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1 Ú ó

Cc5uÐ�¯�Ã���{ [1−5] ´ó§¯
Kê��{ïÄ�9:�� [6−8]. Ã���{æ^
Äu:�Cq, 3?nØëY!ä�åÆÚ�C/
�¯K��±���m��­�, !�
©Û�m,
Ó��y
O�°Ý.

1995 c, Liu � [9] ©Û
1wâf{^uk
����3XØ÷v��5^�Ú>.°Ý��
¯K, |^¼ê�È©­�nØ, Äu Galerkin {
JÑ
­�Øâf{ (RKPM), ¿A^u6NÄå
Æ!�Å�!(�(ÆÚ�C/�Ãõ+��ê
�O�. 1996 c, Liu � [10] q|^�Å©Û�ºÝ
� ²£!õ©EÇ�A:, JÑ
õºÝ RKPM
Ú�Åâf{, ¿¢y
T�{�g·A©Û. ©
z [11] �ò RKPM A^u��5(���C/
©Û. ©z [12,13] JÑ
£Ä���¦ RKPM Ú
­�Ø�©?ü ©)�{. 2000 c, ©z [14]
é RKPM ?1
U?, ¿A^uØ�Ø �k�
�5N©Û. 2001 c, ©z [15] ?Ø
 RKPM �Ø
�©Û. 2003 c, ©z [16] ?Ø
 RKPM �!:�
�5�. ©z [17—25] �é�) RKPM 3S�Ã
���{?1
ïÄ. 2006 c, ©z [26] JÑ
�

5åÆÚ³¯K�­�Øâf>.Ãü�{. 2008
c, ©z [27,28] JÑ
�5åÆÚ]�9D�¯
K�ECþ RKPM. ±þù
 RKPM �ïÄ, íÄ

�Æ�ó§¯Kê�O��{�uÐ. �´, @
Ï�Ã���{/¼êØäk Kronecker δ ¼êA
5, ��ÏL.�KF¦f{!v¼ê{�5¢y
>.^��?n, ù�3�½§ÝþÒ¬¦°ÝÉ
�, 
�\�
O�þÚO��m.

�©3¿©?Ø¾�æ^�äk��p�
1 w 5 Ú l Ñ : � � A 5 � � � . ­ � Ø â
f{ (IRKPM) êÆA5�Ä:þ, ��5åÆ�
��³U�n�(Ü/¤
�5åÆ²¡¯K
���.­�Øâf{ (interpolating reproducing
kernel particle method for elastic mechanics), Ù �
�>.^���k���{���B�\, ;�

?n>.^��(J. ¤JÑ��{äk��
�ª!)K5��Ú°Ýp�A:. ��, ÏL
ê � � ~ © Û � y 
 � © � { � � ( 5 Ú k
�5.

2 IRKPM /¼ê

3²¡� Ω, ½Â3 x ? u(x) ≈ uh(x) =

* I[g,�ÆÄ7 (1OÒ: 10871124) ÚìÜ�g,�ÆÄ7 (1OÒ: 20051061) ]Ï��K.
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ΦI(x)uI � IRKPM /¼êL«�

ΨI(x) = Φ̂I(x) + Φ̄I(x). (1)

ùp Φ̂I(x) dâf xI ?��¼ê Φ̂âI
(x − xI) Ú

Ù3âf xI ��5�E, �äk Kronecker δ ¼
êA5�{ü/ª, Ψ̄I(x) d*Ð�­�^�5
�E, =

Ψ̂I(x) =
Φ̂âI

(x − xI)
Φ̂âI

(0)

(âI < min{‖xI − xJ‖∀J 6= I}), (2)

Ψ̄I(x) =HT(x − xI)Q−1(x)[H(0)

− Ĥ(x)]Φ̄āI
(x − xI). (3)

ùp xJ �LØ xI 	�Ù{âf, HT(x − xI) �
Ä¼ê�þ, �

HT(x − xI)

=[1 x1 − xI1 x2 − xI2 · · · (x2 − xI2)N ],
(4)

Q(x) =
Np∑
I

H(x − xI)

× (H(x − xI)Φ̄āI
(x − xI))T, (5)

Ĥ(x) =
Np∑
I=1

H(x − xI)Ψ̂I(x), (6)

ª¥ N ´Ä¼ê�gê, Np ´;|�SlÑâf
êþ.

e�;|��Ý/, ¥%� xI , º�� 2a1 ×
2a2, K���¼ê�d���¼ê�ÜþÈ¼�

Φa(x − xI) =
1
a1

Φ

(
x1 − xI1

a1

)
× 1

a2
Φ

(
x2 − xI2

a2

)
. (7)

��BO�/¼ê� �ê, ò (3) ªU��

Ψ̄I(x) = AT(x)B(x), (8)

ª¥

AT(x) = HT(x − xI)Q−1(x), (9)

B(x) = [H(0) − Ĥ(x)]Φ̄āI
(x − xI). (10)

Ïd, Ψ̄I(x) � �ê�

Ψ̄I(x)′xi =AT
′xi

(x)B(x)

+ AT(x)B′xi(x) (i = 1, 2). (11)

IRKPM /¼ê ΨI(x) 9Ù�¼ê�ã/�
ã 1— ã 3.

