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3ý¢°�¥, ÅLo´��«�U/ª�
°6���, �¬É�°66�©Ù.��ØÓ

éÅL�)ØÓ�K�. �²w�´, �c?Å
Å��6Ó��, ¬¦6N�:� £O�, 
�
��K á. Ïd, éÅ6|�ïÄ´���­
���K. cÙé3áÏm�«�°�p, c?Å
D43C�þ!6�r§�6 (tidal current) ½ç
� (Kuroshio) ½�6 (gulf stream) ¥��¹, A�
AO­À.

� 8 é Å 6 | � ï Ä, � ® d @ Ï é � {
ü�þ!6�¹, ?Ð�k6�Cz�}å6,
X Longuet-Higgins Ú Stewart[1,2], Jonsson � [3−5],
Peregrine[6], Thomas[7,8], ��ÃÚB©# [9], Bad-

dour Ú Song[10], Ü�IÚ��Ã [11], Groeneweg
Ú Battjes[12], Musumeci � [13] 9 Olabarrietal � [14].
�ù
 Ù�ïÄ, þ±êÆ)Û��{ü�!£
ã��½ �?�6|A5� Euler �ª5?n.

|^êÆ)Û��(J� Lagrange �ª5£ã
Å6|¥6N�:�$ÄA5, XéÙ$Ä;,!
$Ä±Ï!�þDÑ�Ý�$Ä±Ï²þp§9
ë��, �8Ek�&?; �é3Å6|¥��2
Ô, Ù�6N�:¤6�1,�Òk�£ã. �é
d, C5 Hsu � [15] �®é3þ!6¥Ã^5�g
dL¡±Ï55Kc?­åÅ6| ({P� IFSPG-
WPUC Å6|), ò��ÃÚB©# [9] ¤��dÅ
6|�n� Euler ), A^��ÃÚNø5 [16−18]

±9 Chen Ú Hsu[19] � Euler-Lagrange =��ª,
¦ÑdÅ6|¥6N�:$Ä;,�n�); �ù
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¿���± Lagrange �ª, =�d²(½ÂÑI
56N�:�ëêe, 5¦�dÅ6|� Lagrange
). Ïd, �²(����/£ãÅ6|¥6N�
:�¤k$ÄA5, �©K��� Lagrange �ª,
5¦Ñ IFSPGWPUC Å6|�n�).
©¥1�!´`² IFSPGWPUC Å6|�Ä

�5�, 9�â6|äk��±Ï53÷v�þÅ
ðe, ²(½ÂÑ�B�O6N�:�I5ëê;
3dI5ëêe, Å6|7�÷v��þÅðª!
Ã^6^�ª!Uþª!3.K�gdL¡?�
ü>.^�ª�, ¤k��ªþ��Ñ. A^��
Ã [20,21], Chen Ú Hsu � [22,23] �)Û�ª, ¦Ñ
6N�:�$Ä;,�c?Å�Å���1n�
), K31n!¥�ã. 1o!, Ké¤��dÅ
6|�� Lagrange /ªn�)?1u��y, ¿�
�Ñ Euler /ª)¤Ã{£ã�6N�:�$ÄA
5, �)Ù$Ä±Ï!�þDÑ�Ý�$Ä±Ï²
þp§; ¿¥yÙ$Ä;,�/G (3�½�ÅL
^�e) �þ!6�6�6��Cz�C¤­½5
$Ä���/, ±9ë�. 1Ê!Ké�©��Ø
ã¤���²(�(Ø.

2 Å6XÚ�£ã����§ª

2.1 ÅÅÅ666XXXÚÚÚ999666NNN���:::��� Lagrange III
555ëëëêêê������½½½

3n��m¥, �Ä�Ã^5�gdL¡5K
c?­åÅ�, D43²þ·Y�� d �þ!6
� U �6N¥. £ãdÅ6XÚ, �©Ú\�I�
: 0 T u�²þ·Y¡�k����I (Carte-
sian rectangular coodinate), T�I u�²þ·Y
¡?�Y² x ¶�����c?Å�Å�, 
Y
����R� y ¶��þ��, ý���� z ¶
K±mÃÚ^�K5½Ù���, �uþ!6 U

Ù6����� x ¶�Y�� θ; Xã 1 ¤«. L

� Tw ��c?Å�Å��±Ï, 
ÙéA�Å
ê (wave number) �±ÅÇ (angular frequency) K©
O� k = 2π/L � σw = 2π/Tw; H �dc?Å�
Åp.

du�©´± Lagrange �ª, 5£ã3Ø�
Ø 5 (incompressible) �ÃÅ5 (inviscid) �6N
¥Ã^5 (irrotational) $Ä�Å6|, �Ik�½
��6N�:� Lagrange I5 (label) ëê (a, b, c),
a, b, c ��÷X x, y, z ¶��I�; Ù¥ b �'

X � Y ¥ � : � þ e å Ï, A ( ½ X e. X þ
¤ã3þ!6¥u y ¶��þeåÏ�c?Å,
´÷� x ¶��D4�, Ïd, 3dÅ6|¥6
N�:�$Ä;,Ù¼ê/ª� x = x(a, b, t),
y = y(a, b, t), z = c + |U |t sin θ; 2d�þÅð9
ÅLu x ¶�����±Ï5, �â Chen � [23]

¤�ã�ò�A^, u Lagrange �ª£ãe, é
dÅ6|3?¿�½�m t 9÷ z ¶�ü °Ý
e, dØßY�Y².K y = b = −d ?�gdL
¡ y = η(x(a, b = 0, t)) ?�È©, ¤��Å�²þ
NÈ�

1
L

∫ x+L

x

∫ η

−d

∫ z+1

z

dzdydx = d

=
1
L

∫ a+L

a

∫ 0

−d

∫ c+1

c

∂(x, y, z)
∂(a, b, c)

dadbdc

=
1
L

∫ a+L

a

∫ 0

−d

∂(x, y)
∂(a, b)

dadb, (1)

(1) ª ¥ Ï x ¶ T u � ² þ · Y ? 


k
1
L

∫ x+L

x
ηdx = 0; ¿dd=��

∂(x, y, z)
∂(a, b, c)

=

∂(x, y)
∂(a, b)

= 1 9�Å��6N�:�$ÄéA�Å

�²þp§ ȳ�

ȳ =
1
L

∫ x(a+L,b,t)

x(a,b,t)

ydx =
1
L

∫ x+L

x

∫ y

−d

dydx − d

=
1
L

∫ a+L

a

∫ b

−d

∂(x, y)
∂(a, b)

dbda − d

= b,−d 6 b 6 0, (2)

(1) � (2) ª¤ã�(J, òé IFSPGWPUC Å6|
)Û¦�Ù)�, 2��£y.

ã 1 IFSPGWPUC Å6|«¿ã

d ± þ � � ã � �, ± Lagrange � ª 5 £
ã IFSPGWPUC Å6|, 3÷v�þÅðe, ÷
Y� y ¶���I5� b ��6N�:, T� b

��6N�:�$Äp§ y(a, b, t) �Å�²þ ȳ,
Ïd��� −d 6 b = ȳ 6 0, =3.K y = −d
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?�6N�:Ù b = −d, 
3gdL¡ y = η

?�Ù b = 0. dd���, 3d�½e, IFSPG-
WPUC Å6|¥, 6N�:��½� Lagrange I
5ëê (a, b, c) =�Ù3�·�Y¥��I�. 3
ù���½e, ± Lagrange �ª5£ãÚ)Û IF-
SPGWPUC Å6|, Òé²(��B
.

2.2 ���������§§§ªªª

1) �þÅð�§ª
dþ�!¤ã, �)Û¦), K�þÅðª�

Ùé�m t � �©ª��

J =
∂(x, y, z)
∂(a, b, c)

=
∂(x, y)
∂(a, b)

= xayb − xbya = 1 (3)

�
∂J

∂t
=

∂(xt, y)
∂(a, b)

+
∂(x, yt)
∂(a, b)

= xatyb − xbtya + xaybt − xbyat

= 0. (4)

2) ÄþÅð�$Ä�§ª
ë� Lamb[24] §13, KÄþÅðª�

xttxa + yttya + zttza = −gya − pa/ρ, (5a)

xttxb + yttyb + zttzb = −gyb − pb/ρ, (5b)

xttxc + yttyc + zttzc = −gyc − pc/ρ, (5c)

ª¥ g �­å\�Ý, ρ�6N�Ý, p�6|¥�
^36N�:�Øå; 
eIL«é¤«�Cþ�
 �©.

3) UþÅð�Uþ�§ª
� d (5a)—(5c) ª © O é � m t d å © �

m t = t0 �?¿�m t �È©, Kk

xtxa + ytya + ztza − [xtxa + ytya + ztza]t=t0

= −Ka, (6a)

xtxb + ytyb + ztzb − [xtxb + ytyb + ztzb]t=t0

= −Kb, (6b)

xtxc + ytyc + ztzc − [xtxc + ytyc + ztzc]t=t0

= −Kc, (6c)

9

Kt = p/ρ + gy − (x2
t + y2

t + z2
t )/2

K =
∫ t

t0

[p/ρ + gy − (x2
t + y2

t + z2
t )/2]dt, (7)

(7) ª=� Lagrange �ª£ãe, ÃÅ5�Ø�Ø
 56N�6|�Uþª, ½¤¢� Weber =�.

