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|^1�È©�E Lagrange ¼ê�nØÚ�{, �Ñ�a Painleve �§�ü� Lagrange ¼êx, ±9�

 Lagrange ¼êÚ Hamilton ¼ê.
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1 Ú ó

C©{_¯KïÄ�©�§XÚUÄlC©
�n¥�Ñ, =UÄò�§�¤ Lagrange �§/
ª, Ù'�´�E Lagrange ¼ê, ù´êÆåÆÚ
ÔnÆ+�¥�9�¯K�� [1−3]. Painleve �§
´��­V±clX{êÆÑum©ïÄ�, 

8%uy§�õ«êÆÔnÆ¯K�', Ïdéù
a�§�ïÄ�¤�9:, Ù¥�)�E Lagrange
¼ê¯K [4−6]. ©z [5] ¥|^ Jacobi �{�E

ØÓa. Painleve �§� Lagrange ¼ê, ©z [6]
¥�Ñ�«C�þ$Ä�§áu Painleve �§, q
�E
�X�ØÓ� Lagrange ¼ê. �C, ·�
JÑ
�©�§XÚ�1�È©�Ù Lagrange ¼
ê�m�«#�'X, |^ù«'X�±�E La-
grange ¼ê, $��±�Ñ Lagrange ¼êx [7,8].
�©|^ù«#�{, �EÑ©z [5] ¥JÑ��
a Painleve �§�ü� Lagrange ¼êx, ±9A
� Lagrange ¼êÚ Hamilton ¼ê.

2 |^1�È©�E Lagrange ¼ê

ïÄ��~�©�§

ẍ = f(t, x, ẋ), (1)

�§���1�È©�

I = I(t, x, ẋ) = const. (2)

÷v^�

∂2I/∂ẋ2 6= 0, (3)

d I �±�E�§ (1) � Lagrange ¼ê [7]

L = A(t, x)I(t, x, ẋ) + B(t, x)ẋ + B0(t, x), (4)

ª¥Ïf A(t, x), B(t, x), B0(t, x) ´e��§�
): (∂A

∂t
+

∂A

∂x
ẋ
)∂I

∂ẋ
− ∂A

∂x
I − 2A

∂I

∂x

− A
∂I

∂ẋ

∂f

∂ẋ
+

∂B

∂t
− ∂B0

∂x
= 0. (5)

XJ�§ (1) �,�1�È© I ÷ve�^�:

2
∂I

∂x
+

∂I

∂ẋ

∂f

∂ẋ
= φ(t)

∂I

∂ẋ
, (6)

K�§ (1) �3��� I �'� Lagrange ¼êx [8]

L̄ = A(t)F (I(t, x, ẋ)) (∂2F/∂ẋ2 6= 0), (7)

Ù¥ F ´ I �?¿ëY��¼ê, Ïf

A = exp
( ∫ t

φ(τ)dτ
)
. (8)

^� (6) �AÏ�¹´

2
∂I

∂x
+

∂I

∂ẋ

∂f

∂ẋ
= 0, (9)

d� A �~ê.
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3 ��C�þ$Ä�§� Lagrange z

�òó^tµ/·�31w²¡þ, Ù�àÉ
�ðå F �^
ºY?\$Ä, ± x L«ó^$Ä
�Ý, m L«ü �Ýó^��þ, KÙ$Ä�©
�§�¤ [6]

ẍ +
ẋ2

x
− F

mx
= 0. (10)

T�§áue�a.� Painleve �§:

ẍ +
1
2

∂ϕ

∂x
ẋ2 +

∂ϕ

∂t
ẋ + B(t, x) = 0. (11)

©z [5] �Ñ, éõ Painleve �§Ñ´ (11) ª/ª
��©�§. ��5¿�´, 3C©{_¯K¥,
(11) ª/ª��©�§Ó�´ïÄ�­:, �±
|^õ«ØÓ��{��ù«�§� Lagrange ¼
ê [7−12]. ùp�?Ø�§ (11) �AÏ�¹ —– �
§ (10), 3��§�1�È©�, �E Lagrange ¼
êÚ¼êx.

