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JÑ
��4�gNª·bXÚ, éØ���ìÑÑ?1æ�, æ��²��5C���)��Ø���ìe
���ªÇ�Nªè. |^��©
ã!��©
ãÚ Lyapunov �ê�ïÄ
TXÚ�ÄåÆ1�; ¿|^¸�
þ�õÇ'!ªÌ±9ÑÑ&Ò��'¼ê�©Û
TXÚ�A^A5. ïÄL², TXÚkE,�Äå1�, Ð
y©
!õ­�Ú·b�y�, �)�&Òäk$¸�þ�õÇ'Ú°ª��A5. Ó��?Ø
|^Nªè¢y
XÚÓÚ��U5, y¢
{ü���ì�±¢ygNªXÚ�ÓÚ. 3>´¢�¥, Ø���ì^êiªÇÜ¤
Eâ¢y, ¢�(J�nØ©Û��.

'�c: ·b, õ­�, ¸�þ�õÇ', ÓÚ
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1 Ú ó

·bXÚ´�«(½5XÚ, �±�)aD(
�·b&Ò. ·b&ÒäkS3�Å5!°�!Ð
�¯a5!H{5Úk.5�A:. ·b�ù
A
�¦�Ù3�Æ9�«ó§A^¥kd3�A^
d� [1−4], cÙ´3&E\�!��Ï&Ú·bX
��+�kX2��A^cµ. 3�Ü©�A^¥,
·bXÚÏ~��&Ò
å
­���^. Ïd,
Nõ(�Ú�nÑØ�Ó�·bXÚ�^u�)
·b&Ò [5]. ,
8c�·bXÚ3ó§A^¥¡
�X�
ú@�JK, Ù¥��Ò´·bXÚ��
�5Ü©J±3pª°��¸e�°(�¢y. �
©�gNªXÚ, |^Ø���ì�Úæ���&
ÒC�L§��XÚ���5¼ê, �±�Ð�;
�ù�¯K.

Cc5, ·b&ÒA^uX��Ï&XÚ®²
¤�4�¹��ïÄ+� [6−9]. �
¿©|^u�
Å��Ç, X�XÚÚÏ&XÚÏ~¬��u�&
Ò�¸�õÇ, �¦u�&Òäk¦þ��¸þõ
Ç' (peak to average power ratio, {P� PAPR). ~

��·b&Ò� PAPR �ép, U��A�$�þ
z, �´·b&Ò²LN�½Nª�, Ù PAPR ��
±��ü$ [10]. 8ck'·bNª&Ò�ïÄÌ
�´±lÑ·bS��Ä:, rN·bS�`É�
ÚO5U [10]. lÑ·bNª&Òäk�$� PAPR
�, ü$
XÚ�M��¦, Jp
DÑ�ÇÚX
Ú5U, �´Ù¥Ü©­�ïÄ¤Jk��î��
êÆcJ [11−13], ¿�lÑ·bS�Nª&Òdu
lÑS���aC
Ã{;�ªÇaC, ¦�&Ò
ªÇC�ØëY�õÇÌØ²w [14,15]. ©z [10]
JÑ
ëY·bNª&Ò�Vg, ÙªÇCzëY,
õÇÌ²w, äk·b&Ò�A5. �©JÑ
�
«¹k²�����5gNªXÚ, 3�½��ë
ê�^�e, TXÚÐyE,�ÄåÆ1�, �)
©
!õ­�Ú·b�y�. ?u·bG��, �
)�&Òäk$�¸þõÇ', ëY�°�Ì, ±
9���ªÌ/G. d	, gNªXÚ���­�
A:´3Nªè°Äe�¢yÓÚ.

�©ÄkJÑ
��Äug�"Nª�·b
XÚ, �Ñ
XÚ(�µãÚêÆL�ª; ,�©
ÛTXÚ�ÄåÆA59Ù�)&Ò�A^5U.
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�©JÑ�gNªXÚ�ªÇÚ� �pÍÜ, Ï
d, �©z [10—13] ¥�·bNªXÚ�', ��
5gNªXÚN´¢yNªè°ÄÓÚ.