4) �^6^�ª

d Lamb[24] §17 ¤«, é�Ý�u~ê½=�
Øå�¼ê�n�6N, 3�ä ³ (potential) �
Åð|X3­å|�­å�^e, u?���, k
�6�³ (velocity potential) �3ud6N�?�
k�Ü©��ì¥�, K3dÜ©�6N�ì¥u
�c½����$Ä, �k�6�³��3. Ïd,
- IFSPGWPUC 6|¥, uå©�m t = t0 ��3
�6�³ φ0(t = t0), Kd Lamb[24] §17 � §251 p
��ã, k��Ü�©ª (an exact differential equa-
tion) ¤áu�3d φ0 ���6N�ì¥,�

[udx + vdy + wdz]t=t0

= [(xtxa + ytya + ztza)da

+(xtxb + ytyb + ztzb)db

+(xtxc + ytyc + ztzc)dc]t=t0

= dφ0, (8)

(8) ª¥ u = xt, v = yt, w = zt ©OL«6N�:
u x, y, z ¶��þ�6�©þ. �X, ò (6a)—(6c)
nª©O¦± da, db, dc ��\, �A^ (8) ª, K
3?¿�½��m t e, k

(xtxa + ytya + ztza)da

+(xtxb + ytyb + ztzb)db

+(xtxc + ytyc + ztzc)dc

= [dφ0 − dK]

= dφ = φada + φbdb + φcdc,

φ = −K + φ0,

dþª� (7) ª, ��
φa = xtxa + ytya + ztza,

φb = xtxb + ytyb + ztzb,

φc = xtxc + ytyc + ztzc, (9a)

�
p/ρ = −φt − gy + (x2

t + y2
t + z2

t )/2, (9b)

(9a) Ú (9b) ª¥� φ =� IFSPGWPUC 6|� La-
grange 6�³. Ïd, TÃ^66|�^� (the
irrotational flow condition), U (9a) ª�A^, 3 La-
grange �ª�£ãe, Ù3n��m¥�L«�

φba − φab

= (xtxb + ytyb + ztzb)a − (xtxa + ytya + ztza)b

= xatxb − xbtxa + yatyb − ybtya

+ zatzb − zbtza =
∂(xt, x)
∂(a, b)

+
∂(yt, y)
∂(a, b)

+
∂(zt, z)
∂(a, b)

= 0, (10a)

034702-3



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 3 (2012) 034702

φcb − φbc

= (xtxc + ytyc + ztzc)b − (xtxb + ytyb + ztzb)c

= xbtxc − xctxb + ybtyc − yctyb

+ zbtzc − zctzb =
∂(xt, x)
∂(b, c)

+
∂(yt, y)
∂(b, c)

+
∂(zt, z)
∂(b, c)

= 0, (10b)

9

φac − φca

= (xtxa + ytya + ztza)c − (xtxc + ytyc + ztzc)a

= xctxa − xatxc + yctya − yatyc

+ zctza − zatzc =
∂(xt, x)
∂(c, a)

+
∂(yt, y)
∂(c, a)

+
∂(zt, z)
∂(c, a)

= 0. (10c)

5) >.^�ª
3ØßY�Y².K b = −d �3gdL

¡ b = 0 ü>.?, ÙI÷v�^�ª©O�

v = yt = 0, b = −d, (11)

p = 0, b = 0. (12)

�n±þ��ã, K¦) IFSPGWPUC Å6
|7IA^���§ª�S´: �þÅðª (3)
ª9Ùé�m t � �ª (4) ª, �Ã^6^�
ª (10a)—(10c) ª9ÙéA�6�³ (9a) ª, �
Uþª (9b) ª9.K�gdL¡>.^� (11)
� (12) üª. d���ue!¥�¦)L§.

3 �Ä)ÛÐm9�1n�)

IFSPGWPUC Å6|, u Lagrange �ª£ãe,
¦)þ!¤ã���5���§ª. �!¥, |
^��·���Ä)Û�ªXÚ/éÙÅ�g/
Ðm, ¦ÑÙ�1n�� Lagrange )Û). d 2.1.
�!é IFSPGWPUC Å6|�Ä�A5, 9ë�
��Ã [20,21], ��ÃÚNø5 [17,18] ±9 Chen
� [19,22,23] é5Kc?­åÅ�Øã, �3ÃÅ
�þ!66|¥�Øå�·YØe, KdÅ6|
¥�)�6N�:�$Ä;, x, y, z, �Ù$Ä±
Ï TL = 2π/σ, 96�³ φ �Øå p �, Ù�ÄÐ
m�¼ê/ª�L«�

x = a + |U |t cos θ +
∞∑

n=1

∈n [fn(a, b, σt)

+f ′
n(a, b, σ0t)], (13)

y = b +
∞∑

n=1

∈n [gn(a, b, σt)

+g′n(a, b, σ0t)], (14)

z = c + |U |t sin θ, (15)

φ = |U |(a cos θ + c sin θ) + |U |2(t − t0)/2

+
∞∑

n=1

∈n [φn(a, b, σt) + φ′
n(a, b, σ0t)]

= −K + φ0, (16)

p/ρ = −gb +
∞∑

n=1

∈n pn(a, b, σt)/ρ, (17)

σ = 2π/TL(b) = σ(b)

= σ0 +
∞∑

n=1

∈n σn(b), (18)

(13) � (18) ª¥, ∈ X Pierson[25] ¤«�=´L«
�g���ëê (an ordering parameter) ½ÎÒ

®, 
3��¦��)¥Ù�� 1. 3ù
ª¥�²
w/wÑ, Xdþ!6¤E¤�þ�®�¥y3�
)Ù6� |U | ��p. 2ö, éþ!6¥÷ x ¶�
�D4�±Ï5gdL¡5K­åÅ, Ù6|¥¤
k�6N�:$Ä, �,u x ¶���äÓ��m
±Ï (=Å�) 5; Ïd, 6N�:�$Ä±Ï TL �
éA�±ªÇ σ = 2π/TL, =´Ù÷Y� y ¶��
�I5ëê b �¼ê, ����eã�)Û. Ïd,
�¦�6|)�´ëCê b �EÜ¼ê (functional,
=¼ê�¼ê); �eÙ)¥k F (a, b, σ(b)t) �E
Ü¼ê/ª, KÙé b � �©, �,L�)éX b

��� �©Ü©, ±eI (b) L«, ±92\þ
é σ � �©Ü©, =k

∂F (a, b, σ(b)t)/∂b = Fb = F(b) + Fσtσbt; (19)

∂F ′(a, b, σ0t)/∂b = F ′
b = F ′

(b), (20)

�â (19) ªéEÜ¼ê� �©?n, K�é IF-
SPGWPUC Å6| ?1XÚ!�Ù!²(/Å�
Ðm)Û, Xeã.

3.1 111������ (=== ∈ ���) )))

ò (13)—(18) ª � \ � � � § ª (3), (4),
(10a)—(10c), (9a), (9b) 9 (11) � (12) ª¥, �A
^ (19) ª5�ÑÙ¥� ∈ �, K1����ª�S
�

f1a + f ′
1a + g1(b) + g′1b = 0, (20a)

f1aσt + f ′
1aσ0t + g1(b)σt + g′1bσ0t = 0, (20b)

f1(b)σt + f ′
1bσ0t − g1aσt − g′1aσ0t = 0, (20c)
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φ1a + φ′
1a = |U |(f1a + f ′

1a) cos θ

+ σ0(f1σt + f ′
1σ0t), (20d)

φ1(b) + φ′
1b = |U |(f1(b) + f ′

1b) cos θ

+ σ0(g1σt + g′1σ0t), (20e)

p1/ρ = |U |σ0(f1σt + f ′
1σ0t) cos θ

− σ0(φ1σt + φ′
1σ0t) − g(g1 + g′1), (20f)

g1σt + g′1σ0t = 0, b = −d, (20g)

p1 = 0, b = 0, (20h)

þã1�� (= ∈ �) ���ª�S�: (20a), (20b)
üª©O��þÅðª�Ùé�m t � �©
ª; (20c) ª�Ã^6^�ª; (20d), (20e) üª©O
�6�³ φ é a �X b ��� �©ª; (20f) ª
�UþÅðª; 
 (20g), (20h) üªK©O�3Y
².K�gdL¡ü?�>.^�ª. dù
�
�ª (20a)—(20h) ª, ���m t = t0 = 0 �, �
3 a = b = 0 ?���Å¸:�, )Ñ IFSPGWPUC
Å6|�1��)�

f1 = −H

2
cosh k(b + d)

sinh(kd)
sin(ka − σt),

f ′
1 = 0, (21)

g1 =
H

2
sinh k(b + d)

sinh(kd)
cos(ka − σt),

g′1 = 0, (22)

φ1 =
H(σ0 − k|U | cos θ)

2k

×cosh k(b + d)
sinh(kd)

sin(ka − σt),

φ′
1 = 0, (23)

p1

ρ
= −gH

sinh(kb)
sinh(2kd)

cos(ka − σt), (24)

σ2
0 = gk tanh(kd), �-ω0 = tanh(kd), (25)

(25) ª�(J´d®¦Ñ� (21)—(23) ª�)�
\ (20f) ª¥�|^ (20h) ª
��; ,�, 2r¤
�� (21)—(23) ª9 (25) ª�\ (20f) ¥Ò��
� (24) ª. þ±ª¥ H �Åp, =31��)¥Å
pÒ��½
 [26], �±��p�)¥Å�~Å�
�Y �ÒI�".

