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ABSQ RACT

General formulas for the..critical temperaiure and the discontinnity of the

specific heat of aappexlamoo are obtnmcd by the generalized quam che;mxcal me=
thod, I‘he results may be applied to eny a,pproxxmauon

1. Introduciion e

In a recent paper! the author has ‘devcl_oped a geeralized quasi—chemical
method which gives an explicit expression for the free energy of a superlattice
in any approximation. It is possible to df;;ive irom this free encrgy expression
all the thermodynamic propertieé of the crg}t;tal. T\;vo of these, the critical

- temperature and the d1s00utmu1ty of the spuuilc heat, are of especial mt(-)}e.,t
and will be calculated in " this paper. Only blnary alloys with atomic concen-
tration 1:1 come under our consideration. The resplts oblajned holld,,fo:SPQ fage—-

centred cubic lattice (e. g of GuAu) as well as for the siﬁ:ble or bédy—centred
‘cubic lattices. , . S

.-

L
DAL

1. A Generalization of the Quasi Chemical Method in the gtatistical Theory
of Superlattices'’s 10 be published. This paper will be roferrad to as I.
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2. Ezpansion oj the Free Energy

To start with we expand? the free energy of the crystal into a power series

in s(=1-2w):
I“ v Al
—gp = Fob Fast 4 Fust 4 ooe (1

The odd powers of s are missing because F' is an .even function of s, _as
already proved in I, §4, (iii).

It is necessaty ‘in order to calculate the coefficients Fo, F,, F,, --- first to
expand the selective varia,b]es, Py Pezy oo o Now by I, (39), log*; isanodd
function of s, hence assume

- e e

log;»,aJ,u+K & (2)

As already proved (I, §4), the selective vanables of sitcs symmetrically
situated in the group are equal, 8d we shall give them the same symbol. This
will tiot* affect the resnlts,lbut the calcnlation'will b8 very much-simplified, Let
the fxrst p, ‘namely, {¥;, be the parameter of m,*(m iorlﬁmltaphcmya symme-
trically situated sites, and ¥, that of m, sites etc.. The" equatxons 5ete1‘mmmd
these (g become (I, (32) )

E% ='Nl.f (3)

S 9139%: = m; N,w:. ' ) 4 ' (4)

Wiite ".41 =Y =Y(@, o Paee)y BN ()
T : : . . S ’ N

) anddmde (4) by (3) we get

alogY

dlogf","m[wzim“:im’s‘ ‘ ' (¢)

Nowby (2), ¢; =1 when ¢ = 0. Hence intro&ucing the notations

—

2. Tho noiations used in this papor are the same a5 in .I.
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)

L

-
v = (5_“1?6@}‘)#1:92:--:11 '

__( &Y
.yi/ - blogtb"b’lﬂgl"j>}h,=p2=..=1 '

L=(wY), N

ulogY
L; = (913?}‘:)}‘1:}1',?—'":} .

. Pl '
Lij = ( dlos 1y a:.lo'g*;ﬂ','- )p:!-_-p::. = o= ]

etc, ( 7 )
-we miay -expand the left-hand-side of (6) as follows

dlogY

1 ¢ ‘
S1os b =L; 4 Z L;jlog 4 o ;Z log (/108 feg 4= 2ee . it

i 1t

" Substitute (2) into this last equation and arrange the terms into a pbv}er serics
of s. .The result is

- 8logY. : . 19 ‘
lgs = L +-% . Litdjs + 5 Y. Lijp didy s
j 3 o

+(Z Lij Ky +%’ -Z'Lilln:JiJ‘l’Jr‘l) 84 (8)
7. o bl

By (6) this is equal to #m; — 4 m; s. Hence

L. - «;mi , B ;. = g“n {9)

§ 1= = i, a)
F]
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)_‘_' Lijyd; i =0 : (11)
7.l

and Y LK+ g 2 Lijindj 1 3, = 0. (12)
7 7ln

The coelficients J; can now be obtained in the following ‘way. Y.ct A denote
the cofactor of L;; in the determinant |Lij| divided by the determinant, such
that v '

Z Nt Lij = §yy . (13)
i . )

Then the solution of (10) is

m —t

S onwem. (14)
l

The coefficients K; can also be calculated in the same way from (12) but since

only combinations of the form 'S, L;7K; occur in what follows, we shall leave
(12) as it is. / ;
The iree energy 1s, by I, (36) .

Fw,T) = —§~~N1kT[1ogy Jr<a b _,>

x{(]—w)log(l-—w)-{-wloc;w} Emiwlog}k,] . (1)

When logY and log {7 -are. expan‘deﬂ into_ power sefies in s, and 1) com-
pared with (1), we find

Fozrr Nillogy = Diogg ]

L~

4
I’,:—;Y——N,[ ZL,/JII/}-zDi-Z —gm,-.l;],
%4, S - d:
) 2 1 ¢«
- -end Fe = o N,[ Z Lipdi J; - 24‘;22‘ Ji J.ji'h JaLijin
8] ijtn

DD 1 e :
+ 12+ 3 z m; K,] ) (16)
i
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where D =atb —.?;/ . (17)

By (10) and (12) F. and F, may be reduced to

Fa= 504D 4 dmd; g, - a9

F. = ,5"41\/ —JiI)v{-—:l Z LijinJidiJi J 19

o= Nl kg L L did ".]' o
1jin ’

-Thus we Xnow the first four derivatives of the iree energy with respect to s.

