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¢ (x,0) = E (2)3/7“7" (p) @(p) %€ * + d(p) v,(p) %e 7 *].
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oLl itk Ao =0 (20)
AR 10,
() = 3 [€ sl B (p, ) B, 0) = D(p, ) D(p, 0], 1)

ts

A
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i($+4) _ sin 6 cos 63c08 953_”1) b_ s( P)

+ (cos 0;sin 6,sin Ose
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~i(4,~ %)

B_,(p, t) = (— cos 6;sin f;sin Gse + sin 8 cos Bsc0s Bse' ) b {p)

+ (cos 0;cos B5c0s 05 + sin 0;sin G;sin Gse'l f1¥ #¥ %)) b_ dp)
+ (— cos 0;cos f;sin Bse % + sin O;sin Gycos el 1t %)) (:'i: dp
— (cos f;sin B5c0s fse ' + sin 6;cos Bysin Geell 1™ %)) dr {p, (22b)
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+ (cos Bycos Bsc0s Bse' s — sin Bycos Brsin fse (17 %)) b_ dp
— (cos fysin Bsin G5 %~ %) + sin Ocos G,c0s fsei%) dr p)
+ (cos 6408 B5c0s O — sin Osin fhsin fge 1 B¥ %67 %)) d* {p,  (220)
DI .(p, ) = (— cos fysin Bhcos Gge %2 + sin O4c0s Oy5in Gge¢ 1 %)) b {p
+ (cos B4c0s Bsin Bse'?s + sin O,sin O;cos fsel #4* %)) b_ dp)
+ (cos Bcos Bhoos B — sin Bysin Bsin Gsel ¥ 5= %)) (:'i: dp
+ (cos fssin Bsin Bse %2 %) + sin O,c0s f;c0s fse' ™) d* J=p. (224)
HA 0, b, (m=1,2,,6) LW T E(LHR) . EHEEMHL, XRK B(p, 1),
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[Bi(p,t), By* (p', tly= 848(p— p),[D(p, 1), DE(p’, )], = 648(p— p’)..
(23)
RESATZEF RN L ESHRFE, BANE L ES R
V(1) = V(o) V(1) Vi(o),

V(1) = eprd?’p[(—, e bt b+ BB b, ) + (= Geihd, dT + aehd dl)],
Vy(1) = eprd3 pl(— Behbdl + Getidi by,) + (= GehbT dY + Behd b )],
V(1) = expjcfp[(— Be bt dt + Getd, b)) + (- Geihbldt + Getd b))
(24)
XE, AT HA, B b, b7, d, d] WESBPHEE. RESBHLETR Vi), BRI
= V(DT V() = 3 [€pl (Db + AW A(D]. (@25
+8

1 77 #2 (24) 1 Backer-Campbell-Hausdorff 24 22}, Tl H( )85 Hy(1):

oVl [€poc 0. @8

Hy(t)= V'()H(t) V(1) =iV (1)
S B (26) R M H — I

V() H(t) V(1) = Ede pl &P (p, )85 (p) b(p) + B¥(p, ) d(p)dt(p)].

(27)
XH
() Cw2n (D 25 (d) . () .
ay’S (p, 1) =sin” 05 5, (p, 1) + cos” sy, “ (P, t) —sin2 Os[ y“ ( p, t)sin s
+ 9 p, t)eos 61,
P (p, t) =sin® b5 Xéd)( p, t) + cos’ b5 Xéd)( P, t) — sin2 0s[ Xéd)( P, t)sin $5
+ 9 p, eos$s],
(28)

B (p, 1) =sin® 05 xS (b, 1) + cos® 05 x{ P (p, t) + sin2 65[ xs¥( p, t)sin $5
+ x5 (p, cosds],
+ ng)( p, t)cosbg].
Hep (D (m=1,2, -, 8) RMR.QORFWE_MEHEFEHE R, AHBHFTRR
Backer-Campbell-Hausdorff 24 X113, 4 i3 &5 i+ w8

ag(tt) = EJ‘PP[ 9 (p, 1) BI( P b(p) + B (p, ) d(p) di(p].

ts
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prsil
a$8 ( p, ) =sin® s )(Ag)( b, t) + cos® b X(g)( P, t) — sin2 G[ Xég)( P, t)sin P
+ ng)( P’ t)COS¢'6:| - ¢6Sin06)