2 ��5gNªXÚ�.

ã 1 �Ñ
��5gNªXÚµã, ùpØ�
��ì (VCO) æ^�´a�u��ì, X Colpitts
>´ [16] UÏLN�XÚëê�)a�u&Ò, �
�|^êiªÇÜ¤Eâ (DDS) �����Nª
�J. z� ∆T éØ���ì�ÑÑ&Ò?1�g
æ�, òæ�&ÒÏL��5N� wn+1 = f(xn)
�)�� VCO e����ªÇ�Nªè. �©
z [10—13] ¥�·bNªXÚ'�, TXÚÏLg
�"�)·b, ØI	�·b��ì (CHO), (�
��{ü, ��U¢yNªè°ÄÓÚ.

ã 1 ��5gNªXÚµã

du?Û����5¼êÑ�±Ðm¤?ê
�/ª, �©�Ä�p�¹�g��5���¹.
ã 1 ¥��5gNªXÚ�£ã�

wn+1 = f(xn) = ax2
n + bxn + c, (1)

Ù¥ xn = sin(wn∆T + θn−1), a, b Ú c �XÚë
ê, ∆T > 0 �æ�m�, θn−1 �c�æ�:Ñ�
� , n ���ê. w,, gNªXÚNªè��)
´dëê a, b, c Ú ∆T ���.

3Nª�L§¥�Nª&Ò�� ´ëY�,
K1 n + 1 ����  θn+1 �

θn+1 =
n∑

k=0

∫ (k+1)∆T

k∆T

wk+1dt1

= θn + wn+1∆T, (2)

Ïd, gNªXÚ��.�±£ã�

θn+1 = θn + wn+1∆T,

xn+1 = sin(θn+1). (3)

d (3) ªz{���Xe���N�

θn+1 = θn +
(
a sin2(θn) + b sin(θn) + c)∆T. (4)

ò (4) ª8�z��

Θn+1 = (Θn + (p1 sin2(2πΘn) +

p2 sin(2πΘn) + p3)∆T )mod1, (5)

Ù¥ p1 = a/2π, p2 = b/2π, p3 = c/2π, Θn =
(θn/2π)mod1, Θn ∈ [0, 1], ù�, ��N��ÄåÆ
1�´d��ëê p1, p2, p3 Ú ∆T û½. ��¼
êN� (5) =�£ã��5gNªXÚ� Cz5
Æ�êÆ�., (5) ª�±w�DÚ�uN� [17] �
2Â/ª.

gNªXÚ¥���5Ü©dØ���ì
Úéæ�&Ò�C�Jø, VCO �±d�¤Ù
� VCO �¡½ DDS Eâ¢y, 
é&Ò�æ�C
��±dêiXÚ(Ü�êÚê�=�ì�¢y.
�yk�·bXÚ�'�, gNªXÚ���5Ü
©3pª°�^�eò�N´°(¢y.

3 ��5gNªXÚ�©Û

�
Bu©Û·�ò (5) ªU��

Θn+1 = f(Θn) = Θn + w(Θn)∆T − Kn. (6)

- w(Θn) = p1 sin2(2πΘn)+p2 sin(2πΘn)+p3,Kn

��K�ê, �÷v Kn = bΘn + w(Θn)∆T c. e
¡, �©lÄåÆA5ÚA^A5ü�¡©Û��
5gNªXÚ.

3.1 ������555gggNNNªªªXXXÚÚÚ���ÄÄÄåååÆÆÆ©©©ÛÛÛ

3.1.1 ©
y�9Ù©Û
b���ëê p1 = 0.1, p3 = 0.01, ∆T = 5, �

�¼êN��ëê p2 Cz��©
ãÚ Lyapunov
�êÌXã 2 ¤«. l©
ãÚ Lyapunov �êé
ì5w, XÚ�ÄåÆ1��3 Lyapunov �ê�
��·b�, ��3 Lyapunov �ê�K�±ÏG
�.

