A CATHODE-RAY WAVEMETER FOR DECIMETER AND
CENTIMETER WAVES.*

Part 1. Theoretical Investigation.

MoNG-KANG TS'EN (% HE)

Abstract.

A new wavemeter with cathode-ray for decimeter and centi-
meter waves is proposed, utilizing special deflections of cathode ray
in a rapidly alternating field. When the wavelength of the deflect-
ing field is short enough, the deflections can be made to have
maximum and zero sensitivities or phase-shifts by adjusting the
anode voltage. Formulas for computing the wavelength are derived
and fully discussed. All factors concerning this type of wavemeter
are thoroughly investigated from the theoretical considerations and
preliminary tests.

1. Introduction.

To the writer’s knowledge the cathode-ray wavemeter to
be described and investigated has never been used before,
although cathode-ray oscillographs have been used to compare
wavelengths by the familiar Lessajous’s figures or by the Dye's
modification of sub-loops.! When the wavelengths are in the
order of decimeters or centimeters, those methods become
impracticable on account of the multiplicity of circuits and
fineness of adjustments. Any one with some experience in
using cathode-ray oscillographs on very short waves can not
fail to note the two difficulties, namely, inconstancy of sensitivity
and shift of phases. Notably Dr. H. E. Hollmann of the

*Published with the permission of the National Research Institute
of Physics, Academia Sinica.

(1) National Phys. Lab. Collected Researches, Vol. XXI, 1929, ».
205; or Proc. Phys. Soe. (London), Vol. 37, 1925.
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Heinnich-Hertz Institute? 3 has throughly investigated these
difficulties from the view-point of an oscillograph in order to
minimize them. The undesirable difficulties to the oscillograph
are the fundamental bases of the proposed wavemeter, which
measures the wavelength by the anode voltages for the special
sensitivities or phase-shifts of the cathode-ray deflections.

2. Theory of Cathode-ray in Alternating Field.

A schematic diagram of a cathode-ray oscillograph tube

is shown in Fig. 1, where C stands for the cathode, A the anode,
and P, and P, the two pairs of deflecting plates at right angles.
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Fig. 1. Schematic diagram of cathode-ray oscillograph tube.
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Let v, be the velocity of the clectron at C, which depends
on the equivalent voltage of election evaporation, V., usually
less than four volts; and let v, be the velocity of the electron
at A. The fundamental equations of energy and motion are:

2 (05> — V)= €V, o e (1),
2

ebV - mﬁ#f ..................................... o et @).

=1%o t’ PR PR RPN s (3)’

where V, is the anode voltage, V the deflecting voltage on P,
b the distance between plates, ¢ the time, e the charge of one

(2) Experimental Wireless No. 119, Vol. 10, p. 430, Aug. 1933.
(3) Experimental Wireless No. 120, Vol. 10, p. 484, Sept. 1933.
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electron, and m the mass of one electron at velocities much less
than that of light.

The equation (1) may be written

2e Va=Va)
o'—J m """ (4)’

as V., is usually negligible in comparison with V.

Fig. 2. DPath of the electron in a steady deflecting
electric field.

(a) One pair of deflecting plates.

First consider the case of a steady voltage V on one pair
of plates and no voltage on the other pair. According to the
equations (4’), (2) and (3), the path of the electron within
the deflecting plates is parabolic and given by

eVg?
y = 2 mbvof ......... e eameeeroascaesmeeiomsaesanssescmiass snceeesaseecesaes e a2 (5)
The rest of the path is a straight line tangent to the parabola.
So the deflection of the fluorescent spot on the screen is given
by

Y =yi+D tan a= (é+ D)tan O o (6)

where Y is the linear deflection and o the angular deflection,
_ ﬂ) ____»eVl - .
and tan o = (d:c 2 =1~ mbvg - (7)
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The linear sensitivity is given by

( D) mbvet’ e e (8),
and the tangent sensitivity by
tana _ el
VT mbur T e 9),

which are not always proportional to each other, although they
are in this case.

Now consider an alternating deflecting field,
let V=V, 810 O, oo oo v o (10
As the electron experiences fields of delayed phases along the

length of the deflecting plates, ¢’ should be replaced by t’+5

or t’+t, thus we have from the equation (2)

¢V

Integrating with respect to t, we get the y-component of
the velocity,

,1)11:(5174 =‘:LZZ) [COS wt'—cos O (t,'-i-t)], ............................................ 12),
and the tangent sensitivity
ta‘l/la ”'v,;/ == mbiov [COs wt'—cos o (' + ) ] ---- (13).

