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ABSTRACT

The single-electron wave function of the ground state of the helium atom is
obiained from Hylleraas' well-known wave function by intesrating the latter over
tho eoordinates of one electron, The energy of the ground state calculated with thig

one-electron wave function is -6.717Rh, compared with the valne -5.955 given by
.. tho self-consistant field solution.

<

The cnergy of the normal state of helium has been calculated by various
methads. The vansuonal calculation with the use of one-parameter hydrodemc
wave function yields the value -5.695Rh ‘compared with the observed valuc
-0.510 Rh.(?) The method of seli-consistant field yiclds the value —5.758 Rh.(?)
it is shown by Hyllerazs that considerable improvement can be achieved by
employing wave functions containing the diélance' %u betweéti the two electrans.
Tous the comparatively sirmple wave functiony ')
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yields the 1c6nsirciérably better value -5.8)485. Now theory requlres that energy
value obtained by the method of self-consistant ficld is thie best’ dbtainabie on the
assumption of the separability of the wave fuaction into-one-electron functions.
It is possible to obtain the ode-electfoa fonction by intégraiing ‘over the coordi-
diates of one of the two-electrons in- (1) and it is.of some interest-to caiculate
the energy of the normal stage of belium. with the one-electron wave tum‘ tion 50
obtained and {0 compare it with those obtained by the use of (1), and by me
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1) Hylleraas; Z. f. Phy: 54. 347 (1929), 65, 209 (1930).
(2) Uartree, Proc. Camb. Phil. Sec. 2¢5 89, 143,426 (192842 " .
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self-consistant field method. The objcct of the present note is to carry out this

calculation.
The probability of finding the electron 1 within the volume element dT, is

given by squaring ®(7,,7,;) in (1) and integrating over d7,, thus
a(r1)dT, = dT, N* J'” (B (0 7a) TS ()
where the normalization facter is given by
N [ 1@ r) v dryar =1

of | otrodar =1 (%)

Following Hylleraas, we shall employ for the scale factor of length the value
3.63103. Putting (1) into (2) and expressing 73, in terms of 7,73 006 81z, We

find -
otr) = N4+ iy [, T [ ooy
40,0064 (7,7 4-7:1)4-0.0001 ( -r,y] dr,
+ “ j o (71112 [0.]67‘1,-{—0.0064( -7 o?sVe;.j
40,0016 #45(7s f‘rz)’] dr, }

The first integral may be integrated directly. For the second integral, it is
nbvxous that the term with cos 8;, factor gwes no contribution because it hasg
opposlte signs and equal magmtudes on the two sides of e,g —1\'!2 "To evaluate

;001‘6' HJ' e‘v""r’) []00+(r1:—r,)’} 74T,

it u convenient to use the bipolar coordinates 7,,7y, and the angle ¢ about- -the
redms vector 7, a8 axis as the coordmat&s. The volume element is

(30631—6.5; 7‘; sin 91; d?’z deu dq),

or, in terms of the bipolar coordihates.
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1 Ty
(5651018 7 1‘ dr,, Gy dP.

Ou integrating over ¥, the sbove integral becomes

=
‘ll

STrar ) vh (1004 (r-r) ] dr,

Y-,

g
(5.6310)% 1, e }

This expression can be directely integrated. Combining the result with the first
integral, we obtain the expression for o(7,):

A—' i 2 -’rl [l o
Giri) = -‘—1-\;;‘3“— { 1.66494-2.5576 7, 40,0832 7,2.1-0.0480 ,°-4-0.00087 ,*

4-0.0002 r,* — 6" 1(1.664040.584 r,) }
The condition of normalization gives

g 4m ® 16 X8.1954 N?
1= SG(’: ,)dTl = (S—Egm.jo g(ri)rst dry = ’(m .

(3.6210)2 3 103

whence N = .
. 167*4- 0. 1054

Then the separated wave function which gives the correct probability is dearly
given by the simpie product

a1 Vsl 2) = NG - 5070

We simll procesd to compute the energy of the éysfem ‘as described by this
wace function. The Hamiltonian operator may be written in atomi¢ pnits in the
form

wamvimvaea(l =4 8).
) AT Ty 72

which inay be regarded as cmsutmg of tne three parts

T:‘-VL "'"_Vz‘.
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Take first V. Since coordinates 1 and 2 enter symmetrically, we may write

g{r)
1

Vec—sg { ar j * L d-;-‘} = 13.50%8.
0 .

Next we take V..
1
8T}

i/';’; =2 ,” o{ry) o(r:) - d7y a7, ,

We may expand--1/74. according to

o k

1 T < D .
io Z (?'kﬂ) k1681
where 7 . is the smaller of 74,7, and r, the greater of them. For fixed

il

coordinates 1, we may use the polar ‘coordinates (7, f12. F) for caordinates 2
with 7; as polar axis.

