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1 � �

�������	�����������:

Noether ��� [1−7]�Lie ��� [8−15] � Mei �
�� [16−21]. Noether ������������
������������������. Noether

���� Hamilton ������	������
���. ���� Noether ���������
������
����� [22−29]. ��, ���
���������������
 Lagrange �
�������������, ��: Lagrange �
��Hamilton ���Birkhoff ���Chaplygin �
��, �� [30] � [31] ����
 Lagrange ���
�������. 2006 �, ������ Lagrange

���������� - � Noether ��� [32],

���� Noether ������� Noether ���
������, �������. �� [33] ��:

Nielson ������ Lagrange ��������
��� Ṫ ��	. ����
, �� (∂/∂q̇sdT/dt)
����� (d/dt∂T/∂q̇s) ����. �����
�
, �� Nielson �������� Lagrange �
�����. ��, � Lagrange ����, Nielsen

��� Noether ���� Noether ������, �
��������������. ��, � Nielsen

������, ���� Chetaev �������
������� Noether ���� Noether ���
���. ����� Chetaev ���������
��� Nielsen ��� Noether ����� Noether

�����
�� Noether ���.

2 �������

��������
� n ����	 qs(s =
1, 2, · · · , n) �	�, ����	� g �
����

�����
 Chetaev �����

fβ(t, q, q̇) = 0 (β = 1, 2, · · · , g) (1)

��	, ���� (1) 	���	 δqs 
� Chetaev

�
	
∂fβ

∂q̇s
δqs = 0, (β = 1, 2, · · · , g), (2)

������� Nielsen ��	
∂

∂q̇s

dLr

dt
− 2

∂Lr

∂qs
= Qs + Qω̇

s + Γs + λβ
∂fβ

∂q̇s
,

(s = 1, 2, · · · , n). (3)
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��� Lr = Lr(t, q, q̇) 	������� La-

grange � �, Qs = Qs(t, q, q̇) 	 � 
 � � �,

Qω̇
s = − (ω̇ × mir

′
i) · (∂r′

i/∂qs) 	���		�
� (�� mi 	� i ������, r′

i 	� i �
�������, ω̇ 		��
	��), Γs =
2q̇kω ·[mi(∂r′

i/∂qs) × (∂r′
i/∂qk)] 	����� (�

� ω 		��
��), λβ = λβ(t, q, q̇) 	 La-

grange �
. �� (3) ���	

Ns(Lr) = Qs+Qω̇
s +Γs+λβ

∂fβ

∂q̇s
, (s = 1, 2, · · · , n),

(4)

�� (4) � Ns 	 Nielsen �


Ns =
∂

∂q̇s

d
dt

− 2
∂

∂qs
, (s = 1, 2, · · · , n). (5)

��� (3) ��
, � det
(
∂2Lr/∂q̇s∂q̇k

) �= 0,


��� (1) � (4) ������ λβ = λβ(t, q, q̇).
�� (4) ���	

Ns(Lr) = Qs + Qω̇
s + Γs + Λs, (6)

�� (6) �

Λs = Λs(t, q, q̇) = λβ
∂fβ

∂q̇s
, (s = 1, 2, · · · , n) (7)

	����	�.

�� (6) 	 Chetaev ��
�������
�� (1) � (3) ���
���������.

Chetaev ��
�����������
��
������������. 
�����
�

�� Chetaev ��
�����������, 


��������� (6) ������
���
������ (1) � (3) ���, ��� (6) ���
�����	��, 
�

q̈s = αs(t, q, q̇), (s = 1, 2, · · · , n). (8)

3 �����Noether����Noether

���

��������	���	����

t∗ = t + Δt, q∗s(t∗) = qs(t) + Δqs,

(s = 1, 2, · · · , n), (9)

�� (9) ���	

t∗ =t + εξ0(t, q, q̇), q∗s(t∗) = qs(t) + εξs(t, q, q̇),

(s = 1, 2, · · · , n). (10)

�� (10) � ε 	��	��, ξ0 � ξs 	��	�
����. Hamilton ����
���	����
���	 Noether ���.

Noether � � [31] � �, � � � � 
 
 �
� GN = GN(t, q, q̇), ���	����� ξ0, ξs

�� Noether ��

Lrξ̇0 + X(1)(Lr) + (Qs + Qω̇
s + Γs +Λs)

× (ξs − q̇sξ0) + ĠN = 0, (11)

�� X(1) = ξ0
∂

∂t
+ ξs

∂

∂qs
+ (ξ̇s − q̇sξ̇0)

∂

∂q̇s
, 
�

������
��� (6) � Noether ���. �
�����	��

∂fβ

∂q̇s
(ξs − q̇sξ0) = 0, (12)


�����
��� (1) � (3) � Noether ��
�.