2 (p, t) =sin’ b5 ng)( p, t) + cos’ b5 Xég)( P, t) — sin2 6s[ Xég)( P, t)sin $5

+ K59 p, thecos 5] - $ssin 65,

L8 (b, 1) =sin® 05 {2 (D, 1) + cos® 05 x{® (b, 1) + sin2 65 %2 ( p, t)sin ¢

+ x(d)( P, t)cos 5] — $esin Os,
B2 ( p, t) =sin’bs Xf)( P, 1) + cos’ b X(g)( P, t) + sin2 66[ xég)( P, t)sin P

Hrp x(,f’,(m=1,2,~-,8))@%‘§k./>&7ﬂ5(27 ) TMUEH, AEE Iy BEREHM, M

H(0)5 Ty 2R MESHK c-¥. Iy A H, £ABHRAF, Iy TEEZE p =W
LEHEZENMHERR LPHEARFRTHRIEEREZN. FNEAFRNER p, p, - HHKERT

W B AAEE S B BB ny, ny, - (ng, myy =0, DRFFE.BMNAIORTE Tv(p) 1
®EE, EWHAL

b(pn)[0) = b,]0) = 0,

d(p,)0) = d,0) = 0.
FIH 5 10) FFHBAF b7 (pa)=bre d) (pn)=1dp, WA Iy 0 NRTFRRECGE
NETHER = Dinsbmsr fimas = Ay Npy= zm:ﬁmbs, Ny = Zm:ﬁmds):

(31)

| Nbs> = I R1pss M2 pss ( R ps + 13 s + e = Nbs)>

= H |: b:( Pm)]nmb$|0> bss

| Ngo = n1ge m2ges - (ige+ mage+ -+ = Ng)) (32)
= JI0atCom) 1™ 10y s (s Pmas = 0,1).
BAIHE ’
Ty| Npow Ny 1, = (Nps o+ Ny + Ngw o+ Noo )| Ny, Noo - (33)
HKERATIE, | Npy Naod 1, =1 Now 9 | Np- 9 [ Naw ) | Na- o . RIEERAZEBH R

L EEHFEZS N Iy WAESBESBHE Hy( 1) 5% 4 8 Schrodinger 77 12 [ ##
| Nbs’ Nds’ t> SO:

| N Ny s, = expi >0 ) Jexp[i>04(8) | Npyw Na) 1., (34)

(0= = [ (Nl Bo( ) N d
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= [ [Nl 7 B T TN = 3N v () 2D ) Ja
== D] [P e ) + 2 AT,
90 0= = [ (Nl By(#) ] Nade’
= [ [Nal 7 (O RO VI N = 1Nl 7 (0 22 g Ja

=- Enmdsﬂ[ B (b 1) + B0 (prr t)1d1.
K 0,(1), 0 ) RRIARG, IS N ZARALEMH. ARRRES AT BH XM LI
At e W LIB B S H( ¢) xR & B Schrodinger 75 2 (19) 1 45
| Tnn, (1)) s V()| Ny Nygs ) S,

expli > 9 ( 0) Jexp[i > 04 8) ] V()| Now Nu 1,
pg(p[iz Tpe( t)]exp[iz s t)] N Nugs ) 1. (35)

HorA1| Ny, Ny £) [ HARZE T( 1) WALER. &t Schrodinger 75 72 (19) 10 — M i & A I

AR 1 7 1
| T()s = >, Cryn,exp[i>) 0 ) Jexp[i>] 04 £) ] Now Nugs 8) 1,

(36)
CN N = I<Nbsy Nds;,o,l \P(0)> S

Eaymnd| v(0)) W UEREFEK.
{EH?EHjEQEZIKjCEPE‘J%BJJﬁhmtEﬁ A7 B 5170 o 1 B Bh 7 R A 2, I O B

(n(p,s))

B1 RFREF 2D )=1ps F By F RaeF Rg- KT Voo 1)) KR
E a(p, s)) FERT WA Ap 4L S HBBEBIIHIN A() = Agcost, Kb
Ap=(Ap,0,0) B A FERGHTRE m=1, 8 THE p= p,= p.=1
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BRGEHABRETERITRE. EX—DT6, RINEFTRZRANNES(=0OEES
LA B AE FI7E Dirac 3% L#& R R#EHB LA A1) = Apcost( A =(Ag,0,0) B Ay A%
RORER, BT RTHER 2(p, )= T o+ R ¥ Age ot 2= KTE| Y0(t)) s
(3 t=0 M ZSHES) WMHERN N A OB, - HERERER L.