ã 2 ©
ãÚ Lyapunov �ê (a) ©
ã; (b) Lyapunov �ê
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*	ã 2 ¥�©
ã, �±uyT¼êN��
©
:©Ù�¹'�E,, ¿��)©
�éA�
XÚëê p2 ������é2, XJ^TXÚ&
Ò?1·b\�, K\��{òäk������
mÚ�Ð�S�5 [18]. ¿�©
ã¥·b«�S
Ñy
õ�±Ï 1 IÚõ�±Ï 2 I, ±ÏI¥±
Ï 1 Ú±Ï 2 ;�H{�q��±Ï©
�Ï�
·b�´.

ã 3(a) � Ñ 
 « m p2 ∈ [0.063, 0.15] S �
© 
 ã, © 
 : � © Ù � ¹ ' � E ,, 3 p2 ∈
(0.063, 0.15) «mS, kü�ØÄ:. Xã 3(b) �
gS�­�¤«, p2 = 0.09 �XÚ?un­�:
Θ(n) = 0.3 NCÑy��#�ØÄ:, ¿�Xëê
�O\?�Ú©����­½�ØÄ:Ú��Ø
­½�ØÄ:; Θn = 0.5 NC�ØÄ:=C¤��
Ø­½:, N�Ñy
�±Ï©
; Θn = 0.8 NC

�ØÄ:�±­½. 3 p2 = 0.097 �, Θn = 0.3
NC�ØÄ:�=C¤��Ø­½:, N�Ñ
y�±Ï©
, Θn = 0.8 NC�ØÄ:E,�
±­½, �´TØÄ:3 p2 = 0.1099 NC��.
3 p2 = 0.113, 0.122 Ú 0.1328 NCXÚu)�©

, �g�)
±Ï 3 I!±Ï 4 IÚ±Ï 4 I. X
ã 3(c) ngS�­�¤«, p2 = 0.113 NC, ©O
3 0.469, 0.559, 0.645 NCÑy 3 ��:, �Xëê
�O\ 3 ��:©�� 3 �­½�ØÄ:Ú 3 �
Ø­½�ØÄ:, u)
�©
. Xã 3(d) ogS
�­�¤«, p2 = 0.1309 NC, ©O3 0.431, 0.567,
0.690, 0.838 NCÑy 4 ��:, �Xëê�O\ 4
��:��, u)
_�©
. 3 p2 = 0.14 NCu
)
·b�Å [19], Úu·bG��âC, d���
Ä�â,C��DÕ���°�.

ã 3 (a) ÛÜ©
ã; (b) �gS�­� p2 = 0.09; (c) ngS�­� p2 = 0.113 ; (d) ogS�­� p2 = 0.1309

3.1.2 õ­�y�9Ù©Û

��¼êN�3«m p2 ∈ (0.06, 0.12) S��
� Lyapunov �êÌXã 4 ¤«, w,�±w�, p2

�«mS�,��½��, XÚ��� Lyapunov
�êØ���, ù´duXÚ�3V­�½õ­�

�y�, XÚ3ØÓÐ©^�eÂñ�ØÓ�áÚ
f.

ëê p2 = 0.0635 �, XÚ��� Lyapunov
� ê � −0.1832, ? ¿ Ð © � Ñ á u � Ó � Â
ñ �, Ù é A � ) X ã 5(a) ¤ «, X Ú ? u ü
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­�; ëê p2 = 0.08 �, ©OO�XÚ3Ð©
^� Θ0 = 0.15 Ú 0.5 ���� Lyapunov �ê
� −1.7362 Ú −0.6531, ü�Ð©�©OáuØÓ
�áÚ�, ÙéA�)Xã 5(b) ¤«; ëê p2 =
0.0905 �, ©OO�XÚ3Ð©�� Θ0 = 0.15,
0.25 Ú 0.47 ���� Lyapunov �ê� −1.2649,
−0.7652 Ú −0.0346, n�Ð©�©OáuØÓ�
áÚ�, ÙéA�)Xã 5(c) ¤«, XÚ?un
­�; ëê p2 = 0.1028 �, ©OO�
XÚ�Ð
©� Θ0 l 0.01 � 1 Cz���� Lyapunov �
ê, Ð©� Θ0 = 0.15 Ú 0.47 �, XÚ��� Lya-
punov �ê©O� −5.9785 Ú −0.6875, Ð©� Θ0

l 0.21 � 0.33 Cz�, XÚ��� Lyapunov �ê
�� 0.3210. ã 5(d) �Ñ
Ð©^� Θ0 = 0.15,

0.24 Ú 0.47 �, ��¼êN��), d�, XÚ?u
õ­�.