Integrating (12) again respect to ¢, and substitutlng ! for
x, we get the linear deflection at x=! as
eV, wl
U= mbw?
As the tangents to the curved paths at a=! for different
values of V, do not meet at one point on the X-axis as they
do in the case of steady deflecting field, the linear sensitivity
is no longer proportional to the tangent sensitivity, but
Y _y+Dtan a (15).

V.= P T o
However the value of 7, is usually negligible in comparison

with that of D tan «.

cos wt'—sin o (t'+ ,Ulo)+sinmt’], wee (14)



80 MONG-KANG TS’EN

(b) Two pairs of deflecting plates.
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TFig. 3. Two pairs of identical plates
at right angles.

When an alternating voltage of the same phase is applied
to two identical pairs of deflecting plates separated by a nett
distance of ! between the adjacent edges, the electron of the
cathode-ray which enters the first pair of plates at ¢, will enter
the second pair at ¢+ l',:]il So the cathode-ray will describe a

Yo
loop, unless

o(l+h) _nx
o ) e e .
n being an even integer, when the cathode-ray describes a
straightline graph. If (16) is satisfied with an odd integer
for the value of n, the graph will be a circle. Of course the
graph will be a point in all cases if the linear sensitivity happens
to be zero.

(16),

3. Principle of the Cathode-ray Wavemeter.

The operation of this wavemeter depends on the special
sensivities or phase-shifts of a specially designed cathode-ray
tube under a gradually adjustable anode voltage.

The zero tangent sensitivity can be obtained from the
equation (13), thus
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l
O = cos ot'—cos w(t'+;~),

) l

which gives 10; EE L TL, e e s e e e - - A,
n being an even integer.

The equation (13) may be re-written as
tan a 2e . Lol el

V., ~mbowv, sin o (t +-2%) sing,. +

When only the maximum amplitude is concerned disregard-

ing the phase, we can use

tana, 2¢ i ol o o
sin o, (18).

Vo ~— mbov,

When the equation (18) is plotted with (tan «,)/V, against

v, for a given value of w, we have a curve as shown by the
full line in Fig. 4, where the dotted line represents the cor-
responding static tangent sensitivity as given by the equation

(9).

fan,

INN

Fig. 4. Plot showing sepical tangent sensitivities.

Differentiating (18) with respect to v, and equating the
result to zero, the critical conditions are given by
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wl ol
tan o0, = Top, T S (19,

It is the length of the graphs to be observed in operating
this wavemeter. In the case of zero sensitivity, the initial
deflection, y;, does not affect the shape of the graph, although
it may change its position. When the sensitivity is at a
maximum, ¥ . becomes the most negligible in comparison with
D tana. So the value of y- can be safely neglected in both

cases.

wl
fan o
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wl
\'2%

. . . l l
Fig. 5. Graphical solution of tan 2(1;) =;;) -

The equation (19) may either be graphically solved as
shown in Fig. 5 or by a little trial calculation with the aid of
a trigonometric table. The special values of wi/2v, are given
in the table No. 1.
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Table No. 1.
Special sensitivitios | . \‘ a
' R pooooe ! Ditto ‘ N P Ka
Qrder ‘ Kind 1 =Vo ! '
; | | . 1
1st max. ‘ 2.027 rad. ( 1297 X— . 1 . L297
‘ o>
‘ | 9 "
o2 | |
2nd 7.6T0 ‘ Tt ( 1.000X | 2 I 1.000
| 9
I
‘ j RE .
3rd . max. £91 1 LO43X { 3 b 1043
i 2 :
| | !
} ' ‘ L5 A !
4ith ZOro [ iy { 100X ! 4 i 1.000
Hth I max. 7979 ‘. 1.016 X 5 1.016
2
J | °
; | ‘ 6n |
6th Zoro | 3m ‘ 1.000 X 6 1.000
I i 2
| | |
; , | .
i ! 3T
7th ’ max. i 11.087 ‘ 1.001X - 7 1.001
9
s i C

The value of k, is computed by dividing the value of
wl[2v, by nx/2, where n denotes the order of special sensitivi-
ties. It is close to unity except for the first few maximum
sensitivities. Thus we have for maximum tangent sensitivities,

20';;; =nk, (% ), or, A Z%Vk;;t;;’ """""""""""""""""""""""""""""""""" (20),

n being an odd integer and ¢ the velocity of light.