�� Noether �����������	��
��� ξ0, ξs � Killing �� [34]

∂Lr

∂t
ξ0 +

∂Lr

∂qs
ξs

+
(

Lr − ∂Lr

∂q̇s
q̇s

)(
∂ξ0

∂t
+

∂ξ0

∂qk
q̇k

)

+
∂Lr

∂q̇s

(
∂ξs

∂t
+

∂ξs

∂qk
q̇k

)

+ (Qs + Qω̇
s + Γs + Λs)(ξs − q̇sξ0)

= − ∂GN

∂t
− ∂GN

∂qk
q̇k

(
Lr − ∂Lr

∂q̇s
q̇s

)
∂ξ0

∂q̇k

+
∂Lr

∂q̇s

∂ξs

∂q̇k
= −∂GN

∂q̇k

(s, k = 1, 2, · · · , n) . (13)

��. � (11) ��� (12), (13) �	 Noether ���
���. � Chetaev �������������
��, �Noether ������
�Noether���.

� � � � � � 	 � � � � � ξ0, ξs �
� Noether �� (11) ��	�� (12) � Killing

�� (13) ��, 
 Chetaev ��
������
������ (1) � (3) � Noether �����

� Noether ���

IN = Lrξ0 +
∂Lr

∂q̇s
(ξs − q̇sξ0) + GN = const. (14)

����� (11) �, ���� (12) �, 
 (13) �	
��
��� (6) � Noether ���.

�� Hamilton �����	 Lagrange �
� Lr = Lr (t, q, q̇) ����� [t1, t2] 
�	�,
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��	

S(γ) =
∫ t2

t1

Lr(t, q, q̇)dt, (15)

�� γ 	���. ��� (10) �, �� γ ��	�
	�� γ∗, ��� Hamilton �����	

S(γ∗) =
∫ t∗2

t∗1

Lr(t∗, q∗, q̇∗)dt∗. (16)

��� S ��� ΔS 		 S(γ∗) − S(γ) ��� ε

������. ��
������������
	� [31], �

ΔS = δS + ṠΔt, (17)

��

ΔS =
∫ t2

t1

[ΔLr + Lr(Δt)·]dt. (18)

���

ΔS =
∫ t2

t1

(
∂Lr

∂qs
δqs +

∂Lr

∂q̇s
δq̇s

)
dt + LrΔt,

=
∫ t2

t1

[
d
dt

(
LrΔt +

∂Lr

∂q̇s
δqs

)

+
(

∂Lr

∂qs
− d

dt

∂Lr

∂q̇s

)
δqs

]
dt. (19)

��

ΔS =
∫ t2

t1

[
Lr

d
dt

(Δt) +
∂Lr

∂t
Δt +

∂Lr

∂qs
Δqs

+
∂Lr

∂q̇s
Δq̇s

]
dt. (20)

� (10) ��� (19) �, ����

δqs = Δqs − q̇sΔt = ε(ξs − q̇sξ0), (21)

	�

ΔS =
∫ t2

t1

ε

[
d
dt

(
Lrξ0 +

∂Lr

∂q̇s
ξ̄s

)

+
(

∂Lr

∂qs
− d

dt

∂Lr

∂q̇s

)
ξ̄s

]
dt, (22)

�� ξ̄s = ξs − q̇sξ0. ������	�� (9) �
� (10) ��� (11) �, ���	��������
�����, ��

ΔS = −
∫ t2

t1

[
d
dt

(ΔG) + (Qs + Qω̇
s + Γs)δqS

]
dt.

(23)

��� (22) �, �� ε �
���	��� [t1, t2]
����, 	�

d
dt

[Lrξ0 +
∂Lr

∂q̇s
(ξs − q̇sξ0) + GN]

+
(

2
∂Lr

∂qs
− ∂

∂q̇s

d
dt

+ Qs + Qω̇
s + Γs + Λs

)

× (ξs − q̇sξ0) = 0. (24)

� (6) ��� (24) �	
d
dt

[
Lrξ0 +

∂Lr

∂q̇s
(ξs − q̇sξ0) + GN

]
= 0. (25)

	��
	��� (14), ��.

