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ABSTRACT

A variational calculation of the enérgy of the 2s3 1S state of helium has beon
carried out with the use of a wave function of the Hylleraasian type. The wave
function is

Y=o 0'2378‘“’( 1 — 0.17079 s — 0.063155 % — 0.015569 ¢2
- 0.010044 %2 - 0.0064785 s? }

where &,f,u ave in units of 4 times the first Dohr radius of hydrogen. The energy is
E(2s* 1S) = — 1.5412Rh,

compared with the value -1.4400 Rh obtained by the method of self-consistent field.

There has been considerable interest in the theoretical energy values of the
doubly excited states of helium since the suggestion, now abandoned, that the
corona lines may be due to transitions between these doubly excited statess
Varistionel calculations of the energy states have been carried out by a number
b), d)

. . . a
of authors using eingle—electron wave fuaction products (). 2, and the

method of self-consistent field.(l)’c) The energy volucs so obtained, while

(1) @) F. G. Fender and J. . Vinti, Phys. Rev. 46, 73 (1034}; b) Ta-
You Wu, ibid 46, 239, (1934}, ¢) Wm S, Wilson is¢d 43, 530 (19353): )
Wu and Ma igiq 48, 917 (19362, 7. Chin. Chem. Soc, 4, 344 (1333 ).
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nlausible, are expected to be subject 10 the same naccuracy that sumilar cei-
cnlations for the ground state of helivm reveal. There is lurther the disturbing
anestin csneerning the orthagsnnlity of the wave fenciions of the doubly excited
states o the norinal and those singly excited states of the same symmeiry charac-
ter.  However, the problem of more accurate deterinination of these doubly
excited states is of considerable interest in connection with the identification of
the extreme ultraviolet lines AA 32J and 847 «*'. The purpose of the present
wirk is 1o carry out a calculaiion for the 2s® 'S stale with a traal wave function
of the type that Hylleraas has shown to be eminenily svitable for the normsal
state of heliom.

{or the trial wave function of the state 25 'S5, we chyose the [ollowing

= ¢k | Cp-Catiesy FC5ke)* -Culkd ) O, () - Coku* (1)

where o=y f7a, b=y =5, w=0y., and &k is a soale factor m’ be determi-
ned by the variational calculation. The considerations that lead to this choice
of ihe trinl wave function are as iollows: (i) The wave function (T) has been’
shown by iylleraas to give for is” s an energy —0.00u46 Kh, compared with the
obssrved —5.5070 Rh./3)  Now the 2s? 'S state has the same sSymnelry pro-
party aid the normal state 102 'S and it is reasdaanls o assume that one of the
six eigzavaluas resulting irom the application of the variational principle to the
fanction (1) may bz identified with the eaergy of 25° 8. It is true that there
are infinitely many states, namely, 1sns !4, that have the same syminelry as
Js* 1S and 26* '3, l.e., svmnetrical in the space coordinates of the two
clectrons. As the work of Hyllerass has shown’*!, however, the wave func-
tinpns of such states as 1s2s 'S h'we to be apptoxunated ‘by functions of a
different type than (19, namely, functxono containing hyperbolic sines and hyper-
bolic cosines in 8 and #, oorresponding to the presence of two effective charge
varasueters for the 1s and ns clectrons i the approximatioa in which the wave

f20) da-You Wu, Phgs. ceo. 66, Daes 1=l 1ok
(37 L. Adliyderas. Z. f. Phays. 54, S40° (132.3,..
C3) 1. A, dylleraas, 16:°d, 65, 752 1939 1 .
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function is cdnstructed from single-clectron wave functions. The form of (1)
corragponding to only one effective charge parameter may hence be expected to
be be;t suited for such states as ns® !S. These considerations, it will be seen,
seem to be borne out by the present calculation.

(ii). Another justification for the assumption of the form (1) for the wave
function for 2s* 'S is based on the following consideration: In the approxima-
tion in which the wave fuaction is a product of one-electron wave functions, the

wave function is

Y= Y(ry) i) = a—'aw“?")(l——s Ty 1=8150
=o-k {1 ot '“ —t )

a better approximation is obtained by allowing the coefficients of the various
terms (o vary independently. By introducing terms containing 1. =u which
are fouad to achieve an essential improvement in the case of the normal siate
of helium, considerable improvement may bz expected also in this case. This is
aleo borne out by the result that the calcelated energy comes out to be lower
than that obtained by the method of seli-consistent field.

The problem is now to find the stationary values of the variational pro-
blem/ +\

M~(L-L")
A
or Y (AN (Li=Lip) - M| CCi=0 (2)
i,7 - "
where
M=Y ccMij, L= CCiLy,
.7 _ W
L’ = ZC(.C; L',‘/. N = ZC,-C;N,';.

