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�Ñý��§��| Riemann θ ¼ê), (Ü§��� Backlund C�, ��ù�ý��§�Ã¡S� Riemann
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?�� Korteweg de

Vries- �u Gordon �§�Ã¡S� Riemann θ ¼ê).

'�c: ?�� Korteweg de Vries- �u Gordon �§§Backlund C�§Riemann θ ¼ê)

PACS: 02.30.Ik, 02.30.Jr

1 Ú ó

3ÔnÆ+�, éõÔny��êÆ©ÛÑ8
(���AÏ�êÆ�., ù��.  Ò´�
���5uÐ�§, Ïd��5uÐ�§kX�
~­���^. éu��5uÐ�§°()�ï
ÄáÚ
¯õêÆÚÔnÆïÄö, ¿/¤
�
�­��ïÄ�K, =��5êÆÔn�.�Å
ÄïÄ. T�KïÄØ=4�/Jp
<�é¤ï
ÄÔny��@£, 
��r?
êÆ�{�u
Ð. 8c, 3��5uÐ�§�°()¦)¯Kþ,
®²/¤
éõ¤Ùk��êÆ�{, 'X�Ñ
��{ [1,2]!Lax é��5z�{ [3,4]!àg²ï
{ [5]!V­¼êÐm{ [6]!9Ï�§{ [7,8] 9Ù
�«í2/ª [9−14]. |^ù
�{, �±¦���
5uÐ�§�n�¼ê)!ý�¼ê)!V­¼
ê)Úkn¼ê)�. Cc5, kNõÆö�åu
O���5uÐ�§� Riemann θ ¼ê), ¿/¤

A«'�¤Ù��{, 'X�ê­��{ [15]!
V�5�{ [16−20] �. �u Gordon .�§´3�
�51Æ!�lfNÔnÆÚ��Ôn�+�¥
Ñy���êÆ�., §É�¯õïÄ<
�'5,
¿��
ÃõïÄ¤J. ?�� Korteweg de Vries

(mKdV)- �u Gordon �§Ò´Ù¥���êÆ�
., §�/ª�

uxt +
3
2
u2

xuxx + uxxxx = sin u, (1)

Ù¥,

uxt =
∂2u(x, t)

∂x∂t
,

u = u(x, t) �Å¼ê. kéõÆöéù�êÆ�
.?1
ïÄ, ~X©z [21] Äun�¼ê9Ï�
§, �E
�§ (1) �k�õ�°(),©z [22] |
^n�¼ê9Ï�§ÚV­¼ê9Ï�§�Ñ

§�Ã¡S�°().

�©ï Ä X e / ª � mKdV- � u Gordon
�§:

uxt + A

(
3
2
u2

xuxx + uxxxx

)
= B sinu. (2)

ùp A Ú B �¢~ê. ´�, �§ (2) �¹±e
n«/ª: � A = 0, B = 1 �, ��u Gordon �
§; � A = 1, B = 0, ux = 2v �, � mKdV �§;
� A = 1, B = 1 �,��§ (1).
·�Äk�Ñ��ý��§��| Riemann

θ ¼ê), ¿�E§��� Backlund C�, ,��
�ù�ý��§�Ã¡S� Riemann θ ¼ê), �
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�|^ù�ý��§��9Ï�§, /ÏuÎÒ
O�^� Mathematica ��
êÆ�. mKdV- �
u Gordon �§�Ã¡S� Riemann θ ¼ê).

2 ý��§9Ù Backlund C�

39Ï�§¦��5uÐ�§°()L§¥,
ý��§´�«­��9Ï�§, §åX­���
^. ���ý��§/ª�

ϕ′(ξ) = σ

√√√√ n∑
i=0

hiϕi(ξ), (3)

Ù¥, hi �~ê, σ2 = 1. 3AÏ�¹e, �§ (3)
kéõ/ª�), Xkn¼ê)!n�¼ê)!
V­¼ê)Úý�¼ê)�. e¡�Ñ§��|
Riemann θ ¼ê), ¿|^§��� Backlund C�,
�EÑ§�Ã¡S� Riemann θ ¼ê).