ã 4 Lyapunov �ê p2 = (0.06, 0.12)

ã 5 (a) XÚ?uü­��, ��¼êN��); (b) XÚ?uV­��, ��¼êN��); (c) XÚ?un­��, ��¼ê
N��); (d) XÚ?uõ­��, ��¼êN��)

3.1.3 ��©
ã
ëê p1 Ú p2 Ó�Cz�, 3ëê (p1, p2) ��

mþ, �â±Ïê���^�Ý±Ñ��¼êN�
ÄåÆ1�©ÙXã 6 ¤«, ã¥xÚ«��L±
Ï 1, �Ý���L±Ï��, çÚ«��L·b.
3ëê p2 = 0.05 NCÑy����±Ï�. ã 6
�Y²�¡´ëê p1 Cz�XÚ�©
ã, ç�
�¡´ëê p2 Cz�XÚ�©
ã.

ã 6 L², 3ëê (p1, p2) ��mþ, �Xë
ê p1 Ú p2 Ó�Cz, ��¼êN��±Ïêäk
Ø���é¡5, ·bG��õ±ÏG���/¤
��/, >�� 0.2 (= 1/∆T ). du��N�¥¹
k²��, ù«é¡5�»�. ,	, lã 6 ¥N´
�äu�&Ò?u·bG���ëê��. ã 7(a)
Ú (b) ©O�Ñ
«� p1 ∈ [0, 1, 0.3]!p2 ∈ [0, 0.2]
Ú p1 ∈ [0, 4, 0.6]!p2 ∈ [0, 3, 0.5] �ÄåÆ1�.
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ã 7(a) �é¡5�ã 7(b) »��î­.

ã 6 ��¼êN��ÄåÆ1�©Ùã

ã 7 ��¼êN��ÄåÆ1��ÛÜ©Ùã (a)
p1 ∈ [0.1, 0.3] Ú p2 ∈ [0, 0.2]; (b) p1 ∈ [0.4, 0.6]

Ú p2 ∈ [0, 3, 0.5]

3.2 AAA^̂̂AAA555©©©ÛÛÛ

3.2.1 ÑÑ&Ò���Å/
�ëê p1 = 0.1, p2 = 0.45, p3 = 0.01 �, ��

5gNªXÚ?u·bG�, ÙÑÑ&Ò���Å

/Xã 8 ¤«. �±uy, Ù;�´�±Ï�, äk
��Å5, =ÑÑ&Ò�ªÇäk��Å5. `²

��5gNªXÚ�ÑÑ&Òáu·b&Ò, ¿
�O�Ù PAPR �� 2.0001, �üª�u&Ò�C.

ã 8 u�&Ò���Å/ã

ã 9 ·bG���éêÌ (a) p1 = 0.1, p2 = 0.5; (b)
p1 = 0.3, p2 = 0.46

3.2.2 ÑÑ&Ò�ªÌ
ÏLc¡�©Û, ·��y
T��5gNª

XÚ�3·bG�, @oTXÚ�ÑÑ&ÒÒäk
·b���A5, äk°ª�. � p1 = 0.1, p2 = 0.5
Ú p1 = 0.3, p2 = 0.46 �, XÚ?u·bG�, X
ÚÑÑ&Ò�éêÌ©OXã 9(a) Ú (b) ¤«. �
ý(J´d8�zÃþjXÚ���, ã 9 ¥ü�
éêÌ�/GØ�Ó, ã 9(b) 3 20 dB �°¥Ñy

��]�. ù`²XÚÑÑ&ÒØ�äk°ª�,
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Ù&ÒªÌ/Gäkõ«/ª. ¿�XTXÚäk
ÏLUCXÚëê5���)&ÒªÌ/G�d
3�U, ùò�Ù3·bX�!>fé|�+��
A^�5`³.