3.2 111������ (=== ∈2 ���) )))

�þ�!¦)1��)���{��, d¤
ã���ª¥�Ñ ∈2 �, ¿|^¤¦��1��
) (21)—(25) ª, K IFSPGWPUC Å6|�1��
��ª�S�

f2a + f ′
2a + g2(b) + g′2b

= −f1ag1(b) + f1(b)g1a − σ1btg1σt

=
1
8
k2H2

[cosh 2k(b + d)
sinh2(kd)

+
cos 2(ka − σt)

sinh2(kd)

]
−H

2
σ1b

sinh k(b + d)
sinh(kd)

t sin(ka − σt), (26)

σ0[(f2a + g2(b))σt + (f ′
2a + g′2b)σ0t]

= −σ1(f1a + g1(b))σt

−σ0(f1ag1(b) − f1(b)g1a)σt

−σ1bg1σt − σ0σ1btg1(σt)2

=
1
4
k2H2σ0

sin 2(ka − σt)
sinh2(kd)

−H

2
σ1b

sinh k(b + d)
sinh(kd)

×[sin(ka − σt) − σ0t cos(ka − σt)], (27)

σ0[(f2(b) − g2a)σt + (f ′
2b − g′2a)σ0t]

= σ1(g1a − f1(b))σt

−σ0(f1af1(b)σt − f1aσtf1(b)

+g1ag1(b)σt − g1aσtg1(b))

−σ1bf1σt − σ0σ1btf1(σt)2

=
1
4
k2H2σ0

sinh 2k(b + d)
sinh2(kd)

−H

2
σ1b

cosh k(b + d)
sinh(kd)

×[cos(ka − σt) − σ0t sin(ka − σt)], (28)

φ2a + φ′
2a = |U |(f2a + f ′

2a) cos θ

+σ0(f2σt + f ′
2σ0t) + σ1f1σt

+σ0(f1af1σt + g1ag1σt)

= |U |(f2a + f ′
2a) cos θ + σ0(f2σt + f ′

2σ0t)

+
H

2
σ1

cosh k(b + d)
sinh(kd)

cos(ka − σt)

−σ0

8
kH2

[cosh 2k(b + d)
sinh2(kd)

+
cos 2(ka − σt)

sinh2(kd)

]
, (29)

φ2(b) + φ′
2b = |U |(f2(b) + f ′

2b) cos θ

+σ0(g2σt + g′2σ0t) + σ1g1σt

+σ0(f1(b)f1σt + g1(b)g1σt)

+
(
|U |f1 cos θ − φ1)σtσ1bt

= |U |(f2(b) + f ′
2b) cos θ + σ0(g2σt + g′2σ0t)

+
H

2
σ1

sinh k(b + d)
sinh(kd)

sin(ka − σt)
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+
Hσ0

2k
σ1b

cosh k(b + d)
sinh(kd)

t cos(ka − σt), (30)

p2

ρ
= −σ0(φ2σt + φ′

2σ0t)

+σ0|U |(f2σt + f ′
2σ0t) cos θ − g(g2 + g′2)

+σ1(|U |f1 cos θ − φ1)σt +
σ2

0

2
(f2

1σt + g2
1σt)

= σ0

[
|U |(f2σt + f ′

2σ0t) cos θ − (φ2σt + φ′
2σ0t)

]
−g(g2 + g′2) +

Hσ0

2k
σ1

cosh k(b + d)
sinh(kd)

× cos(ka − σt) +
σ2

0

16
H2

[cosh 2k(b + d)
sinh2(kd)

+
cos 2(ka − σt)

sinh2(kd)

]
, (31)

σ0(g2σt + g′2σ0t) + σ1g1σt = σ0(g2σt + g′2σ0t) = 0,

b = −d, (32)

p2 = 0, b = 0. (33)

¦)���§ª (26)—(33) ª�1��), Ù�[
)ÛL§Xe¤ã.

Äk, é IFSPGWPUC Å6|¥�?�6N�
:�$Ä
ó, Ùd?��m t ��m t + TL �
��$Ä±Ï TL �Ïm, ´3�½���S 
£���½�ål
®, 
Ø�����/@�
¬��m t �O�
\�Ù$Ä����ål;
Ïd, (26)—(33) ª¥, ¹k��� t cos(ka − σt)
� t sin(ka − σt) �L�", = σ1b = 0 
� σ1 �
�)�~ê. Ïd, 2d (27) ªé a � �©\
þ (28) ªéX b ��� �©, K��

(27ª)a + (28ª)(b)

= σ0[(f2aa + f2(b)(b))σt

+(f ′
2aa + f ′

2bb)σ0t]

=
1
2
k3H2σ0

[cos 2(ka − σt)
sinh2(kd)

+
cosh 2k(b + d)

sinh2(kd)

]
,

σ1b = 0, (34)

(34) ª´ Poisson �§, Ù)�

f2 = −β222
cosh 2k(b + d)

cosh(2kd)
sin 2(ka − σt)

− β211
cosh k(b + d)

cosh(kd)
sin(ka − σt)

+
1
16

kH2 sin 2(ka − σt)
sinh2(kd)

, (35a)

f ′
2 =

1
8
kH2 cosh 2k(b + d)

sinh2(kd)
σ0t, (35b)

(35a) ª¥ β222 � β211 þ��½�~êXê. Ón,
d (27) ªéX b ��� �©~� (28) ªé a �
 �©, K��

(27ª)b − (28ª)a

= σ0[(g2aa + g2(b)(b))σt

+(g′2aa + g′2bb)σ0t] = 0,

σ1b = 0, (36)

(36) ª3÷v.K>.^� (32) ªe, ¦�Ù)�

g2 = λ222
sinh 2k(b + d)

cosh(2kd)
cos 2(ka − σt)

+λ211
sinh k(b + d)

cosh(kd)
cos(ka − σt);

g′2 = g′2(b), (37)

(37) ª ¥ λ222 � λ211 þ�� ½ � ~ ê X ê,

 g′2(b) ´�¦� b �¼ê; σ1 9 (35a) � (37)
ª¥�ù
�¦öò3e¡)Û¦Ñ.

duÅp H ®u1��)Ò®���û½, �
31��)¥¤��Å� (b = 0, ka − σt = 2nπ)
?�Y ~�Å� (b = 0, ka − σt = (2n + 1)π) ?
�Y �I�", =d (37) ª�

g2(b = 0, ka − σt = 2nπ)

−g2(b = 0, ka − σt = (2n + 1)π) = 0,

n ∈ I, �λ211 = 0. (38)

ò¤�� (35a), (35b), (37) 9 (38) ª2�\�þÅ
ðª (26) ª¥, u σ1b = 0 e, Kk

β222 = λ222 = β2,

λ211 = β211 = 0,

g′2 =
1
16

kH2 sinh 2k(b + d)
sinh2(kd)

. (39)

�X, ò (34)—(39) ª��� σ1, f2, f
′
2, g2, g

′
2

�(J, �\ (29) � (30) ª¥, K©O��

φ2a + φ′
2a =

{
2(k|U | cos θ − σ0)

×
[
− β2

cosh 2k(b + d)
cosh 2(kd)

+
1
16

kH2(ω−2
0 − 1)

]
− 1

8
kH2σ0(ω−2

0 − 1)

}

× cos 2(ka − σt) +
H

2
σ1ω

−1
0

× cosh k(b + d)
cosh(kd)

cos(ka − σt),

σ1 = ~ê, (40a)
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�

φ2(b) + φ′
2b

= 2(σ0 − k|U | cos θ)β2

× sinh 2k(b + d)
cosh 2(kd)

sin 2(ka − σt)

+
1
4
k2H2(ω−2

0 + 1)|U | cos θ

× sinh 2k(b + d)
cosh 2(kd)

σ0t

+
H

2
σ1ω

−1
0

sinh k(b + d)
cosh(kd)

sin(ka − σt),

σ1 = ~ê, (40b)

d�d (40a) � (40b) üª©Oé a �X b ���
È©, K�� φ2 � φ′

2 ��

φ2 =

[
(σ0 − k|U | cos θ)

k
β2

cosh 2k(b + d)
cosh 2(kd)

+
(k|U | cos θ − 2σ0)

16 sinh2(kd)
H2

]
sin 2(ka − σt)

+
Hσ1

2k
ω−1

0

cosh k(b + d)
cosh(kd)

sin(ka − σt), (41a)

φ′
2 =

1
8
kH2|U |cosh 2k(b + d)

sinh2(kd)
σ0t cos θ

+ D2(σ0t),

σ1 = ~ê, (41b)

(41b) ª¥ D2(σ0t) =� σ0t �¼ê (�¹?¿~ê
���").

2 ò ± þ ¤ � � f2, f
′
2, g2, g

′
2 9 φ2, φ

′
2 �

\ (31) ª¥, K��

p2

ρ
=

[
2σ2

0

k
β2

cosh 2k(b + d)
cosh(2kd)

−gβ2
sinh 2k(b + d)

cosh(2kd)

− 3
16

σ2
0H

2(ω−2
0 − 1)

]
cos 2(ka − σt)

+
H

k
σ0σ1ω

−1
0

cosh k(b + d)
cosh(kd)

cos(ka − σt)

+
H2

16

[
σ2

0

cosh 2k(b + d)
sinh2(kd)

−gk
sinh 2k(b + d)

sinh2(kd)

]
− σ0D2σ0t. (42)

��, ò (42) ª�\gdL¡>.^� (33) ª
¥, �A^1��)¥� (25) ª, Ku1��)¥

¤kÿ�)Ñ�~ê��¦��
β2 =

3
32

(ω−4
0 − 1)kH2, σ1 = 0,

D2(σ0t) = − 1
16

(ω−2
0 − 1)H2σ2

0t. (43)

�n��!±þ¤¦��), K IFSPGWPUC
Å6|�1����)�

f2 =
[
− 3

32
(ω−4

0 − 1)
cosh 2k(b + d)

cosh(2kd)

+
1
16

(ω−2
0 − 1)

]
kH2 sin 2(ka − σt), (44)

f ′
2 =

1
8
(ω−2

0 + 1)kH2 cosh 2k(b + d)
cosh(2kd)

σ0t, (45)

g2 =
3
32

(ω−4
0 − 1)kH2 sinh 2k(b + d)

cosh(2kd)
× cos 2(ka − σt), (46)

g′2 =
1
16

(ω−2
0 + 1)kH2 sinh 2k(b + d)

cosh(2kd)
, (47)

φ2 = |U |f2 cos θ +

[
3
32

(ω−4
0 − 1)

×cosh 2k(b + d)
cosh(2kd)

− 1
8
(ω−2

0 − 1)