4

(1) TUEH, 15X b7 (p), b,(p), df (p)F d,(p) 5 (17) R & ws B iR &

HOO#MB— MR ERX—REABURBQOR PR LETR V(o). XEK
EHRRBRMEARERFRNAEZHFERBHARA - LAFHERKNISFERYENE
TR, XL AK Dirac B FTRXHRAENRZ. RECBRFHK EMACLERER
X, AAERMNFS, CEFABIATEFTENRETENE T Dirac HHWEZ K
Schrédinger F KA. B4, X—KHMBEHNM ENMKAE T LR TEAIMKE
FFROAE AR K, X5 0 0 TR AT BRI D21 TR,

Q) EREFEME, EEY%#E Hi=0) % Ty i, “BEF"MBULEY =0 K
HOOWBRAES, Bk, —BREXE“ES —ANSXNRFEER SN AL TES
FTEBMREX.

3) FBHRRANHB G ER — MU JLAH B pfaffian R 4. & Ao LA 7
R AKX — R G J A ) R M PR B AR R — R B R T AE.

(4) 15 FH RFE ¥ 77 5 0T DA SR 8 53 78 H Atk & B 5 5% T 19 Dirac 3, tb 20 Friedmann-
Robertson-Walker ¥ B i = # [ Dirac 3. iX — 7 H §) L1 © & 58 W H ¥ & R 1E H fth b
77

Ons bms (m=1,2, -, 6) R KB A

B =misin2 Brcos fhcos B[ sin( & + $) har + cos( b + &) di]

— sin2 GsinBsin G [sin( & + ) Ay —cos( B + ) Asi;] + Asin2 GoosOysindsin( § + & + &)
+ sin2 fsinGysin 6, [sin{ & + &) ds, — cos( &5 + ) A3;] — Asin2 Geos Gysindysin( ¢ + & + $)
— sin2 Bhoos Qycos i [sin( & + &) As, + cos( & + ) As;] + Asin2 Gscos G sin Oysin B

— Msin2 8,cos Gsin Gy sin b |,

bz =—coshsin [ dasin( h + §) + Ascos( b + $)] + cosisini[ Assin( § + $) + Mgcos($ + $)]

— Mcosfycos Ohsindy — NsinfysinGysin($ + & + &),

By = — cosGysin [ Assin( $y + &) + dgcos( by + $)] + cosfysin [ Aagsin( b + $) — Acos( B + $)]

+ Mcosfycos Bysin®y + AsinGsinGysin( d + & + &),
X

=m1sin2 cos fycos O [sin( & + $,) X, — cos( & + $) 3]
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e

5

s
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+ sin2 Gsin Gy sin G [sin( $ + &) A3, + cos( $ + &) A3;] + Aysin2 Geos GysinGsin( $ + & +4)
— sin2 BsinOysin b [sin( ¢ + ) Xs, + cos( § + &) 4] — Asin2 GheosysinGysin( & + & + &)
— sin2 Bscos Ocos G [sin( $5 + &) A3, —cos( & + ) A5] + Arsin2 B5cos Gysin Oysin &

— Msin2 sin Gheos Gysin b},

=cosh[ 57 (p, ) + 12 O] —sind[ (0, 1)+ $2(p, 0],

=cos k[ X0, )+ £2(0 ] —sind[ X9 (p 1)+ £2(p, 0],

_ 1
" 2(cos® 6 — sin® 6 )sin2 6;

— sin2 sinGsiny[cos( & + &) ds, + sin( & + $) Ay ] + Arsin2 fheos sin Ghoos( $ + & +4)
+ sin2 Gssin Oysin G [cos( &5 + &) ds; + sin( & + ) A5i] — Arsin2 Oscos Oysin Gyoos( ) + & + &)
— sin2 fheos fycos G [cos( $y + ) X, —sin( ¢ + &) A3;] + Agsin2 Bcos Gysin Gy cos $y