For zero tangent sensitivities k=1 and » is an even integer.
[See equation (17)17.

The equation (20) is the fundamental formula of this
wavemeter. When the value of n is known someway and
thereby the value of k, can be taken from the table, the wave-
length of the voltage on the deflecting plates can be determined
by reading the anode voltage for the zero or maximum sensitiv-
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ity, assuming the effective value of the length of the deflecting
plates is also known.

As an alternative, if the cathode-ray tube is provided at
different sections along its axis with two identical pairs of
deflecting plates at right angles, instead of the special sensitivi-
ties, the special phase-shifts, i.e., apparently quadrature (nr/2)
and apparently zero (nzx) phase-shifts, may be observed, pro-
viding the sensitivity is not zero. Barring the cases with an
even integer for n, we can use the equation (16), which reads.

ol+l) _ nx
Vo -2
and may be re-written

Al L
O o (21,

Comparing this formula with the formula (20), it is seen
that 2(l+1) is in the place of I and [, is always unity. But
it should also be noted that it is much more difficult to observe

the roundness of a loop than to observe the maximum length
of a straight line.

If the value of n has to be determined too, two observations
either of special sensitivities or of special phase-shifts with a
known interval of orders (N) between them have to be made.

However one of the readings need not by very accurate, since
n is an integer.

For observing two special sensitivities, from the formula
(20) we get

%lﬁ =k, and ;)ZT =(n+N) knyv 1,

0

where N is a known integer. Taking their ratio, we get
o _BA-N) Ky
Vo' nk,

Nkn+N

or n =k;(v;/vo:)‘_k"'_N g e (2),
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For observing two special phase-shifts, from the formula
(21) we get
_ N o -
= olve)—1 T
In both cases it is only the ratio v,Jw,’ or V.[V'a thatl
is required for determining the value of n.

e (23),

4. Limiting Orders of Wavelengths.

Cathode-ray wavemeters can be designed for very different
orders of wavelengths by using specially designed lengths of
plates or locations of them and adopting suitable values of the
anode voltages. To get some idea of the orders let us take
examples from two well-known types of cathode-ray oscillo-
graphs, namely, the Western Electric Company’s type 224B
and the Leybold’s No. 4476.

The former is designed to operate under an anode voltage
of 300 volts. It has two pairs of deflecting plates of 1.2 cm
length and a nett separation of 0.5 cm between the adjacent
edges of the pairs. Here [=1.2 cm, [,=0.5 cm v, = ,/2eVv4/m =
6x107xXV,=1.04x10* em per sec. According to the formula
(20), the first maximum sensitivity occurs at

) = 2¢cl
1.297v,

and the first zero sensitivity occurs at

=53.5 ¢m,

A =St _34.60cm,
Vo

According to the formula (21), the first quadrature phase-
shift occurs at

_ AC I+ l))
=

A =196 cm,

and the first zero phase-shift occurs at

o= 2‘?%”” =980 cm,

]

The Leybold’s No. 4476 cathode-ray tube is designed to
operate either at 1500 or at 3000 volts anode voltage, but it is
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sufficient to take only the lower value for the present discussion,
as the value of » can be multiples of one. It has [=1.8 cm
and [,=1.0 cm. With computations similar to the above, the
table No. 2 is compiled.

Table No. 2.

Wavelengths in cms.

Western Electric type 224B " Loybold No. 4476

B Sensritirvityr Phas.e—- ;iﬁft Seusitivity | Pl@se—-shift

l\Iaxi;;u;r; ¥Zie:o Qliszd;.;ur; Zero )[;;Lml;.u;i ’;A;;' Q;;i;;ture_ Zeroﬁ
T‘jirst b53.5 34.6 196.0 98.0 20.9 16.8 118.8 i 99.4
Second 22.5 173 65.3 49.0 10.7 8.4 39.6 | 29.7
Third 13.7 11.5 39.2 32.7 6.6 5.6 24.8 19.7
(Fourth 9.9 8.6_, 28.0 24.5 4.8 4.2 16.9 1+.8

i

The longest wavelength shown in the table is 196 cm with
the Western Klectric type of tube, which operates well even
below 200 volts anode voltage. The length of the plates may
easily be increased many folds. Then the upper limit of the
wavelength may be extended to ten meters. Theoretically
there is no lower limit to the wavelength measurable by this
type of wavemeter, and there should be no practical ditliculties
within the order of the wavelengths in centimeters.

