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ON THE DEFLECTION OF A BEAM OF VARIABLE ,
CROSS SECTION WITH FIXED SPAN

Ho Suan-vun ‘ |

(Institute of Mathematics, Academia Sinica)

ABsTRACT

The bucklinfy problem of various beams of variable cross sections has been fully
considered by many authors, and the eigenfunctions and eigenvalues of the buckling problem
of those beams are available in books and papers on this subject. Firstly, this paper
shows that the deflection of these beams under the combined action of lateral load and
axial tensile force can be expanded in a series. of buckling eigenfunctions and that the
coefficients in such an expansion can be simply expressed in terms of the known eigen-
functions, eigenvalues, the axial tensile force and the lateral load. Furthermore making
use of the eigenfunction expansion, an approximation method is given to determine the
axial tensile force acted on the supports of a beam of fixed span.

A beam of variable cross section is supported (hinged or built-in) at ends ¥=eandx*=4
with cross-sectional area F and flexural rigidity EI as functions of coordinate x. Denote by
S the axial tensile force and by g=g(x) the intensity of lateral load. The deflection y of
the beam is characterized by the differential equation

(EIy")" — Sy" = q (1)

and by certain end conditions depending on the state of support.

The buckling eigenfunction @, of the same beam satisfies the differential equation
17

(EIP.)" + sa®, =0 2)

and the same end condition as that of deflection y, where s, is the corresponding eigenvalue
(i.e., the corresponding axial compressive force in the buckling state.).

From the equation and the end conditions of @, the orthogonality of the function
system {@5} is deduced, i.c.

14 ’ ’
j P, P,dx =0, for m = n. (4)

a

In general the deflection y can be expressed in a series of @g:

y= 3 0w (5)
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~ By the use of equations defining y and @, and the orthogonality of {@}} it is proved that
' } b 5

Y a=[ava /s [ olan )
a / a

Therefore, if q, S, Qn, s, are given, the coefficients @, can be easily determined by

“this simple formula.

Furthermore, in the treatment of the beam with fixed span, the axial tensile force S
is no longer independent of the lateral load but a functional of it. By the consideration
of Hooke’s law and the geometrical condition of the beam the equation of § is established as

T ] (R /T 2 B

n=]

In the usual cases the series on the right hand of the equation converges very fast. Owing
to the fact that it is a series with positive terms, there is a quite convenient method for
computing S to arbitrarily high degree of accuracy.

5
For evaluating the definite integral —" @.? dx occurring in (6) and (9), a formula is
(3

given. In calculating the integral by this formula only certain derivatives and a limit of
certain functions need to be evaluated. When the form of the function @52 is too complex
to integrate directly, this formula may probably be useful.

On acount of the mathematical analogy, these results can, of course, be extended to
the treatment of the bending of long rectangular plates.

At the end of this paper four illustrative examples, which are of importance in practical

applications, are given.



