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Fig. 1. Dynamical phase diagram of the homogeneously coupled BCS model. The horizontal and vertical
axes denote the dimensionless collective interaction y N/Ey and the normalized separation d,/Eyw
between the centers of the two spectral subbands, respectively. (a) Long-time average of the normalized
order-parameter magnitude over the prethermal window, [A|/Ajn; (b) Long-time standard deviation
of the normalized order-parameter magnitude over the prethermal window; ¢ |Ay| /Ajni:. The white
solid lines are the analytical phase boundaries obtained from the Lax-vector construction in the

Anderson-pseudospin representation.
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(a) Phase I: yN/Ew = 0.20, 6/Ew = 0.00 (b) Phase II: yN/Ew = 1.50, 6/Ew = 0.00
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Fig. 2. Time evolution of the normalized order-parameter magnitude at four representative parameter
points. The horizontal axis is the dimensionless time 7 = Ey t/27, and the vertical axis is [Ay| /Anic.
(a) Phase I, xN/Ew = 0.20,6s/Ew = 0.00: the order parameter decays tozero owing to dephasing
among different energy modes; (b) Phase II, xN/Ew = 1.50,05/Ew =0.00: after transient damped
oscillations, the order parameter approaches a nonzero prethermal plateau, with weak residual
oscillations caused by the finite number of modes; (c¢) Phase Illa, xN/Ew = 1.00,ds/Ew = 1.10: the
order-parameter magnitude exhibits persistent oscillations about a nonzero value and never vanishes; (d)
Phase I1IIb, xN/Ew = 1.00,6s/Ew = 1.60: the order-parameter magnitude exhibits persistent

oscillations and periodically reaches zero.
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RIS RR R0 RETE MRS AR, PIAS T FE AL T AR R X AR AR AR IR, DL 2 R B i R i
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VLA PR TE XA AR AL A R, K7 A SR G ey, = €, 4+ &, HTRe S;, R
IR VZARE AR T 7 D R AL . XX (18a) A (18b) FEREASTHF SR A, A4

iatPj = QEij + ZQ] + Ade,
O N; =2Im(APy) , (32)

Q;(t) = Z Erpr (), Z;(t) = Z (1 —2ni(6)]

keS; kes;
Hrr, Q) B Rl — 5 AN RIS Z A 2 AR AL 20 Af FHC NS IR ME 22 57, 3R A BR 7 96 B2 51 S s N 3
D15tk K Py = Rie i RN (32) 3, AT EIWAS 1 SR A L FRJs A 77 12

1 .
OAG = 20, + 2-Re[(2Q> + DaZ) ]
2 (33)

— iRe[(2Q1 +AuZy) ewl] )
Ry

(33) S — BRI T P75 FrC AR (22 57, ABSE MDA A AL T BB (8] R A R & BURIE T

PR v A AN RIS B S B R B S IR IRNE AL, R0 A AR G AR A 3 3 P AR B S st BRI, X T F

i

BR 7

=

WU RETE, ARXS AR AR 0,/ Ew AN/ Evw WL FEIVERL,  TTAREN B 0,5 x N ) 5K/
ARHE
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Fig. 3. Time evolution of the normalized complex order parameter and its trajectory in the complex
plane in phases IITa and IIIb. (a) Phase I1la, xN/Ey = 1.00 and 65/ Ew = 1.10: evolution of
Ac(t)/Ainie as a function of the dimensionless time 7, = xNt/(27), where the order parameter oscillates
around a nonzero value; (b) Complex-plane trajectory in phase IITa. The horizontal and vertical axes
represent Re A (¢)/Ainic and ITm Ay (t) /Ainit, respectively. The color denotes the evolution time, and the
trajectory never passes through the origin; (c¢) Phase IIIb, xN/Ey = 1.00 and 65/ Ew = 1.60: evolution
of Aci(t)/Ainit as a function of the dimensionless time 7, = xNt/(27), where the order parameter
oscillates around zero; (d) Complex-plane trajectory in phase IIIb. The horizontal and vertical axes
represent Re A (#)/Ainic and ITm Ay (t)/ A, respectively. The color denotes the evolution time. The

trajectory periodically passes through the origin, accompanied by phase jumps of approximately .
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MR, Zilfe A LA T RR NS, ~ xNo HSEALT EiRilEF L LU, A7 AR AR EC X iR B
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Nonequilibrium dynamics of a homogeneously coupled

BCS model based on Keldysh field theory*

CHEN Shuhua LIAO Renyuan!

( College of Physics and Energy, Fujian Normal University, Fujian Provincial Key Laboratory
of Quantum Manipulation and New Energy Materials, Fujian Provincial Engineering
Technology Research Center of Solar Energy Conversion and Energy Storage, Fuzhou 350117,
China)

Abstract

Quantum pairing systems subjected to a sudden parameter quench can exhibit long-lived prether-
mal dynamical phases that are distinct from thermal equilibrium states. We investigate the post-quench
nonequilibrium dynamics of a Bardeen—Cooper—Schrieffer (BCS) model with homogeneous pairing inter-
actions using Keldysh nonequilibrium field theory. Starting from the closed-time-path functional integral,
we introduce a complex auxiliary pairing field to decouple the four-fermion interaction and derive the ef-
fective action. Within the saddle-point approximation, the stationarity condition yields the self-consistent
time-dependent gap equation. Using the Dyson equation in Keldysh-Nambu space, we further obtain a
closed set of Bloch-type mean-field equations for the real-time evolution of momentum-mode occupations
and anomalous pairing amplitudes. For a single-particle spectrum consisting of two subbands with homo-
geneous density of states, the dynamical phases are identified from the long-time average and standard
deviation of the order-parameter magnitude over a prethermal time window after the transient regime.
Three prethermal phases are found: phase I, in which the macroscopic order parameter decays to zero
through dephasing among different energy modes; phase II, in which it approaches a nonzero nonthermal

plateau; and phase III, characterized by persistent collective oscillations. The oscillatory phase is further

* Project supported by the National Natural Science Foundation of China (Grant No. 12174055).
1 Corresponding author. E-mail: ryliao@fjnu.edu.cn
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divided according to the trajectory of the complex order parameter. In phase IIla, the trajectory does not
cross the origin and the order-parameter magnitude remains finite, whereas in phase IIIb it periodically
passes through the origin, producing zero crossings accompanied by phase jumps close to 7. The numerical
phase boundaries agree with the analytical Lax-vector results in the Anderson-pseudospin representation.
We also establish the correspondence between the theoretical pairing field and experimentally measurable
cavity-output quadratures. The amplitude, phase, and spectrum of the output signal provide operational
signatures for distinguishing the dynamical phases. At the mean-field level, the same self-consistent dy-
namical structure applies to weakly interacting two-component Fermi gases in the BCS regime, while
quantitative applications to the BCS-BEC crossover and the unitary regime require the inclusion of fluc-
tuations and collision effects. These results provide a unified framework connecting microscopic fermionic

evolution, macroscopic dynamical phases, and experimental observables.

Keywords: Keldysh field theory, BCS model, nonequilibrium dynamics
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