]
×H2σ0 sin 2(ka − σt), (48)

φ′
2 = |U |f ′

2 cos θ − 1
16

(ω−2
0 − 1)H2σ2

0t, (49)

p2

ρ
= g

{
3
32

(ω−4
0 − 1)

[
2ω0

cosh 2k(b + d)
cosh(2kd)

−sinh 2k(b + d)
cosh(2kd)

− 2ω0

(ω−2
0 + 1)

]
× cos 2(ka − σt) +

1
16

(ω−2
0 + 1)

×
[
ω0

cosh 2k(b + d)
cosh(2kd)

− sinh 2k(b + d)
cosh(2kd)

+
(ω−1

0 − ω0)
(ω−2

0 + 1)

]}
kH2,

σ1 = 0. (50)

d (44)—(50) ª��, 3þ!6 U ¥÷ x ¶��
D4�±Ï5gdL¡­åÅ, Ù6|¥�6N�
:�$Ä, ÉÅL¤Úå� x ¶�Y� y ¶��
�$Ä;,©þ9Øå, XÓ (21)—(25) ª¤«�
1��)���, 31��), ��Ã6XÅ� (�
©z [20,23])���Ó (Ù¢3�p�)¥½Xd,
��ue). 31��)¥, Ø
��±Ï�	, ,
k÷ x ¶����m t ��5O�6N�:� 
£þ f ′

2 ��3Ù$Ä±Ï²þe�p§ g′2 ��
�3, ���X6N�:¤3��·��Ý b ��
�
4~, dy�½�ÅLkbÝ kH �O�
�
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wÍ. ��Ã6XÅ�wÍØÓ�´, Ï�kþ!
6 U �c?Å��p�^�A�3udÅ6|¥
�6�³ φ2 � φ′

2 �p, ¦�Å6|¥�Øå p2

ØÉþ!6 U �K�.

3.3 111nnn��� (=== ∈3 ���) )))

XÓc��¦)��{, d¤ã���ª¥
�Ñ ∈3 �, ¿|^c��) (21) � (25) ª9 (44)
� (50) ª, K1n���ª�g�

f3a + f ′
3a + g3(b) + g′3b

= f1(b)g2a + (f2(b) + f ′
2b)g1a

−f1a(g2(b) + g′2b) − f2ag1(b) − σ2btg1σt, (51)

σ0[(f3a + g3(b))σt + (f ′
3a + g′3b)σ0t]

= σ0[f1(b)g2a + f2(b)g1a − f1a(g2(b) + g′2b)

−f2ag1(b)]σt + σ0(f ′
2bσ0tg1a + f ′

2bg1aσt)

−σ2bg1σt − σ0σ2btg1(σt)2

−σ2(f1aσt + g1(b)σt), (52)

σ0[(f3(b) − g3a)σt + (f ′
3b − g′3a)σ0t]

= σ0[f1aσt(f2(b) + f ′
2b) − f1a(f2(b)σt + f ′

2bσ0t)

+f2aσtf1(b) − f2af1(b)σt + g1aσt(g2(b) + g′2b)

−g1ag2(b)σt + g2aσtg1(b) − g2ag1(b)σt]

−σ2(f1(b) − g1a)σt − σ2bf1σt

−σ0σ2btf1(σt)2 , (53)

φ3a + φ′
3a

= |U |(f3a + f ′
3a) cos θ + σ0(f3σt + f ′

3σ0t)

+σ2f1σt + σ0[f1σtf2a + (f2σt + f ′
2σ0t)f1a

+g1σtg2a + g2σtg1a], (54)

φ3(b) + φ′
3b

= |U |(f3(b) + f ′
3b) cos θ + σ0(g3σt + g′3σ0t)

+σ2g1σt + (|U |f1σtcosθ − φ1σt)σ2bt

+σ0[(f2σt + f ′
2σ0t)f1(b) + (f2(b) + f ′

2b)f1σt

+(g2(b) + g′2b)g1σt + g1(b)g2σt], (55)
p3

ρ

= σ0|U |(f3σt + f ′
3σ0t) cos θ − σ0(φ3σt + φ′

3σ0t)

−g(g3 + g′3) + (|U |f1σtcosθ − φ1σt)σ2

+σ2
0 [f1σt(f2σt + f ′

2σ0t) + g1σtg2σt], (56)

g3σt + g′3σ0t = 0, b = −d, (57)

p3 = 0, b = 0. (58)

¦) (51)—(58) ª� IFSPGWPUC Å6|�
1n�)�L§, ��� 3.2 �!¤ã�¦)Ù
1��)�Ó. Äk, 3ù
��ª¥¹k��
� t sin(ka − σt) � t cos(ka − σt) �L�", ��

σ2b = −1
4
(ω−2

0 + 1)k3H2σ0
sinh 2k(b + d)

cosh 2(kd)
,

=

σ2 = −σ0

8
(ω−2

0 + 1)k2H2 cosh 2k(b + d)
cosh 2(kd)

+ω2k
2H2σ0, (59)

(59) ª¥ ω2 ��¦�~ê. A^ (59) ª� (52)
� (53) ª�, � (52) ªé a � �©\þ (53) ª
éX b ��� �©, K���§ª9Ù)�

(52ª)a + (53 ª)(b)

= σ0[(f3aa + f3(b)(b))σt + (f ′
3aa + f ′

3bb)σ0t]

=
σ0

32
k4H3

{
(30ω−5

0 + 76ω−3
0

−42ω−1
0 )

cosh 3k(b + d)
cosh 3(kd)

cos(ka − σt)

+(30ω−5
0 − 68ω−3

0 + 38ω−1
0 )

×cosh k(b + d)
cosh(kd)

cos 3(ka − σt)

}
, (60)

f3 = k2H3

{
cosh 3k(b + d)

cosh(3kd)

×
[
− β333 sin 3(ka − σt)

− 1
128

(15ω−5
0 + 38ω−3

0 − 21ω−1
0 )

× sin(ka − σt)
]

+
cosh k(b + d)

cosh(kd)

[ 1
384

×(15ω−5
0 − 34ω−3

0 + 19ω−1
0 ) sin 3(ka − σt)

+β311 sin(ka − σt)
]}

,

f ′
3 = 0, (61)

(61) ª¥ β333 � β311 þ��½�~êXê. Ó
n, d (52) ªéX b ��� �©~� (53) ªé a

� �©, �A^.K>.^� (57) ª, Kq�

(52ª)(b) − (53ª)a

= σ0[(g3aa + g3(b)(b))σt + (g′3aa + g′3bb)σ0t]

=
σ0

16
k4H3

[
(9ω−5

0 + 22ω−3
0

−15ω−1
0 )

sinh 3k(b + d)
cosh(3kd)

sin(ka − σt)

+(9ω−5
0 − 18ω−3

0 + 9ω−1
0 )

sinh k(b + d)
cosh(kd)
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× sin 3(ka − σt)
]
, (62)

g3 = k2H3

{
sinh 3k(b + d)

cosh(3kd)

[
λ333 cos 3(ka − σt)

+
1

128
(9ω−5

0 + 22ω−3
0 − 15ω−1

0 )

× cos(ka − σt)
]

+
sinh k(b + d)

cosh(kd)

×
[
− 1

128
(3ω−5

0 − 6ω−3
0 + 3ω−1

0 ) cos 3(ka − σt)

−λ311 cos(ka − σt)
]}

,

g′3 = 0, (63)

(63) ª¥ λ333 � λ311 ½��½�~êXê.
¦)±þ�½�~êXê, d g3(b = 0, ka −

σt = 2nπ) − g3(b = 0, ka − σt = (2n + 1)π) = 0,
±9A^ (59) ª, ò¤�� (61) � (63) ª2�£
� (51) ª¥, Kk

β333 = λ333 = β3

�

β311 = λ311

= ω−1
0 β3 tanh(3kd) +

1
16

(3ω−5
0 − ω−1

0 )

= λ3. (64)

�X, ò¤�� (59), (61), (63) 9 (64) ª�
\ (54) � (55) ª¥, K©Ok

φ3a + φ′
3a

= |U |f3a cos θ + σ0k
2H3

{
cosh 3k(b + d)

cosh 3(kd)

×
[
3β3 cos 3(ka − σt) +

1
128

(3ω−5
0 + 6ω−3

0

− 9ω−1
0 ) cos(ka − σt)

]
+

cosh k(b + d)
cosh(kd)

×
[
− 3

128
(9ω−5

0 − 22ω−3
0 + 13ω−1

0 )

× cos 3(ka − σt)

+
( ω2

2ω0
− λ3) cos(ka − σt)

]}
, (65a)

φ3(b) + φ′
3b

= |U |f3(b) cos θ + σ0k
2H3

×

{
sinh 3k(b + d)

cosh(3kd)

[
3β3 sin 3(ka − σt)

+
3

128
(3ω−5

0 + 6ω−3
0 − 9ω−1

0 ) sin(ka − σt)
]

+
sinh k(b + d)

cosh(kd)

[
− 1

128
(9ω−5

0

− 22ω−3
0 + 13ω−1

0 ) sin 3(ka − σt)

+
( ω2

2ω0
− λ3

)
cos(ka − σt)

]}
, (65b)

d�, d (65a) � (65b) üª©Oé a �X b ���
È©, K�

φ3 = |U |f3 cos θ + σ0kH3

{
cosh 3k(b + d)

cosh(3kd)

×
[
β3 sin 3(ka − σt) +

1
128

(3ω−5
0

+6ω−3
0 − 9ω−1

0 ) sin(ka − σt)
]

+
cosh k(b + d)

cosh(kd)

[
− 1

128
(9ω−5

0 − 22ω−3
0

+13ω−1
0 ) sin 3(ka − σt)

+
( ω2

2ω0
− λ3

)
sin(ka − σt)

]}
,

φ′
3 = 0, (66)