ã 1 IRKPM /¼ê ΨI(x) ã/

ã 2 IRKPM /¼ê x1 �� �ê ΨI(x)′x1 ã/

ã 3 IRKPM /¼ê x2 �� �ê ΨI(x)′x2 ã/

d±þ¤ã��, IRKPM /¼êäk`É�
:��A5Ú�¼ê�p�1w5, dd¦�©
Û�S� £!ACÚAåäk��p�1wë
Y5, l
;�
k��Aå�1?n�5�O
�Ø�.
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3 �5åÆ²¡¯K� IRKPM

é«�� Ω!>.� Γ ���5N, ½ÂNå
�þ� b, g,>. Γf þ�®�L¡å� f̄ ±9 x

?�ü 	{��þ� n, ��>. Γu þ�®�
 £� ū, K�5N� £ u!Aå σ ÚAC ε �
m�'X�

LTσ + b = 0, (12a)

ε = Lu, (12b)

σ = Dε, (12c)

σ · n = f̄ (x ∈ Γf ), (12d)

u = ū (x ∈ Γu). (12e)

ùp L ��©�fÝ
,

LT =


∂

∂x1
0

∂

∂x2

0
∂

∂x2

∂

∂x1

 ; (13)

D ��5Ý
, éu²¡Aå¯K,

D =
E

1 − µ2


1 µ 0

µ 1 0

0 0
1 − µ

2

 , (14)

ª¥ E Ú µ ©O´á���5�þÚÑt',
éu²¡AC¯K, r E �� E/(1 − µ2), µ �
� µ/(1 − µ) =�.

²¡� Ω S?¿: x � £ u = [u v]T �
L«�

u = ψun. (15)

ùp, n = Np 6 m, Ù¥ m ��5� Ω S¤kl
Ñâfoê. /¼êÝ
 ψ Ú;|�SlÑâf�
 £�þ un �L«�

ψ = [ψ1 ψ2 · · · ψn], (16)

un = [uT
1 uT

2 · · · uT
n ]T. (17)

- I = 1, 2, · · · , n, ?�âf xI �/¼êf
Ú 
£�þ©O�

ψI =

 ΨI 0

0 ΨI

 , (18)

uI = [uI vI ]T. (19)

d (12b) Ú (15) ª��O�: x ?�AC

ε = Lu = Bun, (20)

B = [B1 B2 · · · Bn]. (21)

ùp B �ACÝ
, �3âf xI ?�f
 BI �

BI =



∂ΨI

∂x1
0

0
∂ΨI

∂x2

∂ΨI

∂x2

∂ΨI

∂x1


. (22)

(12a)—(12e) ª¤«�5XÚ�³U Π �AC
U U �	åõ W ��, =

Π =U − W =
1
2

∫
Ω

εTσdΩ

−
( ∫

Ω

uTbdΩ +
∫

Γf

uTf̄ dΓ

)
. (23)

�XÚëþ u, ε, b, ū Ú f̄ ´ëY¼ê�, ò Ω

y©�eZ�f�, = Ω =
∑

Ωe, Ωe ´1 e �f
�. Xã 4 ¤«, ��½÷¤kf�>.Ñ±�Ó
�� (^����½_����) È©�, f�S>
.È©�ò�p-�
�� Ω �	>.È©, =é
>.È©�k

ã 4 f�S>.È©

∫
Γf

uTf̄ dΓ =
∑

e

∫
Γef

uTf̄ dΓ. (24)

u´

Π =
∑

e

Πe

=
1
2

∑
e

∫
Ωe

εTσdΩ −
( ∑

e

∫
Ωe

uTbdΩ

+
∑

e

∫
Γef

uTf̄ dΓ

)
. (25)

ù�, 3äk�ÓÔnA5��NÈ©�½Ùf
�, dlÑâf�/¼ê�E�?¿âf £Á
¼ê uh 9Ù�ê´�I�ëY¼ê, ε Ú σ �´
�I�ëY¼ê. Ïd�5åÆ¯K�XÚ³U
X (25) ª, =�ÏL¤kf�È©U\5¢y, Ù
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¥�f��³U�

Πe =Ue − W e

=
1
2

∫
Ωe

εTσdΩ −
( ∫

Ωe

uTbdΩ

+
∫

Γef

uTf̄ dΓ

)
. (26)

�z�È©f�þ÷v £>.^��, ��³U
�L«�

Πe
min = min

uh∈BC(ū)