— A sin2 9 c0s Osin 005 B |,

{sin2 G008 Oycos G [cos( &5 + &) s, — sin{ & + &) As;]

=2E(t) —sin® 6, :ﬁl — sin <.f>4 — 2cot2 Geos ysinh[cos( & + $) Xsp + sin( & + b)) Ay ]
+ 2c012 fsin Grcos O [cos( &y + §) do: — sin( $y + §) d;] — 2 N cor2 fsinGysinGeos( $ + & + &)
— 2 M cot2 B c0s G cos H4cos P,

=—2E(t) —sin’ § :#1 — sin? 6, :ﬁ4 + 2cot2 Gscos Oy sin G [cos( P + $4) hap + sin( b5 + $) As;]
= 2cot2 Bssin B cos Oy [cos( 8y + $5) ds: — sin( $y + ) As;] + 2 Acot2 Gsin Gy sinfheos( $y + & + )
+ 2 M cot2 fhcos b cos O,cos P,

" 2(cos’ 6 — slin263)sin2 b
+ sin2 fsinOysin by [cos(  + $) X, — sin( h + ) A5 ] + Asin2 bhcos Oysin feos( § + $ +4)
— sin2 Gisin Osinfy[cos( $ + &) A, — sin( & + &) As;] — Asin2 Gicos ysinGicos( f + & + &)
— sin2 eos Geos Gl cos( by + $) Aa, + sin( ¢ + $u) Ay ] + Arsin2 Gscos Gysin Gycos 3
— Xsin2 8;sin Ghcos Gcos b |,

{sin2 G cos Oicos Oy [ cos( & + ) A3, + sin( & + ) Ay )

=[62Ce 00+ 1200 01 - [ 62 O+ £2(p )] - 2c08h5c02 L (P (1, ) + %2 (p, )]
- 2sindsco2 [ 1V (p, 1) + %2 (1, D],

=[{%p 00+ £2(n 0] - [ £, )+ 2 )] — 2cos dseo2 §[ %P (2, ) + £2(p, 1)]
—2sindseor2 %[ 19 (5, 1) + %P (p, 1)),

B2, ) =cos2 6 E(t) — sinfcos fhsin2 [ deccos( $ + &) — daisin( 4y + $5)]
+ sinficos Oysin2 [ Ascos( & + $) + hsin( & + 6)]
+ M[sinOsingsin2 reos( $ + ¢ + &) + cosBcos fsin2 Greos( §) ],
KO, 1) = sin Oyeos’ 6 By + sin® 6y by + sin’ Oysin® 0, b,
B2Cp, 1) =c0s2 6 E(¢) + sinfyoosysin2 & [ ds,cos( & + &) + dssin( &5 + )]
— sindicos Oysin2 65 [ As.cos( & + &) — Ausin( & + &)]
+ M[sinfysinfysin2 Grcos( & + & + $) + cos fhcos Gysin2 Geos( )],
BB p, ) =sin’ foos* & :#1 — sin’ 85 *#3 — sin’ &sin® 6, ';64,
BP(p 1) == cos2 6 E(t) + sinicos fysin2 [ Asscos( 1 + §) — Asisin( ¢ + $)]
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— sin 6005 f15in2 6 [ As.cos( $ + ¢4) + Assin( b + &)]
— M [sin8sinsin2 Geos( ¢ + & + $) + cos Bhcos Gsin2 heos( ) 1,
L2 (b, 1) =sin® Gycos® 6, b, — sin® & b, — sin’ Gysin? 6y $y,
%2 (b, ©) = — cos2 8 E(1) + sinycos Oysin2 5[ Asrcos( s + &) — Agssin( s + )]
— sin fcos Osin2 B[ As.cos( &y + 45) + Kgsin( $y + $5)]
— M [sinfysin ;sin2 Gioos( $ + 5 + ) + cos B cos Bysin2 Bycos( &)1,
A2 (p, t) =sin® Oysin? O by + sin® 6 5 — cos® Gysin® 6, By,
£ P(p, t) =sinbisinsinGsiny[ Ascos(— i+ & — B+ &) + Asin(— &+ & — &+ $)]
+ sin 6 cos heos Bsin 6, [ Ascos( $ — $) — Asisin( $ — )]
+ cos G, sin Ghsin Bzcos G [ As,cos( b — &) — Aysin( & — &) ] + As.cos 6 cos & cos Gsc0s 6,
+ M [— cosfsin Gsin &sin Gyeos( & — & + &) + sin 6, cos eos Gzcos Gy cos B
+ sin f;sin fysin G300 G4cos( $ — ¢ — $1) + cos Oycos Gheos fysin Gyeos 41,