��� Riemann θ ¼ê½Â [23]�

ϑ

 ε

ε∗

 (z; τ) =
∞∑

n=−∞
exp

[
πiτ

(
n +

ε

2

)2

+ 2
(
n +

ε

2

)(
z +

ε∗

2

)]
, (4)

Ù¥,

 ε

ε∗

 ����þ, n ��ê. §39D�

Ú Fourier ��ÔnïÄ¥k­��A^.
½n1 e n = 4, σ = 1, h1 = h3 = 0, Ký�

�§ (3) C�

[ϕ′(ξ)]2 = h0 + h2ϕ
2(ξ) + h4ϕ

4(ξ). (5)

§kXe/ª� Riemann θ ¼ê): �

h4 = −h0 = −ϑ2
4(0)ϑ2

2(0),

h2 = ϑ4
2(0) − ϑ4

4(0)

�, Òk

ϕ13(ξ) =
ϑ1(ξ)
ϑ3(ξ)

.

�

h4 = h0 = ϑ2
3(0)ϑ2

2(0),

h2 = −(ϑ4
2(0) + ϑ4

3(0))

�, Òk

ϕ14(ξ) =
ϑ1(ξ)
ϑ4(ξ)

.

�

h4 = h0 = ϑ2
4(0)ϑ2

3(0),

h2 = ϑ4
3(0) + ϑ4

4(0)

�, Òk

ϕ12(ξ) =
ϑ1(ξ)
ϑ2(ξ)

.

�

h4 = h0 = −ϑ2
2(0)ϑ2

3(0),

h2 = ϑ4
2(0) + ϑ4

3(0)

�, Òk

ϕ23(ξ) =
ϑ2(ξ)
ϑ3(ξ)

.

�

h4 = −h0 = ϑ2
2(0)ϑ2

4(0),

h2 = ϑ4
4(0) − ϑ4

2(0)

�, Òk

ϕ24(ξ) =
ϑ2(ξ)
ϑ4(ξ)

.

�

h4 = h0 = ϑ2
3(0)ϑ2

4(0),

h2 = −(ϑ4
3(0) + ϑ4

4(0))

�, Òk

ϕ34(ξ) =
ϑ3(ξ)
ϑ4(ξ)

.

ùp,

ϑ1(z) = ϑ

 1

1

 (z; τ),

ϑ2(z) = ϑ

 1

0

 (z; τ),

ϑ3(z) = ϑ

 0

0

 (z; τ),

ϑ4(z) = ϑ

 0

1

 (z; τ).

½ n2 ý � � § (5) ä k e � / ª �
Backlund C�µ

(ϕ(ξ))2 =
2h0 + (h2 +

√
∆)ϕ2(ξ)

h2 +
√

∆ + 2h4ϕ2(ξ)
, (6)

Ù¥

∆ = h2
2 − 4h0h4.

080201-2



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 8 (2012) 080201

e ϕ(ξ) ´ý��§ (5) ���), @o ϕ(ξ) ´§
���#).

�â±þü�½n,·��±��ý��§ (5)
�Ã¡S� Riemann θ ¼ê), L«Xe:

ϕ13,0(ξ) =ϕ13(ξ) =
ϑ1(ξ)
ϑ3(ξ)

,

(ϕ2
13,n+1(ξ))

2 =
2h0 + (h2 +

√
∆)ϕ2

13,n(ξ)

h2 +
√

∆ + 2h4ϕ2
13,n(ξ)

,

(7)

Ù¥,

h4 = −h0 = −ϑ2
4(0)ϑ2

2(0),

h2 = ϑ4
2(0) − ϑ4

4(0),

∆ = h2
2 − 4h0h4.