[
1
2

∫
Ωe

εTσdΩ

−
( ∫

Ωe

uTbdΩ

+
∫

Γef

uTf̄ dΓ

)]
. (27)

���5N���³U�L«�

Πmin = min
uh∈BC(ū)

[
1
2

∑
e

∫
Ωe

εTσdΩ

−
( ∑

e

∫
Ωe

uTbdΩ

+
∑

e

∫
Γef

uTf̄ dΓ

)]
. (28)

d (27) ª�í�

Keue = fe, (29)

Ù¥ Ke, ue Ú fe ©O´1 e �f��fÝÝ

! £Úå�þ, �

Ke =
∫

Ωe

BTDBdΩ, (30)

fe =
∫

Ωe

ψTbdΩ +
∫

Γef

ψTf̄ dΓ, (31)

Ke
IJ =

∫
Ωe

BT
I DBJ dΩ, (32)

fe
I =

∫
Ωe

ψT
I bdΩ +

∫
Γef

ψT
I f̄ dΓ. (33)

3 (32) Ú (33) ª¥, Ke
IJ � Ke � 2 × 2 �f
,

fe
I � fe 3âf xI ?���å�þ.

d (28) ª���5åÆ²¡¯K� IRKPM �
NfÝ�§

Kum = f , (34)

Ù¥ K, um Ú f ©O��NfÝÝ
!¤kâf
� £Úå�
.

d (23)—(28), (32) Ú (33) ª��

KIJ =
∑

e

Ke
IJ , (35)

fI =
∑

e

fe
I , (36)

Ù¥, I, J = 1, 2, · · · ,m; KIJ Ú fI ©O� K Ú f

���.
Ï� IRKPM /¼ê3lÑ:äk Kronecker δ

¼êA5, ¤±d?�±���\��>.^�.

4 ê��~

é�~©Û�, �©�{æ^�gÄ¼ê, �
¼êæ^ng�^¼ê, ;|���Ý/, (2) Ú (3)
ª¥;|� âI Ú āI �'~Xê�� 0.9 Ú 3.2, z
�f��È©þæ^ 4 × 4 � Gauss ê�È©.

4.1 gggdddàààÉÉÉ���ÔÔÔ���...LLL¡¡¡ååå���]]]:::ùùù

ã 5 ¤«�gdàÉ�Ô�.L¡å�]:
ù, ù��Ý L = 4 m, pÝ D = 1 m, þÝ t = 1 m,
�5�þ E = 1.0× 105 Pa, Ñt' µ = 0.3, gdà
o1Ö P = −1 N, ØOg­, U²¡AåO�.

3¦)�Ù�
 41 × 11 �âf, Xã 6 ¤«,
ã¥U\
^ IRKPM ¦���� 150 �� £.

ã 5 gdàÉ�Ô�.L¡å�]:ù

ã 6 âfÙ�9ÙC/

ã 7 ¤«�^ IRKPM!Ãü� Galerkin (EFG)
{ [7] Ú)Û{¦��ù¥5� y = 0 �R� 
£ v, L 1 �Ñ
�
âf?�R� £�.

dL 1 ��, IRKPM ¦��(J�)Û)�
', ���éØ�� 1.16%, 
 EFG {¦��(J
�)Û)�', ���éØ�� 4.76%.

ã 8 ¤«�^ IRKPM, EFG {Ú)Û{¦�
� x = L/2 �¡þ� x ���Aå σ11, L 2 �Ñ

3�
âf?��Aå�.
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dL 2 ��, IRKPM ¦��(J�)Û)�
', ���éØ�� 0.28%, 
 EFG {¦��(J
�)Û)�', ���éØ�� 0.42%.

ã 7 ù¥5��R� £

L 1 ù¥5��R� £ (ü � mm)

!:�I IRKPM EFG { )Û{
(0.5, 0.0) −7.05 × 10−2 −7.01 × 10−2 −7.13 × 10−2

(1.5, 0.0) −0.51 −0.49 −0.51

(2.0, 0.0) −0.85 −0.82 −0.86

(2.5, 0.0) −1.25 −1.20 −1.26

(3.0, 0.0) −1.69 −1.63 −1.70

(3.5, 0.0) −2.17 −2.10 −2.18

(4.0, 0.0) −2.66 −2.58 −2.67

ã 8 x = L/2 �¡� x ���Aå

L 2 x = L/2 �¡� x ���Aå (ü � Pa)

!:�I IRKPM EFG { )Û{
(2.0, 0.5) 11.98 12.04 12.0
(2.0, 0.3) 7.18 7.22 7.2
(2.0, 0.1) 2.40 2.41 2.4
(2.0, 0.0) 0.00 0.00 0.0

(2.0, −0.2) −4.79 −4.81 −4.8

(2.0, −0.4) −9.59 −9.62 −9.6

lã 7!ã 8 ±9L 1!L 2 ��, IRKPM �
O�(J�%C)Û), `² IRKPM ' EFG {ä

k�p�°Ý.