Xj‘ﬂ)( b t) = .Blsin( & + ¢ )cos Bhsin; + b4sin( & + ¢ )sinGeos G
+ %[ $rcos( by + $)cos bysin Gysin2 0 + $ycos( b + $y )sin thcos ysin2 6 1,

%P(p, 1) =— sinfsinGsinGsinG[ Aasin(— d+ h — &+ &) — hycos(— h+ h— &+ §)]
+ sin fycos fheos Ghsin 6y [ dgsin( by — $4) + dsicos($y — $)]
— cos O;sin &sin Geos O [ Xasin( & — &) + Agoos(h — )] — As.cos G cos 8, cos scos O
+ X [cos 8ysinGsinGsinysin( & — ¢ + ) + sin Gcos Geos Gycos ysin
— sin §;sin Gysin Goos hsin( § — & — ) + cos §;cos & cos Gsin hsind, ],

£O(p, 0y =— bu:os( $ + & )cossints + bu:os( & + ¢ )sinGcos B
+ %[ ';hsin( & + & )cosGsinsin2 6, — :ﬁ4sin( & + ¢ )sinBheosGsin2 4,1,

%2 (b, 1) =sinfisinsinfosin [ dscos( b+ — & = ) = Asin( i + & — & — )]
+ sin 0 cos frcos Gsin 6, [ Ascos( 1 — &) — Asisin( &y — )]
+ cos Bsin frsin Gcos G [ Ascos( b — &) + Xasin{ . — $) ]+ As.cos Gicos &cos Fcos Oy
+ X[ — cos B;sin Bsin &sin Gyeos( & — & — b ) + sin b cos B eos Gzcos Gy o0s B

+ sin Osin Gsin Gcos Gycos( ¢ +  — b)) — cos cos &cos Gsin Hycos 4 ],
X;g)( b, t) =— blsin( & + &)sintheos — é,;sin( & + $4)coshsind
- %[ :ﬁlcos( $ + & )sin8cos &sin2 G + ';64005( & + & )cos Bsin Gysin2 6, ],

%P (b, t) = sinOsinGsinGsin [ hasin( b + & — & — ) + Aucos(b + & — & — $))
— sindjcos fheos Gsin O, [ Aasin( $y — &) + Asicos( $y — $)]
— cos O;sin sin Gscos 6 [ Asesin{ & — &) — Asicos( & — $)] + Asicos Gicos Geos Geos G,
+ X [cos Bsin Gysin Gsin Bhysin( $ — ¢ — ) — sin & cos Gycos 5 cos Gy sin F
— sin §;sin Gysin Gcos sin( § + & — &) — cos §;cos & cos Gsin hsin$, ],

L2 Ch, 1) = — froos( b + b)sinbhoos s + fuoos( b + B )cos bhsin b

+ %[ ';blsin( & + ¢ )sinGeosBsin2 4 — :ﬁ4sin( & + ¢ )coshsinBsin2 6, 1.
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INVARIANT -RELATED UNITARY TRANSFORMATION METHOD

IN A TIME-DEPENDENT SPATIALLY HOMOGENEQOUS
ELECTRIC FIELD "

FuJiAN GAO XIAO-CHUN XU JING-BO ZouU XU-BO

( Zhejiang Institute of Modern Physics and Department of Physics, Zhejiang University, Hangzhou 310027)
(Received 5 October 1998)

ABSTRACT
On the basis of the generalized invariant formulation, the invariant-related unitary transforma-
tion method is used to study the evolution of the quantum Dirac field in a time-dependent spatially
homogeneous electric field. We solve the functional Schrédinger equation for the Dirac field and ob-
tain the exact solutions and corresponding total phase. The total phase includes both the dynamical
phase and geometric phase (Aharonov-Anandan phase).
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