U0 R IEAEE S 45 A RHE, A B2 8RS AR08 &
S0 PR 24 AR 2 B R AT E TS T BB MR -5 W B R A 4.3 5 Pl TR

o

3.2 B¥SHHN

321 =T ZIER
TEFER S M ZS IR, SE2sal th 7 HOHR & gk S B S, BRI PR 2 1 ph A T 85 3 1 Ji/ It
T WAL HIREH, KHIZS ) BB PeASRAEE SRR R = (X - X)2 + (B — By)? V. i P28l dEx
Gy 7 [Xo, D] = iX0i; WYEASR, AIZS I BE AR T — e R IR (V2X) 1R TS R 2 (R 1
FH R G5, 45 ARG T e A A AE MRS O, I A5 A 0 B R 4
Hawa = ZHRWA X B+ ZU (Xi, P X5, P)), (16)

X2 E S A AR 55, RPES O (FR) FRISSHRAS AR, 4zl B R 125 2 () A AR AT
DAMIRR ELAAR T A PRI A T A F o ks (1056 B (U) . = U £ J. 8 R #E T, BIIMIERA:

U= ZU (Rw)Iy, J= Z U(Ry)Iy, (17)
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Forb Iy S H IO A 5 R B AN AL P S B B . ISR TE iz s JedA R I R il iz ghalr B, o ml R AH =5
(AVAH ELAE S SO S8 23 [ 95 PR B TS i 1) P39 {E Uy = ﬁfo%w(@(t)IV(xi — z;)|®(t))dt. XL
S 25 ) B ) P35 K ELAE B4 R X R AR, 2 Sacha 88 ANFEWF I 4R % % 1T b RCBHURL ISR R R

W [26,32,34,35,57-60]

3.2.2 EIEiA S Bk- AR EIER

WA B ie-1/2 A Rb7A% EHEAE RN, HAR=ER [+) MRES |-) 0. 4P RT
TEHBE b R AR, A2 R B 23— MR RIUNRE U, e = SM P ESZ [ R —4
K/NHy 20 WRBHEFRL. XA TR BAER T W DAFE G Al 4 5 5 S A0 A ié- B EAH LA
PRI 23 )RR 3h 2, @At s bl AR ¢, W] DARSE SR F AR T] U(ty) = VSWAP(R(F) ©
R(0)) ©-92 dyF SWAP [T E A 2 1] 002 3R TR 23 1) R A & 1F A AL A S B
T ER R A T AR AT YRR, ], Tmmanuel Bloch [ BAII7E 52 43 [A] 27 R A% AL 35
Bk e ST SORIRIEARE 5 S R AR, 5 e PR L X A A 0] 1 S 3 o 691,

3.2.3  ARE M) P oy iR K ERAR T

15 WAH 23 1] S AR 5 -5 155 R FAE AT, nT DAY 25 ] oS bL i O BXe SR AR AL I, 7 Bk B8
WA G | AL BB S A AR 2 KIS, RS9 Bose-Hubbard & Fermi-Hubbard
B, AT AU Mot 46 G fAFH 25 45 518 SC I G BRI IR S 2007001 e JRII Ak &l 37 i g | ABEBILIY
I TG T, R GERFTE AE R BEATUAS s 8, AT S 0 22 I e P AR, SRR e 2 1 SRyl AL B S S it
FOLF BOOL A, ORI 23 TR R DR A TPl s i, B ol KRB S A AR 2, RS
X R AR 28 1A M AR AR (05T R 28 K ARAT, WA S Mermin-Wagner 3 ) KRR K2
AR FROIMIS (RS Rl A e O ey T ) BT AT

4 AR F A= B R

ARTTRFHRT AR 23 1B TR 1 M A B0 ) 2 B HAE 5 BT I S (TR P i AT BP9k
WY, JBT TR FF) R 25 TR LA T BB AS - 1 B P R OR T e S o S iR ARl i 4y 190, itE—28,
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K 3 WIE T EEE. (a) FEBRRIET 292 M EOCHR A SR HE—4E B T PF rh I S2 05 N A%
BRI R, T B R T s B a0 B IR (L) I BN AR S (206 R R);
(b) MZSIA S A IRENAR D, I (R PR B P8 R MHE iU MRS (FRED; (o) B EMBOOR
B, FHAS ) AR AR IR BN E AR A% A TR IR (U 3k ) FECRT Of (& S 20 AR R ). JR ik
R A FT AR RO A UG SRR, (R Scmk ) g2k k)
Fig. 3: Cold atom phase space crystals. (a) Atomic cloud confined in a quasi-1D tube potential and tunable
stroboscopic lattices, and particles in a static harmonic trap (green solid curve) driven by stroboscopic
lattices; (b) Phase space crystal vibrations, where atoms (blue dots) perform small oscillations on closed
equilibrium orbits (black circles) at their respective sites; (c) Magnified unit cell, showing the hopping
(blue arrow) and pairing (pink arrows and red dumbbell shapes) processes of lattice modes. Black dashed
lines denote next-nearest-neighbor hopping induced by nearest-neighbor pairing. (Reproduced following
reference [3)).
SRS L, XEFRIT 18] A B P A BT, P i B A M o PR AR AR i TR SE B SE 0 o, A 5 AR
FIHE AR EAE Y, 5RO AR 25 TR T R IR RS, AP 3(b). (B2, JE1-[E i AH BAE ] &l
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Uy ST e SO P 4. BRI ST, S5 M Al U(Z,) ~ —1.3570 R Z,[2/2.
WA R (18) i E 2R RIE R dw ~ 1.35mo R, DAHKTE BAH ELAE 5 1R 11393
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TEFCIT AR A AR 25 R PR A UE USRS . TS B R R it o)

gLL/CLECLEI +g}:L,aLaLI). (20)