3.2.3 �'5©Û
g�'XêÚp�'Xê´µdS��Å5

U~^�ÚOþ [18]. �´��¼êN� (5) ¹k
�6©þ, ÙªÌ3"ª?k�^Ì�, �p

�'¼ê�Ä.. Ïd, ·�©ÛØ���ì�
ÑÑ&Ò x = sin(wt + θ) ��'5, ØÓ�ü|
ëê p1 = 1, p2 = 0.45, p3 = 0.01 Ú p1 = 0.1,
p2 = 0.45, p3 = 0.01 ¤éAÑÑ&Ò�g�'¼
êÚp�'¼ê©OXã 10(a) Ú (b) ¤«.

ã 10 �'5©Û (a) g�'5©Û; (b) p�'5©Û

���5gNªXÚ?u·bG��, ·�À
JØÓ�Ð©^�?1
�þ�¢�, ¢�(JL
², Ð©^����éXÚ?u·bG���ÑÑ
&Ò��'5vk²w�K�, ÑÑ&Ò�g�'
¼êÚ�Cn��óÀ¼ê, p�'¼ê�C".
ù`²��5gNªXÚ?u·bG���ÑÑ
&Ò��Å5UûÐ.

4 ��5gNªXÚ�ÓÚ

4.1 NNNªªªèèè°°°ÄÄÄÓÓÓÚÚÚ

ÏL�O��g·AÓÚ��ì5¢y��
5gNªXÚ�ÓÚ. Tg·AÓÚ��XÚ(�
µãX 11 ¤«.

� e(n) = x2(n) − x1(n) �ü�XÚ�ÓÚ
Ø�, ÏL�Og·A��XÚ��zÓÚØ
� ||e(n)||, l
�yXÚ�ÓÚ, ��CþL«
�

wx(n + 1) − w1(n + 1)

= −γ
∂E(n)
∂wx(n)

+ (θ2(n) − θ1(n))2, (7)

Ù ¥ w1(n + 1) = ax2
1(n) + bx1(n) + c, E(n)

= ||e(n)|| = (x2(n) − x1(n))2, ëê γ ��~ê.
d�, Ø���ì�ÑÑ� x2(t) = sin(wx(t) + θ),
Kæ���

x2(n) = sin(wx(n)∆T + θ2(n − 1)), (8)

d (2) ª, Ón���

θ2(n + 1) = θ2(n) + wx(n + 1)∆T. (9)

ò (8) Ú (9) ª�\ (7) ª, ��

wx(n + 1) = w1(n + 1) − 2γ∆T cos(θ2(n))(x2(n)

−x1(n)) + (θ2(n) − θ1(n))2. (10)

ã 11 ÓÚ��XÚµã

ã 12 �Ñ
ØÓÐ©^��XÚ�ÓÚ�
¹, ã 12(a) ¥�¢�ÚJ�©O�LXÚ 1 �C
þ x1(n) ÚXÚ 2 �Cþ x2(n), �±wÑ��3
S� 70 g�, XÚ 1 ÚXÚ 2 ¢y
ÓÚ, ã 12
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(b) ´ü�XÚ�ÓÚØ�, �X�mCzÓÚØ
� e(n) → 0, Ïd, þ�Ø� E(n) → 0. XÚ 1 Ñ
Ñ&Ò x1(t) ÚXÚ 2 ÑÑ&Ò x2(t) ���Å/
Xã 13 ¤«, t = 25 ��, x1(t) Ú x2(t) ��ÓÚ,
ÓÚ�ü�&Ò�ªÇÚ� ÑUì�Ó·b5
ÆCz.

ã 12 (a) x1(t) Ú x2(t) �æ�&Ò; (b) ÓÚØ�

ã 13 x1(t) Ú x2(t) ���Å/ (a) x1(t); (b) x2(t)

4.2 ¢¢¢���(((JJJ

¢�¥�ï
��5gNªXÚ 1 Ú 2 , ±9
ÓÚ��ì, Ù¥¹�g�����5C�ÚÓÚ
��ì^y|�?§��� (FPGA) ¢y, VCO �

¬±êiªÇÜ¤Eâ¢y. ¢�¥^�>´�X
ã 14 ¤«. XÚ 1 ÑÑ&Ò x1(t) ÚXÚ 2 ÑÑ
&Ò x2(t) �¢�ÓÚ(JXã 15 ¤«. ÑÑ&
Ò x1(t) Å/9G�ÓÚãXã 16 ¤«. ¢�(J
y²ü�gNªXÚ�±N´/¢yÓÚ.