2ò (59), (61), (63), (64) 9 (66) ª�\ (56) ª¥,
=��

p3

ρ
= σ2

0kH3

{[
3β3

cosh 3k(b + d)
cosh(3kd)

− 1
128

(21ω−5
0 − 50ω−3

0 + 29ω−1
0 )

×cosh k(b + d)
cosh(kd)

]
cos 3(ka − σt)

+
[ 1
128

(9ω−5
0 + 18ω−3

0 − 27ω−1
0 )

×cosh 3k(b + d)
cosh(3kd)

+
1
32

(32
ω2

ω0
− 32λ3

−ω−3
0 + ω−1

0 )
cosh k(b + d)

cosh(kd)

]
× cos(ka − σt)

}
− gk2H3

×

{[
β3

sinh 3k(b + d)
cosh(3kd)

− 1
128

(3ω−5
0

−6ω−3
0 + 3ω−1

0 )
sinh k(b + d)

cosh(kd)

]
× cos 3(ka − σt) +

[ 1
128

(9ω−5
0 − 5ω−3

0 )

×(1 + 3ω2
0)

sinh 3k(b + d)
cosh(3kd)

−λ3
sinh k(b + d)

cosh(kd)

]
cos(ka − σt)

}
. (67)

,�, A^gdL¡>.^� (58) ªu (67) ª
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¥, 9|^ (25) � (64) üª, K¦�1n�)¥ÿ
��½Ñ�~êXê β3, λ3, ω2�

β3 =
1

512
(9ω−7

0 + 5ω−5
0 − 53ω−3

0 + 39ω−1
0 ),

λ3 =
1

512
(27ω−7

0 + 39ω−5
0 + 17ω−3

0 − 19ω−1
0 ),

ω2 =
1
64

(9ω−4
0 − 10ω−2

0 + 9). (68)

��, �n��!¤¦Ñ� IFSPGWPUC Å6
|�1n�÷v��)�

f3 = k2H3

{[
− 1

512
(9ω−7

0 + 5ω−5
0 − 53ω−3

0

+39ω−1
0 )

cosh 3k(b + d)
cosh(3kd)

+
1

384
(15ω−5

0 − 34ω−3
0

+19ω−1
0 )

cosh k(b + d)
cosh(kd)

]
sin 3(ka − σt)

+
[
− 1

128
(15ω−5

0 + 38ω−3
0 − 21ω−1

0 )

×cosh 3k(b + d)
cosh(3kd)

+
1

512
×(27ω−7

0 + 39ω−5
0 + 17ω−3

0 − 19ω−1
0 )

×cosh k(b + d)
cosh(kd)

]
sin(ka − σt)

}
,

f ′
3 = 0, (69)

g3 = k2H3

{[ 1
512

(9ω−7
0 + 5ω−5

0

−53ω−3
0 + 39ω−1

0 )
sinh 3k(b + d)

cosh(3kd)

− 1
128

(3ω−5
0 − 6ω−3

0 + 3ω−1
0 )

×sinh k(b + d)
cosh(kd)

]
cos 3(ka − σt)

+
[ 1
128

(9ω−5
0 + 22ω−3

0 − 15ω−1
0 )

×sinh 3k(b + d)
cosh(3kd)

− 1
512

(27ω−7
0

+39ω−5
0 + 17ω−3

0 − 19ω−1
0 )

×sinh k(b + d)
cosh(kd)

]
cos(ka − σt)

}
,

g′3 = 0, (70)

φ3 = |U |f3 cos θ + σ0kH3

{[ 1
512

×(9ω−7
0 + 5ω−5

0 − 53ω−3
0 + 39ω−1

0 )

×cosh 3k(b + d)
cosh(3kd)

− 1
128

(9ω−5
0

−22ω−3
0 + 13ω−1

0 )
cosh k(b + d)

cosh(kd)

]
× sin 3(ka − σt) +

[ 1
128

(3ω−5
0

+6ω−3
0 − 9ω−1

0 )
cosh 3k(b + d)

cosh(3kd)

− 1
512

(27ω−7
0 + 3ω−5

0 + 57ω−3
0 − 55ω−1

0 )

×cosh k(b + d)
cosh(kd)

]
sin(ka − σt)

}
,

φ′
3 = 0, (71)

p3

ρ
= gk2H3

{
1

512
(9ω−7

0 − 22ω−5
0 + 13ω−3

0 )

×
[
(3ω0 + 9ω3

0)
cosh 3k(b + d)

cosh 3(kd)
− (1 + 3ω2

0)

×sinh 3k(b + d)
cosh 3(kd)

]
+

1
128

[
(3ω−5

0

−6ω−3
0 + 3ω−1

0 )
sinh k(b + d)

cosh(kd)

−(21ω−4
0 − 50ω−2

0 + 29)
cosh k(b + d)

cosh(kd)

]}

× cos 3(ka − σt) + gk2H3

{
1

128

×(1 + 3ω2
0)

[
(9ω−4

0 − 9ω−2
0 )

×cosh 3k(b + d)
cosh(3kd)

− (9ω−5
0 − 5ω−3

0 )

×sinh 3k(b + d)
cosh(3kd)

]
+

1
512

×
[
(27ω−7

0 + 39ω−5
0 + 17ω−3

0 − 19ω−1
0 )

×sinh k(b + d)
cosh(kd)

− (27ω−6
0 − 33ω−4

0

+113ω−2
0 − 107)

cosh k(b + d)
cosh(kd)

]}
× cos(ka − σt), (72)

σ2 =
[
− 1

8
(ω−2

0 + 1)
cosh 2k(b + d)

cosh(2kd)

+
1
64

(9ω−4
0 − 10ω−2

0 + 9)
]
k2H2σ0

=
1
64

(9ω−4
0 − 10ω−2

0 + 9)k2H2σ0

−k
∂

∂t
f ′
2(b, σ0t). (73)

XÓ1��1��)��, (69) � (73) ª¤«
�1n�), Ø6�³ φ3 ¥¹kþ!6 U �c?
Å�p�^��A, ¦�Å6|¥�Øå p3 ØÉ
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þ!6 U �K�	, Ù6N�:�$Ä;,¥, É
ÅL�Ae÷ÅLD4�� x ¶�Y� y ¶��
�©þ, 9ÙÉ��Øå, = f3 � g3 9 p3, þ�Ã
6 (X) c?Å����Ó, Ñ´ä��±Ï5�;
Ïd, 6N�:�$Ä±Ï TL = 2π/σ, ´XÏ6
|¥�±Ï5�gdL¡c?­åÅ¤Úå�, �
,Ù½�Ã6XÅ��Ó. ±þù
A5Ñ�X6
N�:¤3��·��Ý b ���
4~, �½�
ÅLkbÝ kH �O�
�wÍ. Ïd���, 3
dÅ6|¥, þ!6 U é6N�:$Ä��A, Ø

��m t O\½~�Ù £ål	, �þ!66
����ÅLD4��Ø3Ó�¶��, K¬¦
6N�:�$Ä;,¤�ä±Ï5�n��m�
q�½�A�Ë½áË�Ú^­� (the prolate or
curtate helix), ��e!¥¤ã.

3.4 (XXX) ccc???ÅÅÅ���ÅÅÅ���½½½ÙÙÙ©©©ÑÑÑ'''XXXªªª���
¦¦¦ÑÑÑ999µµµ444)))

é3þ!6¥D4�gdL¡±Ï55Kc
?­åÅ�Å6|, )Û�d��ÿ�½Ñ�´,
(X) c?Å�Å� cw = L/Tw ½Ù©Ñ'Xª, ù
´Ï�Åê k = 2π/L ÿ���, éd��¦ÑX
e. ëì©z [20] �ã 2 ½©z [23] � Fig.5 ¤«
� (X) c?Å|�¹, Ké�©¤ó�÷� x ¶�
��c?Å�þ!6� U ¤ θ ��Ýe, dÅ6
|¥÷Y� y ¶���p§ b ¤I5�6N�:,
3Å� (½Å�) ä¡?$Ä�e��Å� (½Å
�) ä¡?, Ù$Ä��±Ï TL(b) �$Ä;,ÝK
3 x-y ²¡þ�©þ­�Xã 2 ¤«. d�3Å6
|¥�ù�6N�:, Ùu)�$Ä £3 x � y

¶��þ�©þ, dþã¤���1n�), K©
Ok

∆ = x(a, b, t + TL(b)) − x(a, b, t)

=
[
|U | cos θ +

∂

∂t
f ′
2(b, σ0t)

]
TL(b) (74a)

�

y(a, b, t + TL(b)) − y(a, b, t) = 0, (74b)

Ù¥

TL(b) = 2π/σ(b) = 2π/(σ0 + σ2). (74c)


Ó�, 3ù�6N�:$Ä²L��$Ä±
Ï TL(b) �m, ¤éA��Ù �ä¡�e��
ëYÅ¸½ (Å�) ¤D4�ål, ÝK3 x ¶��
=c?ÅÅ�þ�©þ�

L + ∆ = cwTw +
[
|U | cos θ +

∂

∂t
f ′
2(b, σ0t)

]
TL(b)

= (cw + |U | cos θ)TL(b). (75)

d (75) ª, =�¦� (X) c?Å�Å� cw �

cw =
L

Tw
=

∂

∂t
f ′
2(b, σ0t)/[1−σ(b)/(2π/Tw)]. (76)

Ïd, dþã¤¦���1n�)¥� σ0, f ′
2, σ2,

= (25), (45) � (73) ª, �\ (76) ª¥, K�� (X)
c?Å�±ÅÇ (angular frequency) σw ½¤¢Ù©
Ñ'Xª� 1©

σw = 2π/Tw = σ(b) + k
∂

∂t
f ′
2(b, σ0t)

=
[
1 +

1
64

(9ω−4
0 − 10ω−2

0

+9)k2H2
]
σ0, (77)

(77) ª� σw T�©z [20] ½ [23] éÃ6 (X) c
?Å���± Lagrange �ª)Û¤��Ê�)¥
�1n�) 2©, �� Fenton[26] X± Euler �ª¤
��Ê�)¥�1n�)���Ó.