4.2 ÉÉÉüüü���...������¥¥¥%%%������ÝÝÝ///���

É ü � . � � ¥ % � � Ý / � � º �
� 10 m× 10 m× 1 m, ¥%���» a = 1 m, á�
��5�þ E = 1.0 × 103 Pa, Ñt' µ = 0.25, ü
�.�þÙ1Ö q = 1.0 Pa. dué¡5, �±�Ä
òÙo©����ïÄé�, Xã 9 ¤«, U²¡
AåO�.

ã 9 Y²��ü�.��¥%��Ý/�

æ^�©�{©Û�, 3¦)�Ù� 11 × 13
�âf, Xã 10 ¤«, ã¥U\
^ IRKPM ¦�
��� 50 �� £. ^k��{©Û�3�>�
��!:� IRKPM ¤Ùâf�Ó.

ã 11 �^ IRKPM!k��{Ú)Û{¦�
� x = 0 �¡þR� £, L 3 �Ñ
3�
âf
?�R� £�.

ã 10 âfÙ�9ÙC/

dL 3 ��, IRKPM ¦�� £�)Û)�
', ���éØ�� 0.66%, 
k��{¦��(J
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�)Û)�', ���éØ�� 1.32%.

ã 11 x = 0 �¡�R� £

L 3 x = 0 �¡�R� £ (ü � mm)

!:�I IRKPM k��{ )Û{
(0.00, 1.00) −0.94 −0.93 −0.94

(0.00, 1.57) −1.13 −1.12 −1.13

(0.00, 2.14) −1.19 −1.19 −1.19

(0.00, 2.71) −1.28 −1.27 −1.28

(0.00, 3.29) −1.39 −1.38 −1.39

(0.00, 3.86) −1.53 −1.50 −1.52

(0.00, 4.43) −1.66 −1.64 −1.66

(0.00, 5.00) −1.81 −1.80 −1.81

ã 12 x = 0 �¡� x ���Aå

ã 12 �^ IRKPM!k��{Ú)Û{¦�
� x ���Aå'�, L 4 �Ñ
3�
âf?�
�Aå�.

dL 4 ��, 3Aå8¥��>, IRKPM ¦�
��Aå�)Û)ÎÜ, 
k��{¦��(J�
)Û)�', Ø�� 1.67%.

dã 11!ã 12 ÚL 3!L 4 ��, IRKPM �
k��{�'äk�p�°Ý.

ÏL±þ;.~f�©Û, �y
�©�{�
�(5Úk�5.

L 4 x = 0 �¡� x ���Aå (ü � Pa)

!:�I IRKPM k��{ )Û{
(0.00, 1.00) 3.00 3.05 3.00
(0.00, 1.57) 1.64 1.41 1.45
(0.00, 2.14) 1.31 1.13 1.18
(0.00, 2.71) 1.19 1.05 1.10
(0.00, 3.29) 1.13 1.01 1.06
(0.00, 3.86) 1.10 0.99 1.04
(0.00, 4.43) 1.05 0.95 1.03
(0.00, 5.00) 1.03 0.92 1.02

5 ( Ø

�©ò IRKPM /¼êÚ�5åÆ���³U
�n�(Ü, /¤
�5åÆ²¡¯K� IRKPM,
í�
Ùê�zO�úª, ?�
�A¯K�
Matlab §S, ¿^;.�~�y
T�{�k�
5. �©�{�±�k��{���B/���\
 £>.^�, !�
O��m. IRKPM /¼êä
k��lÑ:��A5, Ù�¼êäkp�1w5,
�y
�©�{�¦)°Ý. ^�©�{¦��A
å|Ú £|äk��1wëY5, ;�
k��
{�ü�AåØëY?1�?n�5�°Ý��.
Ïd, �©�{´��Úp°Ý�k�ê��{.
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Abstract
The displacement trial function is reconstructed by reproducing kernel particle shape function method with interpolation property

on discrete points, then combining the principle of minimum potential energy of elasticity, the new interpolating reproducing kernel
particle method to analyze the plane problem of elasticity is obtained. Because interpolation reproducing kernel particle shape function
has a point interpolation property and no less than the high-order smoothness of kernel function, the difficulty for most of meshless
methods to be used to deal with the essential boundary conditions is already overcome, and the high numerical accuracy is assured as
well. Compared with the early meshless methods, this method has a high accuracy and a small scale of solving problem and it can be
directly applied to boundary conditions. Numerical results for some typical examples of elasticity prove the proposed method to be
valid.

Keywords: interpolating reproducing kernel particle method, elastic mechanics, principle of minimum potential
energy, meshless method
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