5. Variation of the Anode Voltage and Order of the Special
Sensitivities or Phase-shifts.

One difference between the cathode-ray wavemeter tube and
an ordinary cathode-ray oscillograph is that the former must
operate well continuously throughout a wide range of the anode
voltage while the latter needs only to operate well at one value
of it. The amount of variations of the anode voltage required
can be computed from the formulas (22) and (23). Thus for
observing special sensitivities, we have
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Ve (m+N_ Enn):

Val—< n x kﬂ ), (24)’
and for observing special phase-shifts, we have

Va_(n+N\

The numerical relations between the three quantities
Val V&', n and N are shown in the table No. 3, which can be
used both as a guide for designing the tube and as an aid for
determining the value of #. The odd values of n correspond
to the observation of a maximum sensitivity or a quadrature
phase-shift at first and the even values of n correspond to the

Table No. 3.
Values of V4l V4

For special sensitivities T'or special phaso—shifts
W N 2 3 ‘ N
S et R I MU [P DU E S
1 239 | 686 | 956 | 1530 | 400 | 900 | 1600 i 25.00
a 045 | 400 | 645 | 900 | 225 | 400 | 625 | 9.00
3 163 | 261 | 306 { 5.00 { 178 | 277 | 400 | had
4 161 | 225 | 2006 ‘ 400 © 126 | 225 | 3.06 ! 4.00
5 140 | 190 | 249 | 31+ . LK | 196 | 256 394
6 | 136, 178 ; 2.95 277 136 | LTS8 | 225 277
| i

observation of a zero sensitivity or a zero phase-shift at first,
as the anode voltage is gradually increased, while the value of
N is being counted. Some ordinary cathode-ray oscillograph
tubes have been found to operate properly with a variation of
the anode voltage as high as seven or eight times, there should
be no difficulty to construct the wavemeter tubes to meet the
requirement of the variations of the anode voltage.

~

8. Voltage Sensitivity of the Wavemeter.

The voltage sensitivity of the wavemeter, S, is the rate of
change of the anode voltage with respect to the wavelength
to be measured, thus
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_AVa_dVa du,
T dh T dwe T dh’

As the formula (21) for the special phase-shifts can be
obtained from the formula (20) for the special graph sensitivi-
ties by replacing I by 2(l+!,) and k£ by 1, it is sufficient to take
(20) only for the present discussion. Differentiating (20), we
get

S

dvo _ 0,
dr ~ A"
Differentiating the equation (4) and neglecting v., we get
av. mwv,
dve e
So, S=— "Zv?:’ ,=_,2!:“ .. (20,

which is independent of I, » and k,, and therefore good for all
cases.

The voltage sensitivity of this wavemeter is directly pro-
portional to the anode voltage and inversely proportional to
the wavelength to be measured. The minus sign indicates that
V. has an increment when A has a decrement, but is not
significant to the sensitivity.

7. Graph Sharpness of the Wavemeter.

The graph sharpness of the wavemeter is defined as the
rate of change of the length or diameter of the graph with
respect to the wavelength to be measured, keeping the anode
voltage constant. Denoting the sharpness by P and the length
or diameter of the graph by G, we have

e —— (28)
From the equation (18) we get
2DeVoh . el ‘
G = nembv, sm Avo ! (29)
Differentiating it with respect to &, we get
DVIf M . ml ~ mely} (
P= bvax’[ mel S, T8 gy, b 30)
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For the special senstivities of the graph, according to the
formula (20), we have

DV, [nk,;; o MEam o nkan ]

P,= i _

g Sin g os g

For zero sensitivities of the graph, n is even and k., is
unity, therefore

naDV,l nrG,
Py = OBV T 9or T T T e e (82),
where G, denotes the length of the graph for 2V,. [See the
equation (8)].