� q /, é u 3 � · � � � ¥, þ ! 6 ¥
D4�c?­åÅ6|p, ÷Y� y ¶���
p§ b ¤I5�6N�:, Ùäk��þDÑ
�Ý (mass transport velocity)UM(b)] 3©, �Ù$Ä
±ªÇ σ(b) = 2π/TL(b) Ú (X) c?Å�±Å
Ç σw = 2π/Tw 9þ!6� U m, �3k��
5�'X� (�1n�))

UM(b) = U + i
∂

∂t
f ′
2(b, σ0t)

= U +
i[σw − σ(b)]

k
. (78)

��, o(�!��)Û���, 3�·�Y
� d �þ!6� U �Y�p, eD43Ù¥äk
Ã^6�gdL¡±Ï55K�c?­åÅ, ÙÅ
p H �±Ï Tw = 2π/σw(½Å� L = 2π/k)�®
��, K�d (77) ª½ÑÙÅ� L(½Ù±Ï Tw).
Ïd, é IFSPGWPUC Å6|, 3�!��± La-
grange �ª)Ûe, �1n�� Lagrange 6|),
Ò��Ü�½Ñ; ½���Ó�)Û�ªò�¦Ñ
�p��), òu,©Øã.

1© � Chen � [23] ¥1 22 �1 9 1� 2π/TL(b) �Ø�� 2π/Tw(b)
2© � Chen � [23] ¥1 22 �1 15 1� equation(50) �Ø�� equation(55)
3© � Chen � [23] ¥1 26 ����1� UM(b) �Ø��Um(b)
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ã 2 Å6|¥6N�:�$Ä;,, ÝK3c?Å� x-y ²¡þ�©þ­��c?ÅÅ��'X«¿ã cw �c?Å�Å
�, U �þ!6�6�, θ�þ!6 U �c?ÅÅ��Y�

4 �y�Å6|A5

4.1 uuu ���

Äk, �y31�!¥�â (1) � (2) ª¤�½
�I56N�:ëê (a, b, c) e, ��� IFSPGW-
PUC Å6|�1n��� Lagrange /ª), ´g
¤�N÷v�; édIò1n!¤��Ù), 2�
\ (1) � (2) ª¥��(yÎÜ, (JXe: 1) du
z�)Ñ´|^ (1) ª¦Ñ�, �,Ù�1n�)
´��÷v (1) ª�; 2) òÙ�1n�)�\ (2) ª
¥, ¿� (2) ª¤«� b�~ê, −d 6 b 6 0, K3
?¿�½�m t ek

b =
1
L

∫ x+L

x

y(a, b, t)dx(a, b, t)

=
1
L

∫ a+L

a

[
b +

3∑
n=1

(gn + g′n)
]

×
[
1 +

3∑
n=1

∂fn

∂a

]
da

= b +
3∑

n=1

g′n +
1
L

∫ a+L

a

g1
∂f1

∂a
da, (79a)

d=´d1n!¤���1n�)�\ (2) ª¥�
��(J, ½=k

g′1 = g′3 = 0, g′2 = − 1
L

∫ a+L

a

g1
∂f1

∂a
da. (79b)

Ïd, y¢��� IFSPGWPUC Å6|�1n��
� Lagrange /ª), ´��÷v (1) � (2) ª
g
¤�N�.

�X, é IFSPGWPUC 6|, 31n!¤¦�
��1n��� Lagrange /ª6|), 2Þyd
)��(·v5. yÚ^®��Á��y� Chen

� [23] �Ã6 (X) c?Å��Ê�)(J, 5é§
?1u�(y. UìÅ¸�~Å��I�uÅp,
= y(b = 0, ka − σt = 2nπ) − y(b = 0, ka − σt =
(2n + 1)π) = H,n ∈ I , K3��Ã [20] ½ Chen
� [23] �)¥¤Ú^��Ìëê α, ��=�¤
� H3 ���

α =
ω−1

0

2
H − 1

512
(27ω−7

0 + 3ω−5
0

+57ω−3
0 − 55ω−1

0 )k2H3, (80)

ò (80) ª�\��Ã [20] � Chen � [23] �Ã6 (X)
c?Å��Ê�)¥�1n�)�, r α =�¤
± H L«�� H3 �g, K¤��(J��©�
Å6)� U = 0 ��Ã6 (X) c?Å�/��
�Ó. �X, � U 6= 0 �, ò (80) ª¥� α = λ/k

�\ Hsu Ú Chen[15] �þ!6¥c?Å�n�)
p, ¿�Ùc?ÅÅ��� x ¶�Y� θ1 = 0, =
�c?ÅÅ��� x ¶��e, K Hsu Ú Chen[15]

d Euler-Lagrange =��ª¤��(J��©¤
��Å6|)½���Ó. Ïd, �©¤¦��
n � � Lagrange / ª � Å 6 | ), � � A k �
�(u�.

4.2 ÅÅÅ666|||AAA555

�±²(wÑ, d�©¤�� IFSPGWPUC
Å6|�� Lagrange /ª), ´�£ãÑ�N6
|¤k�A5�. X3?��½��m t e, �
½?� � (x, y, z) ?, K�d�©¤��6|
) x, y, z, éá5¦Ñd�6� (x, y, z)  �?�
6N�: (a, b, c), Ïd, d Euler /ª)¤ÐyÑ
� (x, y, z, t) ¼ê/ª�6|A5, Ò���Ü½
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Ñ. �e¡ò�é Euler /ª)¤Ã{£ãÑ�6
|A5, A��Øã`².

1) gdL¡?�Øå p = 0 �3z�)¥�
��/÷v.

2) 6N�:�$Ä±Ï (motion period)TL(b)
½Ù$Ä±ªÇ (motion angular frequency) σ(b) =
2π/TL(b), d (77) ª, Ù�1n�gþ�

σ(b) = 2π/TL(b) = σw − k
∂

∂t
f ′
2(b, σ0t)

= σ0 + σ2(b) (81)

ò (25), (45) 9 (77) ª�\ (81) ª¥���, ÏÅ6
|¥�6N�:¬�X|¥�c?ÅåÏ$Ä

c?¤£, ��gdL¡c?Å|�A5�Ó, �
Å�c?¤£þ3gdL¡?��, 
�XY��
e��ê¼ê (exponential function) ª4~, �.K
?���. Ïd, E¤Å6|¥�¤k6N�:�
$Ä±Ï TL(b) ��uc?Å�±Ï Tw = 2π/σw,
�3gdL¡ b = 0 ?� TL(0)���; 
3gd
L¡e�6N�:�$Ä±Ï TL(b), ��X6N
�:¤3��·��Ý b ��ê¼êª4~, �.
K b = −d ?��á. ±þ¤ã�A5, ¬�XÅ
LkbÝ H/L �O�9�éY� d/L �C�
\
ì, Xã 3 ¤«.

3) 6N�:�¤£�Ý (drift velocity) ½Ù�
þDÑ�Ý (mass transpot velocity)UM(b), d (78)
ªÙ�1n�gþ�

UM(b) = U + i
∂

∂t
f ′
2(b, σ0t)

= U + i[σw − σ(b)]/k

= U + i[1 − Tw/TL(b)]cw. (82)

��B��Ù£ãå�, ò (82) ª¥�þ!66
� U �K, =± UM(b) − U ¤�e�6N�:
�¤£�Ý5`², é²w, dþ¤äk�A5T
XÓ6N�:�$Ä±Ï TL(b) ��, Ùugd
L¡ b = 0 ?�6N�:���, 
3gdL¡
e�6N�:, ¬�X6N�:¤3��·��
Ý b ��ê¼êª4~, �.K b = −d ?���,
dA5½¬�XÅLkbÝ H/L �O�9�é
Y� d/L �C�
\ì, Xã 4 ¤«. � U = 0
�, (82) ªT�©z [20] Ú [23] ¤�� (X) c?
Å�, �Ù¥� ∂f ′

2/∂t �u Longuent-Higgins[27]

± Euler-Lagrange =��ª¤¦�).
4) 6N�:éÙ$Ä±Ï²þp§, =¤¢�

6N�:� Lagrangian mean level η̄L(b), Ù�1n

�gþ�

0 6 η̄L(b) =
1

TL

∫ TL

0

(y − b)dt

= g′2(b) 6=
1

Tw

∫ Tw

0

(y − b)dt, (83)

dT�uÃ6 (X) c?Å��/, ¤'é��6N
�:$Äþ��ã�Ôn¿Â, ®�©z [23] §4.4
¥½d�© (79a), (79b) üª²(/�±`², =d
u6N�:�c?Åkc?¤£, ¦�Ù$Ä��
±Ï TL(b) Ïm, Ù$Ä;,3�·�Y� ȳ = b

�þe £©þoÚ�u"��. ùXÓ6N�
:�$Ä±Ï TL(b) ��, (83) ª¤«�6N�:
� Lagrange ²þp§, 3gdL¡ b = 0 ?��p,

3gdL¡eK´�X6N�:¤3��·�
�Ý b ��ê¼êª4~, �.K b = −d ?���
�u". �,, dA5½�XÅLkbÝ H/L �O
�9�éY� d/L �~�
\ì, Xã 5 ¤«. (83)
ªT�©z [20] � [23] ¤�� (X) c?Å�¹,
��3 d → ∞ � b = 0 �, Ù�Ð�u Longuent-
Higgins[28] ± Euler-Lagrange =��ª=�Ñ�°
¥3gdL¡?��.