ò�§ (10) U�¤

ẍ = f(t, x, ẋ) = − ẋ2

x
+

b

x
, (12)

ª¥ b = F/m, ¦�§�n�1�È©Xe:

I1 =xẋ − bt = const,

I2 =txẋ − x2

2
− bt2

2
= const, (13)

I3 =x2ẋ2 − bx2 = const. (14)

ò I1 Ú f �\ (9) ª, `²�3� I1 �'
� Lagrange ¼êx, 
�Ïf A �~ê, � A = 1,
�Ñ�� Lagrange ¼êx�

L̄ = F (I1) = F (xẋ − bt), (15)

ª¥ F ´ I1 �?¿ëY��¼ê, I1 Ø÷v^
� (3), 
 F A÷ve�^�

∂2F/∂ẋ2 6= 0. (16)

Ó�/, ò I2 Ú f �\ (6) ª, `²�3� I2 �'
� Lagrange ¼êx, ¿k

ϕ(t) = −2/t, A = 1/t2, (17)

�Ñ�§ (1) �,�� Lagrange ¼êx�

L̄′ =
1
t2

F (I2) =
1
t2

F
(
txẋ − 1

2
x2 − 1

2
bt2

)
, (18)

ª¥¼ê F Ó�A�÷v^� (16).
|^ I1 Ú I2 �KþÒ�±�Ñ�§ (1) �Ù

¦1�È©, ~X

I3 = I2
1 + 2bI2. (19)

I3 Ø÷v^� (6) Ú (9) ª, �\�§ (5), �±�
� A, B Ú B0, ~X

A = 1/2, B = 0, B0 = bx2, (20)

=�Ñ�� Lagrange ¼ê

L =
1
2
x2ẋ2 +

1
2
bx2. (21)

d Lagrange ¼êx L̄, L̄′, �ØÓ�¼ê F , �±�
Ñ�X� Lagrange ¼ê, ~X

L1 = Iα
1 = (xẋ − bt)α (α 6= 0, 1), (22)

L2 = ln I1 = ln(xẋ − bt), (23)

L3 = exp I1 = exp(xẋ − bt), (24)

L4 =
1
t2

I−1
2 =

1
t2

(
txẋ − 1

2
x2 − 1

2
bt2

)−1

, (25)

��. A��Ñ, ü�¼êx¥Ñk?¿õ�¼ê,
§��m´���, �´, ¿vk�)�§ (1) ¤k
� Lagrange ¼ê, ~X, (21) ª¥� L ÒØ3ùü
�¼êx¥.

�� Lagrange ¼ê�, |^ Legendre C��
�Ñ�X�ØÓ� Hamilton ¼ê, ~X

H =
p2

2x2
− bx2

2
(p = x2ẋ), (26)

H3 =
p3

x
(ln p3−lnx+bt−1) (p3 = x exp(xẋ−bt)),

(27)
��, õ«õ�� Lagrange ¼ê�XÚ� Hamilton
zÚþfzJø
õ«ÀJ.

4 ( Ø

|^1�È©�E Lagrange ¼ê��{, ��

�« Painleve �§�ü� Lagrange ¼êx, ¿�
Ñx	E,kÙ¦� Lagrange ¼ê, ù´#�(
J. ©z [13] �Ñ, �©�§©ÛåÆz��5�
É�­À, Ïd, �©���(Jé�'¯K�?
�ÚïÄk�½�nØd�, AO´ù«�E La-
grange ¼ê��{, k�U�k7�í2�éÙ
¦ Painleve a.�§�ïÄ¥�.

y8éõÆ�+�Ñ|^�©�§�.ïÄ
XÚ$ÄÚuÐ, ®²�Ñ, (11) ª/ª��§�
¹
éõa.� Painleve �§, ù
�§�L
é
õ­��XÚ, Ù¥�)E,�ÑÑXÚÚaÑÑ
XÚ, ù
XÚ�9åÆÔnÆÚÙ¦Æ�+�.
Ïd, 3�'�ïÄ¥A�­À/�ÚA^êÆ+
�k' Painleve �§�ïÄ¤J.
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The families of Lagrangians of a Painleve equation
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Abstract
By use of the method to construct the Lagrangian from the first integral, two families of Lagrangians and some Lagrangians and

Hamiltonians are obtained for a class of Painleve equations.
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