4 ��

�	 1 ��, 	� (	��
�) �

�� ω

����
��	�, 	�
���
OA, ���
��
���
�����	 k ���, ���
�
	� A �, ���	����	 m �	�.

����, ���	���	�� Noether ���
� Noether ���. 	��	� O—q1q2q3 �	�

	.

	 1 	��
��

�	��	 Chetaev ������	����
���������	

f = q̇2 − tq̇1 = 0,

Lr =
1
2
m(q̇2

1 + q̇2
2 +q̇2

3) +
1
2
mω2(q2

1 + q2
2)

− 1
2
k(q2

1 + q2
2 +q2

3),

Γ1 = 2mωq̇2, Γ2 = −2mωq̇1, Γ3 = 0,

Qs = 0, Qω̇
s = 0 (s = 1, 2, 3). (26)

��� (3) �	

mq̈1 = −kq1 + mω2q1 + 2mωq̇2 − λt,

mq̈2 = −kq2 + mω2q2 − 2mωq̇1 + λ,

mq̈3 = −kq3. (27)

� (26) ����� (27) ���	

λ = 2mωq̇1 +
mq̇1 + (k − mω2)(q2 − q1t)

1 + t2
. (28)
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��, �������	

mq̈1 = −(k − mω2)
q1 + q2t

1 + t2
− mq̇1t

1 + t2
,

mq̈2 = −(k − mω2)
q1t + q2t

2

1 + t2
+

mq̇1

1 + t2
,

mq̈3 = −kq3. (29)

Noether �� (11) ��[
1
2
m(q̇2

1 + q̇2
2 + q̇2

3) +
1
2
mω2(q2

1 + q2
2)

− 1
2
k(q2

1 + q2
2 +q2

3)
]
ξ̇0 + ξ1(mω2q1 − kq1)

+ ξ2(mω2q2 − kq2) − ξ3kq3 + mq̇1(ξ̇1 − q̇1ξ̇0)

+ mq̇2(ξ̇2 − q̇2ξ̇0) + mq̇3(ξ̇3 − q̇3ξ̇0)

+
{

2mωq̇2 − 2mωq̇1t

− [mq̇1 + (k − mω2)(q2 − q1t)]t
1 + t2

}

× (ξ1 − q̇1ξ0) +
mq̇1 + (k − mω2)(q2 − q1t)

1 + t2

× (ξ2 − q̇2ξ0) + ĠN = 0. (30)

���	�����	

ξ0 = ξ1 = ξ2 = 0, ξ3 = q̇3. (31)

ξ0 = ξ3 = 0, ξ1 = q̇1, ξ2 = q̇2. (32)

� (31) �� (32) ����� (30) ��	

GN =
k

2
q2
3 − 1

2
mq̇2

3, (33)

GN =
1
2
(k − mω2)(q2

1 + q2
2) −

1
2
m(q̇2

1 + q̇2
2). (34)

� � 	 � � � � � (31) � (32) � � � � 	 �
� (12), � � � � � � � 
 � � � (1) � (3)

� Noether ���.

� (31) �� (33) ��� (14) �, 	� Noether

���
IN =

1
2
mq̇2

3 +
k

2
q2
3 = const, (35)

� (32) �� (34) ��� (14) �, 	� Noether ��
�

IN =
1
2
m(q̇2

1 + q̇2
2) +

1
2
m(k − mω2)(q2

1 + q2
2)

= const. (36)

�����	���������, ��	�
��
���� (35) � (36) �������, ��
���������������, ��
���
��	�.

5 � �

����� Chetaev ����������
�� Nielsen ��� Noether ��������
�, ��� Chetaev ������������
� Nielsen ��� Noether ���� Noether ��
�. ����� Noether ������ (11), (12),

(13) �� Noether ������� (14). ����
����
��� Chetaev ���������
�����	���� (� Lagrange ��� Appell

��). ��, ��������	�������
��.
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Noether symmetry and Noether conserved quantity of
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Chetaev′s type ∗
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Abstract

Noether symmetry and Noether conserved quantity of Nielsen equation in a dynamical system of the relative motion with nonholo-

nomic constraint of Chetaev’s type are studied. The differential equation of motion of Nielsen equation for the system, the definition

and the criterion of Noether symmetry, and the expression of Noether conserved quantity deduced directly from Noether symmetry for

the system are obtained. An example is given to illustrate the application of the results.

Keywords: nonholonomic constraint of Chetaev’s type, dynamics of the relative motion, Nielsen equation,
Noether conserved quantity
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