5) 6 N � : � $ Ä ; ,, d 1 n ! ¤ �
� IFSPGWPUC Å6|�1n��� Lagrange /
ª),�

x = a + |U |t cos θ +
3∑

n=1

(fn + f ′
n),

y = b +
3∑

n=1

(gn + g′n),

z = c + |U |t sin θ. (84)

d6N�:�$Ä;,)=���£ãÑ6|
�¤kA5, ´ Lagrange /ª�6|)¤äk�
ÕAwÍ`:. �,éu3þ!��Y¥, �Ã
6 U = 0 ��gdL¡±Ï55Kc?­åÅ
6|p, Ù6N�:�$Ä;, (x, y), �1n�
)®d©z [20], 93Á��ye�1Ê�)�
d©z [23] ¤£ã. �´éu3�� d �þ!
6 U 6= 0 ¥, Ù6N�:�$Ä;,Ø=C�n
��m���{Ä­�, �ÙA5Ø�c?Å�
Åp H ±Ï Tw 96N�:¤3��·��Ý b

k'	, ½¬É�þ!6�6��� |U | �Ù6
� θ �K�
ØÓ. Ïd, é IFSPGWPUC Å6|
¥�6N�:�$Ä;,A5, ��!ò± (84) ª
�), ©O±þ!6 U ÷c?ÅÅ��� x ¶�
�äk���ÚK�©þ, =©O± |U | cos θ > 0
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� |U | cos θ = 0 9 |U | cos θ < 0 �n«�¹, 5é
Ù�ã. qÏÙ3 z ¶��þ�©þ´=��m t

¥�5� £, J±3²¡ãþ�Ù²(/ÐyÙ
A5, �òÙÝK3 x-y ²¡þ�©þ­�ãIÑ,
=�
)Ù��. X±eé3�·��Ý b �6N
�:�$Ä;,�£ã, −d 6 b 6 0.

3d�¹e, Å6|¥6N�:�$Ä;,
�{ÄÌÝ, 3gdL¡ b = 0 ?���, 
�

3 b < 0 ��?��ê¼êª4~, �.K b = −d

?���. Ù¥, �6N�:T3Å�ä¡?�� x

¶����Ý©þ�K��, =

xt = |U | cos θ +
3∑

n=1

[fnt(ka − σt = (2j + 1)π, kb)

+ f ′
nt(kb, σ0t)] < 0,

j ∈ I,−d 6 b 6 0, (85a)

(A) |U | cos θ > 0 ��¹

ã 3 IFSPGWPUC Å6|¥,ÃÏgz�6N�:�$Ä±Ï TL(b)/Tw, �Ù¤3��Ý b/d 9ÅLkbÝ H/L ��éY
� d/L �Cz'X

ã 4 IFSPGWPUC Å6|¥, �Kþ!6 U e�ÃÏgz�6N�:��þDÑ�Ý k(UM(b) − U)/σ0, �Ù¤3��
Ý b/d 9ÅLkbÝ H/L ��éY� d/L �Cz'X

ã 5 IFSPGWPUC Å6|¥,ÃÏgz�6N�:� Lagrange ²þp§ kη̄L(b), �Ù¤3��Ý b/d 9ÅLkbÝ H/L �
�éY� d/L �Cz'X
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Kd6N�:3Å�����c�, Eäk
K x ¶��� £©þ, Ïd, Ù$Ä;,�n
��m±Ï5�A�ËÚ^G­� (like the pro-
late helix), ÙÝK3 x-y ²¡þ�©þ­�/GX
ã 6(a) ¤«. 
�

xt = |U | cos θ +
3∑

n=1

[fnt(ka − σt = (2j + 1)π, kb)

+ f ′
nt(kb, σ0t)] = 0,

j ∈ I,−d 6 b 6 0, (85b)

Kd6N�:uÅ�����]m, ¿vk x ¶�
�� £©þ��), Ïd, Ùn��m±Ï5Ú
^­��$Ä;,, ÝK3 x-y ²¡þ�©þ­�
/G, ´±ÙT3Å�ä¡?��k:�e�EÓ
� (like the cycloid) Xã 6(b) ¤«. 2ö, �

xt = |U | cos θ +
3∑

n=1

[fnt(ka − σt = (2j + 1)π, kb)

+ f ′
nt(kb, σ0t)] > 0,

j ∈ I,−d 6 b 6 0, (85c)

Kd6N�:��Ñäk� x ¶��� £©þ,
Ïd, Ù$Ä;,�n��m±Ï5�áËÚ^G
­� (like the curtate helix), ÙÝK3 x-y ²¡þ�
©þ­�/GXã 6(c) ¤«.

ã 6 3þ!63c?ÅÅ�kÓ�6�©þ�Å6|
¥, 6N�:�$Ä;,ÝK3c?ÅÅ�� x-y ²¡
þ�©þ­�/G�Cz (­�¥�ç:L«�:T3
Å¸�Å�ä¡?)

�,, 3þ!6÷Ù¥�c?Å�Å�kÓ�
�6�©þ�, =3 |U | cos θ > 0 ��¹, d (85a),
(85c) üª¤«�ü«ØÓ�6N�:�$Ä;,
/G, �þ!6�ÅL�¹�ØÓ, �U¬©Oü
ÕÑy3�ØÓ�¹�Å6|¥, ½�UÓ�Ñy

3Ó�Å6|¥ (d���) (85b) ª). y±�ö
�~, ¿ò§�ÝK3 x-y ²¡þ�©þ­�ãI
Ñ, ±B�Ù'�, Xã 6 ¤«.

ã 7 3þ!63c?ÅÅ�Ã6�©þ�Å6|¥,
6N�:�$Ä;,ÝK3c?ÅÅ�� x-y ²¡þ�
©þ­�/G�Cz (­�¥�ç:L«�:T3Å¸
�Å�ä¡?)

(B) |U | cos θ = 0 ��¹
3d�¹e, Å6|¥6N�:�$Ä;,

�{ÄÌÝ, XÓ |U | cos θ > 0 ��¹, 3gd
L¡ b = 0 ?���, 
�3 b < 0 ��?�
��ê¼êª4~, �.K b = −d ?���.
Ù¥, � |U | = 0 �, Kòz¤ (X) c?Å��
¹, d�6N�:�$Ä;,�����m±Ï
5�A�ËG{{� (like the prolate trochoid); 

� |U | 6= 0, cos θ = 0 �, K6N�:�$Ä;,
�n��m±Ï5�A�ËÚ^G­�, �ÙÝK
3 x-y ²¡þ�©þ­�/G�Ð� (X) c?Å
�¹, Xã 7 ¤«.

(C) |U | cos θ < 0 ��¹
3d�¹e�Å6|¥, 6N�:�$Ä;,

3Y� y ¶���{ÄËÝ, ugdL¡ b = 0 ?
���, 
�3 b < 0 ��?���ê¼êª4
~, �.K b = −d ?���; �uÙ3c?ÅÅ
�D4� x ¶���{ÄËÝ, ±T3Å¸ä¡?
ä x ¶���Ý©þ�"�6N�:, ¤3��
·��Ý b = b0 ?��ÄO�, �þ=3 b > b0

?, K�3� x ¶��� b ��þ��ê¼êª
4O, �gdL¡ b = 0 ?, 
�e=3 b < b0 ?
K��, ´3K x ¶��� b ��e��ê¼ê
ª4O, �.K b = −d ?. Ïd, 3d�¹e�Å
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6|¥6N�:�$Ä;,�A5, ��c¤ã�
3 |U | cos θ > 0 ü«�¹e, ¬ké���É, $
�¬Ñy������y�. X±eéd�¹�Å
6|¥6N�:�$Ä;,�£ã. �

|U | cos θ +
3∑

n=1

f ′
nt(kb, σ0t) > 0,

− d 6 b 6 0, (86a)

Kd��6N�:�$Ä;,, �E´n��m±
Ï5�A�ËÚ^G­�, �´Ù3c?ÅÅ��
� x ¶��þ�Ë�, ®���6� |U | cos θ @á

, ÙÝK3 x-y ²¡þ�©þ­�/GXã 8(a)
¤«. 
�

|U | cos θ +
3∑

n=1

f ′
nt(kb, σ0t)

= 0,−d 6 b 6 0, (86b)

Kd��6N�:Ïc?Å¤û)��c¤£þ,
®���6� |U | cos θ��-�K
, E¤Ùn�
�m±Ï5Ú^­��$Ä;,, ÝK3 x-y ²¡
þ�©þ­�/G,���¶3 x ¶þ�ý�G�
µ4­�, Xã 8(b) ¤«. 
�

3∑
n=1

f ′
nt(kb, σ0t) < −|U | cos θ

<

3∑
n=1

[fnt(ka − σt = 2jπ, kb)

+ f ′
nt(kb, σ0t)],

j ∈ I,−d 6 b 6 0, (86c)

Kd��6N�:T3Å�ä¡?�, ¤äk�
K x ¶���6�©þ��, ®�uÙT3Å¸
ä¡?�¤äk��"�� x ¶���6�©þ,
�Ù3Å¸��c�, Eäk���� x ¶��
� £©þ; Ïd, E¤Ù$Ä;,�n��m±
Ï5��A�ËÚ^G­� (like the turned prolate
helix), = (85a) ª¤«�­����, ÙÝK3 x-y
²¡þ�©þ­�/GXã 8(c) ¤«. 
�

xt = |U | cos θ +
3∑

n=1

[fnt(ka − σt = 2jπ, kb)

+ f ′
nt(kb, σ0t)] = 0,

j ∈ I,−d 6 b 6 0, (86d)

Kd��6N�:3Å¸ä¡?, ¿vk x ¶�
�� £©þ��), Ïd, Ùn��m±Ï5Ú
^­��$Ä;,, ÝK3 x-y ²¡þ�©þ­

�/G, ÙT3Å¸ä¡?��k:�þ��E
ÓG� (like the turned cycloid), Xã 8(d) ¤«, =
´ (85b) ª¤«�­����. 
�

xt = |U | cos θ +
3∑

n=1

[fnt(ka − σt = 2jπ, kb)

+ f ′
nt(kb, σ0t)] < 0,

j ∈ I,−d 6 b 6 0, (86e)

Kd��6N�:���äK x ¶��� £©
þ, Ïd, Ù$Ä;,�n��m±Ï5��áË
Ú^G­�, ÙÝK3 x-y ²¡þ�©þ­�/G
Xã 8(e) ¤«, = (85c) ª¤«�­����.