ã 14 ¢�>´

ã 15 ¢�¥*	�� x1(t) Ú x2(t)

ã 16 ÑÑ&Ò x1(t) Å/9G�ÓÚã

�©ÓÚ��ì��O|^
ªÇ�� 
�pÍÜ�&E, ÏL��zþ�Ø� E(n), �
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y x1(t) Ú x2(t) ��ÓÚ. ë�©z [10—13] JÑ
���·bNªXÚ�ªÇ�� vk(½�¼
ê'X, Ïd, Ã{|^��©aq�{ü���
{¢yNªè°ÄÓÚ.

5 ( Ø

JÑ�«Äug�"���5Nª·bXÚ,
ïáêÆ�., ÏL©ÛªÇÚ� �m�'X�
���¼êN�. ­:l©
ã!Lyapunov �ê9
ëê�m��©
��Ý©Û
TXÚ�ÄåÆ
1�, *	��©
!�±Ï©
9õ­��´L

y�; {ü©Û
TXÚ?u·bG��A^A5,
=ÑÑ&Ò���Úª�A5, `²TXÚ3A½
ëêe�ÑÑ&Òäk·b���A5, Ó�äk
$�¸�þ�õÇ'Ú°�ª�, ¿�ÙªÌ(�
�UH{õ«/ª, ù¿�XgNª(��&Ò

�U÷vÄu@��X�ÚÏ&�A^�I¦.

|^ªÇÚ� �pÍÜ�&E�O
��
g·AÓÚ��ì, ¢y
��5gNªXÚ��
�ÓÚ. �Ï~�NªXÚ�', ��5gNªX
Ú�ÓÚ¢y�N´, �I�Nªè�&E. Ï~
Nªè��°��uNª&Ò��, lA^��Ý
�Ä, ù¿�XTXÚÑÑ&ÒN´­�, ��Y
�&Ò?nJø
B|.
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coupled synchronization∗

Hu Wen1)2)† Li Jun-Ping1) Zhang Gong1) Liu Wen-Bo3) Zhao Guang-Hao1)

1) ( College of Electronic and Information Engineering, Nanjing University of Aeronautics and Astronautics, Nanjing 210016, China )

2) ( Nanjing Changjiang Electronics Group CO., LTD, Nanjing 210037, China )

3) ( College of Automation Engineering, Nanjing University of Aeronautics and Astronautics, Nanjing 210016, China )

( Received 25 June 2011; revised manuscript received 17 July 2011 )

Abstract
We proposed a new chaotic system using the closed loop self-feedback frequency modulation (FM) technique where the current

sample of the output signal of voltage-controlled oscillator (VCO) is transformed and used as the next input of VCO. The dynamical
behavior of the system is investigated by Bifurcation diagram and Lyapunov exponents. The performance of the system is analyzed in
terms of peak to average power ratio (PAPR), frequency spectrum and the correlation function of the output signal. The results show
that the developed system has complicated dynamical behaviors, including bifurcation, multi-stability and chaos, and the generated
chaotic signals have low PAPR and wide bandwidth. We also discussed the synchronization of the system by FM code. In circuit
experiments, VCO is implemented by digital frequency synthesis. The experimental results are consistent with our theoretical analysis.
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PACS: 05.45.−a

* Project supported by the National Natural Science Foundation of China (Grant Nos. 61071163, 61001151), the Nanjing University of Aeronautics
and Astronautics, Scientific Research Fund, the Nanjing University of Aeronautics and Astronautics, Research Funding (Grant No. NS2010096,
61001151), and the Aeronautical Science Foundations of China (Grant Nos. 2009ZC52038, 2008ZC52026).

† E-mail: hwfeng118@163.com

010504-9