Since the integrand does nat depead on ¥, the integration over ¥ gives a
factor 2ft." The integration over ¢,, gives a factor 2, and the only surviving
term in the sefies of 1/7,. is the first term (kx0).. After perforining the inte-
gration over 7, and some quite lengthy numerical simplifications, we find

-

CVu= 4X(§]§Z£l [ 2L om0 70 127,055 52487840 9

H1.2165 744431276 7,5-1.0249755 7% 4-.00412506 7,7

+1.9696 X 1_0‘:‘ 7:04-2.208 X 1075 71° 40,2 X 1077 7, 104-4 X 102 7 1

= 07" [9.4302 714969585 5,7 49,1609 71744247910 g

PR

R 034160 731 TU2 X107 101152 10~y

+ ¢4 [1.5442.r1+ 67684 7,7-1-.073728 "‘x“)J }ar,

which may be readily evaluated ahd gives
i/lz = 2-05280 ‘

Now we go on to compute the velue of 7. ' Due t'o. the e;rhxmeiry between coordi-

pates 1 and 2, it may be written as

T =~-8m .['m\/; g; (73 (% ‘\/?) dr,



SEPARABLE WAVE FUNCTWON OF HFLIUM a6

. i id d - .
where W*° reduces axmply . 5 dr ('r’ 3'}5'}"'- lmegratmg ?3’, PQ‘FS;;WC,Obiain
directly tbe alterpative cxpression ‘

« 0
RNy

xal w:\.]‘.”' wl ;-‘ N ‘q . . s 0. )
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40002 7% — 2 (1.6640-1-7.5822 71 NI
As this expression carujt be integrated analytically, we kave to use She methods
of numerical integration. Due to the rather high degdreg 9} .Q,’ccufacylrelllﬁred
of the result and the lenthy expression of the jpt,ggq’and::a"‘_gr?éaf deal of labor is
necessary to carry through the integration. *Tn the Tirst {14ce, every ordinate has
to be calculated with great accuracy andva rather lasgennumbarsaf ordinates have
to be taken. In the second place, we have;o.be ahjg 0. estjmate the degree of
the accuracy attained. For our CalcuLangQ:.in :;vu?,v of the nature of the integrapd
(varying rapidiy and having large rxia:gq‘i;mde;";a)iy'figét‘). thé intervals are taken
tobe t between #=0 and 7=5; } between 7=3 and ¥=9; and 1 between
r=9 and 7=.3, and all tha ordinates are Galculated correct to 0.019%
~ It is found that if we use an expression 0.00339(3)r % for the integrand
for r <15, we would introduce no appreciable error. For eachof the three regions
namely 7=0-9, 7=2-9 and r=9-13, we may nse bah of the two most
cymmonly used methods: ' R
A. Simpson’s rule

, 4 e
R RGO IS .7 FERNNR S NS A
- B.  The threc-eigts rule (*}

S S e i,_g (a:,+3al+Sa:+2a3+:........-—{—fvam.-r}*lian) N
For ‘the three’regions, the integral is cvaluated by both ‘methods. The
results are . L
r=8«9 . 295565 B..2.85362  difference . .00001 -
P =9 ~15 A. 097041  B. .0976144 difference - .. .90007. ...
7=0-~% A 408857 B. 408717  differcnce  .00008. .

For #>16

(3) Whittaker and Revigson, . Zhe Calcatus of Qbservgtions,. ps3¥h.. .,
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. . C L. . - . 3
i1 180 | 71720 orid 00130 | 7 ()7 da = DIBL_ o1se.
Jus —In(4)
Summing up the difft,ren&:.ble can say safely that the error should not greatly
exceed .001 Combmmg the ton: bation from the three regions, we find the
integral to have the value w

PUANLE e 302 - .. within 001
Such accuracy is completely satlsiactory for our purpose. It then follows that
Y ¥.$Q64 ST ithin 4001

-" So the total energy; as diven-by-:1 nn
P ¢ ; 8 EASARY FREE "7 00
vbmw‘ T*W{+V*

g SBT3 0028 - Jt,.5039 = — 5717,
which is better ﬂ:an'the valies-5:405 given by the use of one parameter variation
wave function, but'is iar‘twhtgbbothpared with the value -5.7565 given by the
self-consistant fxe}d methoﬁ.» Thx ‘i§ ‘in agreement with the theory that the

latter ‘method gives the Jowest posstle energy ofa system on the assumption of

separation of the wave function into one—-electron wave functions.

"It is interesting to find how the energy comes out to be much above the value
~5.305 of the originﬂ Hylleraas fonction. Using the formulse given in this
péper. and convertirig 1o the units used in the preseat paper, the potential energy
and kinetic energy are given in his case respectively by

Vi, — V =~ 11.617, T = 5.812.

A little reflection will show that the value V is the same in our case and
in Hylleraas’s case. Hence using our value for V,” we find for Hyllersas's case

V=-13504, . Vy,=1867T, T=5.812

We see'that T is smaller in-our, case. but the value for 712 is so low w
Hylleraas’s ease that it more than compensates the higher value ior»».ﬂ—‘ and
leads €0 & lower value for the total energy. The low valye for V.2 is indeed to
be more or less expected, for Hylleraas s-function contammg 7{s naturally takes
better ¢are of the mutual energy bstween the two electrons than .2 Separable
wave function, ‘

The writter wishes to express his gratitude to Mr. K'un Huang for suggestipg
this caleulation and to Professor Td“You Wu for his interest in the work.