XÓé |U | cos θ > 0 �¹�£ã��, 3þ!
6÷Ù¥�c?Å�Å�k��6�©þ�, =
3 |U | cos θ < 0 ��¹e, d (86a)—(86e) ª¤«
�Ê«ØÓ�6N�:�$Ä;,/G, Ø+3�
oÅ6^�e¬Ñyõ��ØÓ/G, y±§�Ñ
Ó�¬Ñy3Ó�Å6|¥�~, ¿ò§�ÝK
3 x-y ²¡þ�©þ­�/GãIÑ, ±B�Ù'
�, Xã 8 ¤«.

(D) |U | cos θ = −cw ��¹
d�AÏ�¹, cÙ� |U | = cw, θ = π �, Ò

´DÚéþ!��Y¥gdL¡±Ï55Kc?
­åÅïÄ�, ~Ú\�­½5$Ä (steady mo-
tion). �Ù�Ï3ud­½5$Ä�6|p, (2) ª
¤«�Å�²þp§ ȳ = b �þeåÏ�Å/­
� (wave-form curve), −d 6 b = ~ê 6 0, �±d
p§¤I5�6N�:�$Ä;,/G�m�'
X, `²Xe.

d�©¤���1n�), 3 |U | cos θ = −cw

�, =�d (45), (81) 9 (84) nª�A^, ��d�
¹�Å6|¥6N�:�$Ä;,�

kx = (ka − σt) +
3∑

n=1

kfn(ka − σt, kb),

ky = kb +
3∑

n=1

k[g′n(kb) + gn(ka − σt, kb)],

kz = kc + k|U |t sin θ, (87)

d (87) ª3 b = ~ê�,−d 6 b 6 0, �½�m t =
�½~ê�, ëYUC a � c �, K��3Å�²
þp§ ȳ = b 3�eåÏ�±Ï5Å/­�; 

� a � c ����½~ê�, ëYUC�m t, K�
��¤��Å/­��Ó/ª�6N�: (a, b, c)
�$Ä;,�, Ùþ�n��m±Ï5��áËÚ
^G­�, ���Å6|¥¤k�6N�:�Xd.
Ó�, 3 θ = π �����m� x-y ²¡¥, Kd
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�^­�C¤Ó�^­�, Xã 9 ¤«. Ïd, d
�¤ó�c?Å6|Ò3\þ6�T�uÅ��
��þ!6e, ¦�¤�­½5$Ä6|. éd­
½5$Ä6|, �d Euler �ª��B/¥yÑÙ
�½3�m¥�6|); �éu6N�:�X�m
÷XÅ/­��$Ä�/, KI± Lagrange /ª
)5£ã.

ã 8 þ!63c?ÅÅ�k��6�©þ�Å6|
¥, 6N�:�$Ä;,ÝK3c?ÅÅ�� x-y ²¡
þ�©þ­�/G�Cz (­�¥�ç:L«�:T3
Å¸�Å�ä¡?)

ã 9 c?Å36�T�uÙÅ����þ!6¥�­
½5Å6|p, 6N�:÷Å/­��$Ä;, (­�¥
�ç:L«�:T3Å¸�Å�ä¡?)

6) ë � (streakline), � d � ½ � m  
� (x, y, z), 9�½���m t1, 3þ!66� |U |
� 6 � θ 9 Y � d, Å p H , ± Ï Tw(½ Å �

L ) ®���¹e, d (84) ª5�¦Ñ��m t1

T3d (x, y, z)  �?�6N�: (a, b, c), 2ò
d (a, b, c) �£ (84) ª¥�ÑÙ3�m t > t1 ��
 � (x1, y1, z1); �daíëYUC�½��m t1,
Ò�¦� t �¤k6²d�½ � (x, y, z) ?�6
N�:� ��é�, =�Ùë�. éu IFSPGW-
PUC Å6|, Ùn��m�ë�/ª, XÓþã¤
ó�Ù6N�:�$Ä;,­�/ª.

5 ( Ø

n*�©én��m��Y¥,Ã^5gdL
¡±Ï55Kc?­åÅD43þ!6¥�Å6
|���)ÛØã�(J, �Ñ(ØXe.

3÷v�þÅð��Å��6N�:�$Ä
 £�Å�²þp§�, ��6N�:±Ù3�·
�Y¥�� � (a, b, c)�I5ëêe,��d La-
grange �ª�ëê���§ª, 3��÷vgdL
¡?�Øå p = 0 e, ®)ÑdÅ6|�1n��
� Lagrange /ª); Ù¥�3u6³¥�Å6�p
�^�A½��Ñ, ¦�Å6|¥�ØåØÉþ!
6�K�. Ó�, ��Ã{� Euler /ª)¤��£
ã�6N�:�$ÄA5, �)�uc?Å±Ï�
6N�:�$Ä±Ï!�ÙÉc?Å¤û)�c
?¤£�Ý!§�m�'X!96N�:éÙ$
Ä±Ï²þ�p§�¤Ï�, ù
A5äklgd
L¡?å, �6N�:¤3�p§�e��ê¼ê
ª4~�.K?; 2ö, �þ!6�6�6�
C
�6N�:�n��mÚ^­�ª�$Ä;,9
ë�, ½�¿�¥yÑ.

�þ!63c?ÅÅ�kÓ��6�©þ�,
d�Å6|¥n��mÚ^­�ª�6N�:�
$Ä;,�/G, ´�6N�:T3Å�ä¡?�
Ù÷c?ÅÅ���Ý©þ¤Ì0, ÙÝK3c?
ÅåÏ�²¡¥�©þ­�/G´, �d�Ý©þ
�u"��A�Ë/�{{�; �u"��T3Å
�ä¡?äk:�e�EÓG�; 
�u"�KC
¤áË/�{{�. �þ!66��c?ÅD4�
�R��, d�Å6|¥6N�:�$Ä;,, �
�n��mA�Ë/�Ú^­�, ÙÝK3c?Å
åÏ²¡¥�©þ­�/G,��� (X) c?Å�
�Ó. ±þþ´äÀ�c?ÅÅ��6N�:�$
Ä;,�, Ù{ÄËÝ�lgdL¡?å�6N�
:¤3��Ý, �e��ê¼êª4~�.K?.


�þ!63c?ÅÅ�k���6�©þ
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�, d��Å6|¥, 6N�:�n��mÚ^­
�ª�$Ä;,/G, É�6N�:��þDÑ�
Ý�Ù3Å¸ä¡?�÷c?ÅÅ���Ý©þ
üö¤Ý�, ÙÝK3c?ÅåÏ²¡¥�©þ­
�/G�: �6N�:��þDÑ�Ý÷c?ÅÅ
�©O����"�, KÙ/G©O��Å�c?
� á�A�Ë/{{��ý�/µ4­�; �6
N�:��þDÑ�Ý÷c?ÅÅ����, 
Ù
3Å¸ä¡?�÷c?ÅÅ���Ý©þ©O�
��!"����, KÙ/G©O��Å�c?�
�A�Ë/{{�, 3Å¸ä¡?¤k:�þ��
EÓG�Ú�áË/{{�. d��6N�:�$
Ä;,3Y����{ÄËÝ, ½lgdL¡?å

�6N�:¤3��Ý, �e��ê¼êª4~�
.K?; �´uc?Å�Å�, K±T3Å¸��
��6N�:÷c?ÅÅ���Ý©þ�"��
., ÷c?ÅÅ��u"�K�þ±�ê¼êª4
O�gdL¡?, �u"�K�e4O�.K?.
�u��þ!6�T�u (X) c?Å�Å��, d
�Ò´¤¢�­½5$Ä6|, Ù¤Ï9d�6N
�:÷X�½3�m¥�Å/­�þ�$Ä�/,
��¿��[/`².

éudÅ6|¥, 6²?��½:�ë�/ª,
ÙTq6N�:�$Ä;,/G, ½�£ã.

þã IFSPGWPUC �Å6|�ù
A5, �þ
!66��"�, Kòz� (X) c?Å6|.
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The irrotational progressive gravity waves
propagating on uniform currents in Lagrangian

analysis and experiments Part 1. Theoretical analysis
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Abstract
A third-order Lagrangian solutions is found directly by the full Lagrangian parametric governing equations, with the parameters

of identifying each water particle which is obtained in mass conservation from taking the wavelength-averaged level of the vertical
displacement of water particles along the direction of the wave propagation and is just the position of particle in the original still water,
for the irrotational free surface progressive gravity waves propagating on uniform current in the three dimension. It is found that the
effect of wave-current interaction is occurred in Lagrangian velocity potential, so that the pressure is not affected by the uniform current
in the wave-current field. The drift velocity, Lagrangian mean level of particle and its motion period longer than the wave period which
are exponentially decreasing with the depth of particle’s level and the pathlines of particle and the streakline are then all presented,
these are to be excluded in Eulerian solution. Furthermore, the forms of the helical pathlines of particles varying with the direction
and speed of the uniform current are appeared to be turned from the wave velocity and current velocity component in co-direction to in
anti-direction, even become into a closed orbit. The special case when the wave-current field is at the steady motion is also interpreted
its consequential charateristics. The present solution can be reduced to that of the pure progressive waves as no current exists.

Keywords: particle trajectory, drift velocity, particle’s motion period, Lagrangian mean level
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