3. The Critical Temperature and the Discontinuity of the
Specific Leat

Siace the {ree energ'y' (1) is an‘even function of &, it has always an extre-

mum at s=Y, i.e. at the point of (vamsuing longdist'aﬁce order. Whether this

- point represents the equilibrium state of order i the crystal depends on whether
It gives the absolute mimmun: of tie lree energy. Lxperuments show tt}at for
teinperatures 1’ greater thau a cerfala critical remporawre Te,  the lbng—dis-

~ tance order of the superlaitice actually disappear. Moreover, the valueoi s is
vanishingly smali for temperatures immediately below T, (only the A8 type

. of superlattice is. here discussedj. iu oluer words, the order—disorder trans-
¢ formatlon 18 not accompanied by a discontinuous change in 8. All these can be
-“explained in our theory.if the free energy (15) has its absolute minimum . at
1. s=0 for >4, and. s=¢€ for T<T,, where € isa small quantity vanishing
together with 7. —7'. This s completely born out by Bethe's first and second
approximations, and it seems that the same is true for all approxiwations. If

‘ this is "the ¢age, the critical temperauure is the temperature at which - g—i =0
when § = 0; i.e. the temperature at which

v m; J; = —2D A o ' (21
. Y

To calculate the specific heat-of the crystal we notice that the ‘relation be-
tweell "% -and s is given by the equation C
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A _ oy op 2 .....-
S5y = F, 2R, 84 =0. {22)
With this in niiud the specific heat can easily be calculated from (1)

Co= = gn [T a7 (7)) = #7572 S )

arr (S g gy e (G 2 o ) S

The only quantity on the right that has a discontinuity at 7'=7T. is the factor

d‘;;;_) of the last term. It vanishes for all T>T¢ andits valuefor T<T,
is, by (22),
v,  dr,, .
d(ey _ _ a7 tap 2T
ar T 2K, 4 6F s T

‘R‘emembermg that s is continuous at 7’'=7, we tind the discontinuity of the
gpecmc heat al the crmcal temperature to be

KT dF. dFy _ k(log2)® { dFs 37
2F a1 4T © T 2k (dlogx) (23)

.The labor.of . computing this quantity lies almost ent.rely in the calculation of F,

by (19). . To facilitate the calculation it is desirable to change equ. (19) into
“one containing ¥; Jin but net L;jin. This ia only a matter of algebraic computa-
.tion and will pot be given here in detail. It sulfices to. give only-the final result
iwhen. I'=Te i

ACy =

¥i o o zN.[D.+eDa-|_oD=—2D— g 0d, ). (28)

In deriving this use hes been made of (10), (11) and (21). o
(1o} To calculate the critical temperature and the discontinuity of the specific
" heat the procedures are therefore as follows '
(i) To calculate the coefficients J; from (14).
-od roitfit) oFosenlculate: the critical value -2o of : & from (21). -
(iii) To compute ACy, from:{28),.with: & :calculated trom (24).:-
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L. Application

The method discussed above yields the valuesof 2. and AC, immediateiy
when applied to Bethe's first approximation. We shall now apply it to two other
approximations, the '‘square’ approximation and the *‘cube’ appfoximation.

In the square approximation the group considered is four sites forming a
square in a plane lattice. The value of z. has been found in I to be

@ = (Vb — 2)!2 = .4858

for this approximation. ‘The discontinuity of the specific heat, which was not
given in I, can be calculated from (23) as follows.

Y = 14 daip, + (b 20 )Pt darpe gt

- Hence y

it

2+ 122 + 28,
Y11 = 16 - 56 2* - 8+,
Yun =956 1 892 @7 L 32 ¢ .

The value of J, is therefore by (14),

J. = L6221
R F LN )

Now D=2, m;=4. Hence at T.‘:Tc, J,::-]. Thus

o B ESTEHT

G2 =1

which leads to the value of z. given above.
" ““The value of ACp is given by (23) as :

. . (2:242)° _ .
ACD = (2 le) 4 (log xc)" :Ec’ -—lg:‘-?(}— =199 R N
where R = 2 Nik.
This is slightly higher than the value obtained in Bethe's first approximation.

The other approximation we want to congider is the *‘cube” approximation
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for a simple cubic lattice. For this type of lattice only Bethe's first and second
approxunatxons have so far been worked out. The new approximation consists
_'_m takmg as our &,rm.p of interest elght sices formmd the corners of a “umt cube”
in the crystal. Thc functlon Y is

Y = ] +bz=p,+(]2z*+ 1(:3:6)}*,&%(24::‘ $- 24 37 F a3
b (6ah L 52a% 4 S0z 12 ww44%ﬁ+nz+bww
09ﬂ4—Mz6p6+&ﬂp e (25)

tne reyr rlereiy

" “Thé values of ' nz1 (the multlphclty) and D are respeotwe]y .

m, =5, D=4,
2T
Jy is found Irom (14)
4y
J = - e . ’
S T a1y (26)
At z=ga., Jy = —1, hence Yy =20y. Thisleads to the equation de-

’

termining . :

al? -+ 6y + 153, 4 182, -+ 1627 + 152, 4 Sof, — 1025 - 5 = 0 (2;7)

.

The solution is
- . ‘g:c = -6615 -

e Y
€ o L

From this we casily find the value c_)i AC, tobe

r
<

AC, — 1.89R.,

which is about thc arithematical mean of the same quantily in Beihg's first and
second approximations (1.78 R and 1.94 R respectively).
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