For the maximum sensitivities, n is odd, and k, is close to
unity only when » is not too small. However it is close enough
for the present discussion to assume k,=1, thus we may take

DV G,
eV T A e (33),
which is always much smaller than P, and does not increase
with n as P,, does. '

Psm_—;

For the special phase-shifts, according to the formula
(21), we get

_ DVl ax . (nn: l )
Py = Yy, [2 “o (143 2 X 2(+h)

ni l
— (.09‘,( o X—z-(mﬁ)] , (34),
the value of which is between P,, and P,,, and can be adjusted

. l
by choosing a value for 2(1+1)"

8. Errors and Preciseness.

The preciseness is defined as (A—AX)/A where AL is the
sum of the errors (AL), and (AL)., the former being due to
the error in reading the voltmeter and the latter being due
to observing the graph.

Thus,
Ah= )+ (BR) = AT ot o

dc Ag,
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_ AV | AG
or, A= ] S ] + ] P]—’ .............................................................................................. (35)
Substituting the equation (27) in (35), we get
A AV, AG
M—_ * V +5 l P I g T e (36)1

which holds good for all cases.

In the case of the zero sensitivities, using (32),

A Va A
(AR )go = 9 ° AV; 4 inr . AGG:,’ .......................................... S — 87,

and the preciseness is given by

A—AMeo _ . 1 AVa 2 AG
g = Ly Tt BT e (38),

In the case of the maximum sensitivities, we have
A AVe AG

(AhJam = g+ 7 bRy -(39),
A=Al _, 1 AVa AG
and CTgMm=1— g . Spe et (40).

For the special phase-shifts the errors and preciseness are
between the two cases discussed above.

It is seen that this wavemeter can be operated with good
preciseness, especially in the case of zero sensitivities. There
should be no difficulty in reading a direct-current voltmeter for
a few hundred or thousand volts very precisely, while the
observation of a gradually changing length of a few centimeters
maximum for its maximum or zero value must also be very
easy. Moreover the error due to the latter is much reduced
when the value of n is increased.

9. Accuracy and Tests.

The fundamental formula of this wavemeter is either

A =_12]‘£1ﬁ, for special sensitivities

[

or 1= 2771"7”%(}-_@ for special phase-shifts,
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with the assumptions v, K voandlorl+i < D, and vo=~/'2i;—“-

Although the length of the plate, {, can be very accurately
measured, but the end-effect of them may be appreciable unless
they are quite long. However no end-effect needs be con-
sidered in the case of [+1,, for then the distance between the
centers of the pairs of plates is effective. In any case the
effective value of [ remains constant.

The other important factor is v,, which has been assumed
to depend on V, only, and satisfies the relation

1 ”
eVa= o MVo's
This may be tested by finding the static or low-frequency
sensitivity, where

Y eD! Dl

Vo mbugt 20V,
Y Di
or Vu( Y. >= op =2 constant, o (41).

When this is verified and the constant is found, the effec-
tive value of | can be found by measuring D and b with a
cathetometer or a microscope.

If V,(Y/V,) is not constant, the tube does not function
according to the assumption. Then it can be used with a cali-
bration curve of v, against V,, plotted from

Vo 'fn%l (1;3), .................................................................. R (42),

using the geometric value of ! and the corresponding values
of V.

The remaining factors, namely, e/m, ¢, », n and k, are all
constants which are very accurate. The standard value of e/m
at low velocities can be used, as the electronic mass should not
have appreciably changed at velocities of the order of one tenth
of that of light.

When v, has been found to be proportional to ,/ Vg4, the
formula may be re-written
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where A is a constant, which may be found by the direct calibra-
tion with one known or otherwise measured ultra-short wave-
length.

In a more general way,

D 0 (44),

where the function of F (V,) may be determined by extensive
direct calibration with a number of very short wavelengths.

Tests should be made to see that the value of v, is not ap-
preciably affected by any factor except V,. In this respect the
cold-cathode tube is the best, but the hot-cathode tube is more
suitable for the order of wavelengths at present interested.

Some preliminary tests have been made on the Leybold’s
No. 4476 and the Western Electric Company’s type 224B hot-
cathode tubes, both giving very favourable indications. More
experimental work is in progress and special cathode-ray tubes
are in the precess of construction. In the second part of this
paper the experimental investigation will be reported.
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