ϕ14,0(ξ) = ϕ14(ξ) =
ϑ1(ξ)
ϑ4(ξ)

,

(ϕ2
14,n+1(ξ))

2 =
2h0 + (h2 +

√
∆)ϕ2

14,n(ξ)

h2 +
√

∆ + 2h4ϕ2
14,n(ξ)

,

(8)

Ù¥,

h4 = h0 = ϑ2
3(0)ϑ2

2(0),

h2 = −(ϑ4
2(0) + ϑ4

3(0)),

∆ = h2
2 − 4h0h4.

ϕ12,0(ξ) = ϕ12(ξ) =
ϑ1(ξ)
ϑ2(ξ)

,

(ϕ2
12,n+1(ξ))

2 =
2h0 + (h2 +

√
∆)ϕ2

12,n(ξ)

h2 +
√

∆ + 2h4ϕ2
12,n(ξ)

,

(9)

Ù¥,

h4 = h0 = ϑ2
4(0)ϑ2

3(0),

h2 = ϑ4
3(0) + ϑ4

4(0),

∆ = h2
2 − 4h0h4.

ϕ23,0(ξ) = ϕ23(ξ) =
ϑ2(ξ)
ϑ3(ξ)

,

(ϕ2
23,n+1(ξ))

2 =
2h0 + (h2 +

√
∆)ϕ2

23,n(ξ)

h2 +
√

∆ + 2h4ϕ2
23,n(ξ)

,

(10)

Ù¥,

h4 = h0 = −ϑ2
2(0)ϑ2

3(0),

h2 = ϑ4
2(0) + ϑ4

3(0),

∆ = h2
2 − 4h0h4.

ϕ24,0(ξ) = ϕ24(ξ) =
ϑ2(ξ)
ϑ4(ξ)

,

(ϕ2
24,n+1(ξ))

2 =
2h0 + (h2 +

√
∆)ϕ2

24,n(ξ)

h2 +
√

∆ + 2h4ϕ2
24,n(ξ)

,

(11)

Ù¥,

h4 = −h0 = ϑ2
2(0)ϑ2

4(0),

h2 = ϑ4
4(0) − ϑ4

2(0),

∆ = h2
2 − 4h0h4.

ϕ34,0(ξ) = ϕ34(ξ) =
ϑ3(ξ)
ϑ4(ξ)

,

(ϕ2
34,n+1(ξ))

2 =
2h0 + (h2 +

√
∆)ϕ2

34,n(ξ)

h2 +
√

∆ + 2h4ϕ2
34,n(ξ)

,

(12)

Ù¥,

h4 = h0 = ϑ2
3(0)ϑ2

4(0),

h2 = −(ϑ4
3(0) + ϑ4

4(0)),

∆ = h2
2 − 4h0h4.

3 mKdV- �u Gordon �§�Ã¡S
� Riemann θ ¼ê)

·�òý��§ (5) ��9Ï�§, |^§�
Ã¡S� Riemann θ ¼ê), ¿/ÏuÎÒO�^
� Mathematica, ¦Ñ mKdV- �u Gordon �§ (2)
�Ã¡S� Riemann θ ¼ê). �d, �ÄC�

u = 2arctanV (ξ), (13)

Ù¥ ξ = x + ct. òC� (13) ª�\� mKdV– �
u Gordon �§ (2) ¥, ��

6cV ′′V 4 + 6AV (4)V 2 − 4cV ′2V 5

− 48AV ′4V 3

− 8cV ′2V 3 − 12AV ′′2V 5

+ 24AV ′4V + 2cV ′′V 6

− 2BV 7 − 12AV ′2V ′′ + 6AV (4)V 4

+ 2AV (4) − 6BV 5 − 6BV 3

− 32AV ′′′V 3V ′ − 16AV ′′′V 5V ′

+ 72AV ′′V 4V ′2 + 60AV ′′V 2V ′2

− 16AV ′′′V V ′ − 4cV ′2V

− 24AV ′′2V 3 + 6cV ′′V 2 + 2AV (4)V 6

− 12AV ′′2V + 2cV ′′ − 2BV = 0. (14)