J ]
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Lip =Ly =2 as[", ["at suy, v,
oo 3 u

Lijp=Liep= 4| ds | dul dt- (=0,

The energy A is here in units of 4 Rh, and the distances s, £, ¥ are in units of

} the Bobr radius. Application of the variational principle, N 0, gives

3C,
Z [h N;j:'—{— Lij~L ’ij—Mi/} Ci=0, (3)
2
and consequently the determinantal equation for the eigenvalues A
[NNij 4 Lij—L*;j —Mij| = 0. (4)

The various integrals M;;, L,;, L’;;j. N;; can be rcadily evaluated. They
are given in the following tables )

TABLE 1. ..
512 M;; [ l) 1 2 3 4 5 6
1 | 956 512 1152 384 400 768
2 f{ 1,408 4,224 1,152 1,080 2,688
5 s 16,128 5,840 5,200 9,984
4 : ‘ 3,84) 1,168 2,840
- 1,024 2.800

6 : 9,984




H T.

T. ¥ azd TaYou Wo

TABLE (L
B12(Lij—L:ijY k) 1 2 S 4
] - a1 540 1,62) 848
9 1.620 5670 1,218
2 92,080 4,872
4 2,148
5
G
TABIE 115
“s10N; 1 1 e s 4
1 a2 oG 856 45
9o ne0T . 1,844 192
5 ¢ 045 864
4 238
5
G

P

416
1,245
4,368

1.024°

-

1,012

n~

70
245
959
154

199

aom A0

et

14,163

L eaYs)
o0l

2,076

10,269

6
102

768
.40
570

GO

9 iy

To solve the determinantal ejuation (4) for the eigenvalues A, the procedure

suggested by James and. Coolidge is found very convenient'®'. It consists in

reducing the equation (4), now written in the form

D = ,d,]! = (),

to- D =D, D.preDy, =0
-1
T e Dygi Dy
L Y
where Dij = dij = ) =g~
k=1

(5) L. M. Jawes and A 8. Cuolidge, J. Chem. Phys. 1, 82 (1933)
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with Dy;=d,; and Diy=0 for i > §. Inthe actual caleulation. an nupro.
priate value {ox the scale factor % _is,first chosen on the basis of the eariier
calculations usmg single-electron wave function product for' Y.dd) A value for
A algd based oa the earlier oalculationg is then substituted mto (4) and D i3
calculated accordmg to (b) and (6). If D comes out to bc positive nanother
value for A .is tried to make D<0. The cidenvalue is then obtained by inter.
polation betweeh these two valuee of A. Finglly the scale factor k is varied in
its neighbmxrb’iod'to locate the minimum for the particular root in question.

In this way, the ¥alues of k and A ocorresponding to 28t 1S obtained with
the wave hmctxm |

Y= 47RO C, 4 Cyke) 4 Culkn)? + C,(RE)"
are k=022, X = 050722 (4Rb)
correspondmg to an effective charge parameter 0.592 -and uxeréy —3.3207 Rh.
With the 6 —term wave Iunctxon (1), it is found '

k 50.2278. A= —0.36855 (4 Rh) |

corresponding to eflective charge parameter - 0.9112.

E = —1.53412 Rh
end
Y = ‘e‘é""ﬂg’{ 1 - 0.17079 s — 0063155 % — O‘iOlS’SG‘J ¢
4= 10.010044 v 4 0.0)64755 ¢ ’} | (7)
The valuae E — 1.5412 Rh is lower than the self- oonmstent field valoe

—1.4499 Rh by an amoun” which is somewhat greater than the carresponding
diflereace in’ ‘the casc of the normal state . (F = —5.897 - vs. ;d-l 5). This is
rather unexf)ected since for the 2s* 1S state the relative"fimportancc of terms
containing ;. may be expected to be sma]ler because the n&utua! interaction be-
tween the two electrons is smaller. This calls for a closes examination of the

assumptions' for the wave function (1) for the state 252 1S.
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The first question that arises is the identification, or carrelation, of the
eigonvalues of (1) with the actual states of helivin.  In table IV are shown the
eigeavalues for the Ist, 20d, Srd. 4th. Hth and dth approximation corresponding
toone, two, « - « . , 8ix terms in the wave function in {}). Each eigenvalue is
e minimum with respect to its own appropriate value of 4. Only the vajves for
the 4th root for the 4th and the Gth approximation have been accurately cal-
culated, the other being oaly roughly estimated, The trend in the eigenvalues as
one proceeds to highe: approximations is what one would have expected according
to the theory.(y The lowest root is shown by H_ylleraas_ to be 1s* 'S. The
second root A lies very close 1o aad the third root lvies above the ionization
limit Js 38. They are probably to be interpreted as very bad approximations
to the states 1528 'S and 153s 'S. That the fourth roat lies considerably
higher at E = —1.5412Rh seems to preclude its interpretation ag 1c4s 1S and.
its general posmon seems to mdlcate the mtetpretau:m as 2¢* !S. The txftb‘
root As= —0. 283 or E,= ——1-132 Rh may be interpreted as 235& 'S since,
the energy calculated with smgle electron wave functxon is E,=—1.144, ad)
The sixth root A, 1s posxtlve and may be interpreted as a bad approx;matlon;