1
_E: i -
H//\—LL/hLLaLaL +2<
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b= =3 L8 (22)

R AT DA 75 5 LA T S M B AR BAE. W1 3(c), 7SR L) LAGHRIS T (il

= FTEERES) 52— TURTRLGE B(L()). 35 TLATAR AT A B TAEREY i) Abaronov-

Bohm AL, HHERA & BRI B9 1, SR /wo BCHIRIE S A0k TR IR, ST

FETR AN Haldane B0 B IR, (00T (0 T K BEIRERIRIT. 3k LA o7 - MG 37 5

FTAENE RS ATT F°(Z) BESEH0A WOIAESS (2020 SFA7 P60, T (LA SRl A T ) LG
BRI SEAR SRS ORI, T A5 e AR I P S RS040, Haldame MUY B T A AR, (40

4.2 EIMEZE&EIEIR
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Fig. 4: Topological bands of phase space crystals. (a) Bulk band structures of phase space lattice waves
for weak (v/wo = —0.2, left) and strong (v/wo = 100v/2, right) interaction strengths; (b) Topological
phase diagram, showing the band Chern number as a function of interaction strength ~/wy and on-site
detuning A /wy. (Reproduced following reference 7).
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LR TR RO R PR B TR RO, MR Z IR “0Re” (helical) A& 25 PREEF IR 18] SRR,
Uni T R AR AN A S ) R AR S TR TS A e B T, B 5(b) RN I GAS I/ T P
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[F1 iy PR S I ) SO AR PR P SATAE, WTAB =T SRR SR . AEAH=S 8] A, IFa] 5
B R AR R A, BTGRP FEEEESE I, DT R] DA A S M 4.

4.2.2.3  BRPRAS Gl O CUERIAE AT S A TS I BN, B BN 5(c) rnis B
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Fig. 5: Topological edge states of phase space crystals. (a) Band structure of a phase space crystal
with strip-shaped boundaries; (b) Two topological edge states propagating on the P boundaries; (c) Two
topological wave packets at different times in a disk-shaped phase space crystal with random edge defects;
(d) Spacetime plot of the topological wave packet projected onto the X spatial dimension (top), vibration
of a single atom (middle), and finite-window power spectrum of all atoms (bottom). (Reproduced following
methods in reference [*°).
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Fig. 6: Crystal order parameter and phase diagram. [(a)-(c)] Atomic configurations in phase space and
crystal order parameters in (kx,kp) space (bottom right) at time ¢ = 0 (a), ¢ = 50|/A~!| (b), and t =
2000|A~1| (c) for interaction strength 8 = 1.58, and x = 0; (d) Phase diagram at T' = 0, showing the
crystal order parameter as a function of §/8. and k/k.; (e) Crystal order parameter as a function of

interaction strength for different atom numbers N. (Reproduced following reference [*4]).
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Abstract

Phase-space crystals (PSCs) represent a novel class of nonequilibrium ordered many-body states in
which atoms form periodic structures in phase space under periodic driving. This review systematically
introduces the theoretical framework of PSCs, the mechanisms of many-body interactions, and the topo-
logical dynamics of PSCs, with particular emphasis on their realization in ultracold atomic systems.

Any target Hamiltonian with an arbitrary lattice structure in phase space can, in principle, be synthe-
sized by appropriately designing a time-periodic driving field. The eigenstates of the target Hamiltonian
can be bosonic code states, such as Gottesman-Kitaev-Preskill (GKP) states. Thus, PSCs realized with
cold atoms in optical lattices may provide a platform for fault-tolerant bosonic quantum computation.

From the perspective of stroboscopic dynamics, the effective interaction between two atoms can be
obtained by averaging their interaction over one driving period. This mapping shows that the short-range
contact interaction between cold atoms in real space can be transformed into a long-range, Coulomb-like
interaction in phase space. Combined with the underlying lattice structure, this long-range interac-
tion makes PSCs a promising platform for simulating strongly correlated many-body models relevant to
condensed-matter physics, including the Bose-Hubbard and Heisenberg models, as well as many-body
localization.

Unlike conventional crystals in real space, PSCs possess an intrinsically noncommutative geometry,

* Project supported by the National Natural Science Foundation of China (Grant No. 12475025).
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analogous to that experienced by the magnetron motion of charged particles in a magnetic field. Con-
sequently, the collective vibrational modes of PSCs, analogous to phonons in conventional crystals, can
exhibit novel topological transport phenomena. In particular, these modes can support chiral edge states
without explicitly breaking time-reversal symmetry, giving rise to an “anomalous Chern insulator” that
differs from both conventional Chern insulators and topological insulators.

To assess the experimental feasibility of realizing PSCs with cold atoms, we analyze their stability in
open environments subject to thermal noise. By introducing a crystal-order parameter and performing a
linear stability analysis, we estimate critical thresholds for the dissipation rate, interaction strength, and
temperature. The resulting stability conditions indicate that, although experimentally challenging, the
realization of PSCs remains feasible with state-of-the-art ultracold-atom platforms.

Time crystals (TCs) and PSCs are closely related but distinct concepts. Both concern subharmonic
modes that emerge in periodically driven systems. Unlike TCs, which require the spontaneous breaking
of discrete time-translation symmetry (DTTS), PSCs do not necessarily require such DTTS breaking; in-
stead, they focus on the many-body physics arising from interacting subharmonic modes. Extending this
many-body framework into the fully quantum regime opens promising opportunities for exploring strongly
correlated topological phases of matter. Together, TCs and PSCs provide complementary perspectives on

nonequilibrium many-body physics in periodically driven systems.

Keywords: Phase space crystals, Floquet systems, Chern insulators; Time crystals
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