�âàg²ï�K, b��§ (14) äk/ª)

V = b0 + b1ϕ(ξ), (15)

Ù¥ b0, b1 ´?¿~ê. ò (15) ª�\�§ (14), ¿
|^ý��§ (5), �±����'u ϕi(ξ)ϕj(ξ) �
�ê�§, -ÙXê�", Ò�����'u b0, b1
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Ú h0, h2, h4 ��ê�§|. � b0, b1, c ��¦C
þ, /ÏuÎÒO�^� Mathematica, ����
�|)

b0 = 0,

b1 = ±1
2

√
−2h0(h2 ±

√
h2

2 − 4h0h4)

h0
, (16)

c =
∓Ah2

√
∆ + B − 2Ah2

2

2h2 ±
√

∆
,

Ù¥, ∆ = h2
2 − 4h0h4, h0, h2, h4�?¿~ê.

n Ü C � (13) ª Ú ) (15) ª, ± 9 ý � �
§ (5) �Ã¡S� Riemann θ ¼ê) (7)—(12) ª,
�±�� mKdV- �u Gordon �§ (2) �Ã¡S
� Riemann θ ¼ê), L«Xe (n = 0, 1, 2, · · · ):

u13,n(x, t) = arctan b1ϕ13,n(ξ),

ξ = x − ct,
(17)

Ù ¥, b1, c d (16) ª ( ½, 
 ϕ13,n(ξ) K d (7)
ª(½.

u14,n(x, t) = arctan b1ϕ14,n(ξ),

ξ = x − ct,
(18)

Ù ¥, b1, c d (16) ª ( ½, 
 ϕ14,n(ξ) K d (8)
ª(½.

u12,n(x, t) = arctan b1ϕ12,n(ξ),

ξ = x − ct,
(19)

Ù ¥, b1, c d (16) ª ( ½, 
 ϕ12,n(ξ) K d (9)
ª(½.

u23,n(x, t) = arctan b1ϕ23,n(ξ),

ξ = x − ct,
(20)

Ù¥, b1, c d (16) ª(½, 
 ϕ23,n(ξ) Kd (10) ª
(½.

u24,n(x, t) = arctan b1ϕ24,n(ξ),

ξ = x − ct,
(21)

Ù¥, b1, c d (16) ª(½, 
 ϕ24,n(ξ) Kd (11) ª
(½.

u34,n(x, t) = arctan b1ϕ34,n(ξ),

ξ = x − ct,
(22)

Ù¥, b1, c d (16) ª(½, 
 ϕ34,n(ξ) Kd (12) ª
(½.

4 ( Ø

Rieman θ ¼ê3êÆÔn�¡kX2��A
^, Ïé��5uÐ�§� Rieman θ ¼ê)kX­
��¿Â. �©Äk|^ý��§��| Rieman
θ ¼ê)9Ù Backlund C�, �E
§�Ã¡S
� Rieman θ ¼ê), ¿òù�ý��§��9Ï�
§, /ÏuÎÒO�^� Mathematica, ïÄ
k­
�Ôn¿Â� mKdV- �u Gordon �§, �ª��

§�Ã¡S� Rieman θ ¼ê). ù
)òkÏ
uÔnó�ö)º�
­��Ôny�. �©�E
��5uÐ�§� Rieman θ ¼ê)��{{ü¢
^, �±é�B/^u�EÙ¦ên�.� Rieman
θ ¼ê).
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Abstract

Based on some Riemnan theta function solutions to a elliptical equation, together with its Backlund transformation, infinite

sequences Riemann θ function solutions are derived, then regarding this elliptical equation as an auxiliary equation, with the help of

computer software (Mathematica), infinite sequences Riemann θ function solutions to the modified Korteweg de Vries sine-Gordon

equation are obtained.

Keywords: modified Korteweg de Vries-sine-Gordon equation, Backlund transformation, Riemann θ function
solutions
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