for such states as. 23 4 18, That there is 8 gap between the third and the 4th
root where there should be infinitely many states 1sns 1S, n=4, 5, G,... may

i

be un_derstoqd as follows: The disparity between the ,etfecmve charge parameters
of the 1s and the ns electron increases as n increases so that the function
Y with the assumed form (1) caonot. even roughly‘app‘roxim‘ate “these wa;ﬁe
functions when n>3. Evenfor =2, 3, the function (1) c_én only be very bad
approximations so that the 20d and the 3rd root differ widely from the true,
eigenvalues. This consideartion, together with a oompér'mbn with the eigen-:
valués and eigenfunctions obtained with single-electro@wave function product.

namely.(1'~d) -

-

agr 1§, E = ~ 0.3610 (4Rh),

A

Y= -0.223 [-] - 0.22¢ — Q,Q]S?ﬁ(tz_sa‘)} \

-~

(¢) J. K. L. MacDonald Phps, Key. 43, 830 (1938)
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sesms to make th' interpretation of the fourth root as the qpp'ommate eggen.
valm for the state 9s® '3 * plausible. ) e : "
"'Another’ question is-that of the orthogonality of the eigenfunction new. e,
preted ‘as be‘ongmd to' 24 18 tothose of 1s* 1S, Isms 38. That the appro-
ximate eigenfunctions carre'spondm - to the various'roéts are mutvally. orthogonal
follows direct ly“from th fact ‘that the eigenfunctions are solutions oi the equation

1 © e

e AP = Ml’ .

PORRET SO SEPE T RN 4 RS VNS PN S (S EAE I o N

P - :

affl the Hermitean character of the Hamiltonian F. * Hericé the function (7)1s-
orthdfional to that 6f thie hormal tate. ~ As the elgeniuhcuoris correspdriding €6
thie'24d 'and the SFd fovt 4rs mly vbry ré\lgh app roxiiratiotsto: tﬁe corréct eigen-
itincfio*'x:s?df' 1598 'S ada ls'us 18 and as tbe cngenf?mctxoﬂs o’f 15638, n>3
are ‘not”even romhlv rcp?csc'nteﬂ by the functmn (]) the wave ‘function’ (T s
not exactly ortho gonal to thése eigenfuncnons.’ I‘or this r‘eiigoh(. ”hlle the inter- -
pretaftloﬁ of the fourth‘eig'enValue asg’ 28’ ‘S 1s verv proba%ly correct there &~
nc‘);xfé imcertamTy a3 'to'its’ ntnerical Value. l’t ihust be emphaslzed ‘however, '
that’all dfher previaus calcilations ) are sub]ecL ‘to‘{ﬁg%an;e uncu%amty smce
] tﬁe?e g} ho' practxcal rzgorous methéd io msure the orthogonal.ty I ‘the wave
tunction'of ' 2s* 1S to the m"hmtely maﬁy s’ta% " s’ “’b. ort¥ 33063 SI6M* i3
Al a teoént’ papért 2 ‘lt ‘hae been ;omféd ot that while tb ex‘tf‘er‘ne ‘ltra-
viotét fide’ A 920 can be satxsféctonly dcountéd as 18 ’7p B lojasp Wit tos.”
pect Yo both-thie position ahd the’ w;dth of fhe lfiie, the 1in6 A°357 Hnds hosutis-
fh&éry Wentitication. ‘The‘preserit ¢aldulation IoWers-thé eﬁéfgj of“: 2sx1g by
bt 26, 76 Rn." “TH ciléulathd teqhencies 6f the téarsition 1s2p P06t 18;7
PP LD 1S are Men B pfrdxithaldly ~206;890 o3 281,500 ot-s coffeo
phted Gith* P cbébivea VaiRe *3797T15%m- 12" RS thoe! that ‘alitdle further:
lowering of the energy value for 2¢° 1S may bring the calculated frequency» ‘fat
the transition 13p 'P—2s% 18 into agrgement with the gbserved value; but
then it is not undergtandablé why the transition 1s2p .‘Z‘E’—é‘sz IS, which may
be expected to be etrotiger than<tho othes,  is ‘ot éb§;éi-$gd'. ~ {n any case, the ob-
served sharpness of the line A 857 does not agree with the expected width for

these transitions on account of the autoionization of the state 25 'S.(*) Fur-
ther study of this questignds degirailes vy eas RUE BUTUF /G S G A £

s



