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1 Ú ó

6NåÆO��{UÙæ^�IXØÓ, �©
� Euler �{Ú Lagrange �{ü�a. Euler �{
��´�½�, é�C/¯K�ê��['�n�,
�´éS.¡Úgd¡vk�©�ß�©EUå.
Lagrange �{¥����6N$Ä, éuNõkS
.¡½gd¡�¯K´�«n���{. ,
õ
� Lagrange �{N´u)��Û­$���. �

�Ñ�g���, uÐ
ü«�{�(Ü��{,
äk�L5�´?¿ Lagrangian-Eulerian (arbitrary
Lagrangian-Eulerian, ALE) �{ [1,2] ÚÄuÚ��
IXe�ê��{ [3,4].

3Ú��IXe, 6NÄåÆ��Ônþw
¤´�mÚ�âf (pseudo-particles) �,«�k
A�¼ê, �âf$Ä�Ý� hq, q ´6N�:�
Ý. Ú��I�) Euler �IÚ Lagrange �Iü
«AÏ�¹, � h = 0 �� Euler �I, h = 1 �
� Lagrange �I. Ú��IX�éuDÚ� Euler
�IÚ Lagrange �Ik�½�`³, Cc5�2�
A^uíÄ�§|�ê�¦)¥.

1973 cmäk���{d Reed Ú Hill Äk
JÑ, ¿A^u¦)¥fÑ$�§, �ù«�{�
Ï±5��vk��éÐ�ïÄÚA^. �� 20
­V 80 c��ÏÚ 90 c�, Cockburn � [5−10] (
Ü Runge-Kutta �{, òmäk���{í2��
�5��ÅðÆ�§Ú�§| [5−7]!p�ÅðÆ
�§Ú�§| [8,9] ±9é6*Ñ�§ [10], ¿�Ñ

Ü©Âñ5nØy²�, ù��{âÚå<��
5¿, ¿Åìm©A^u6NåÆO�+� [11,12].
8cmäk���{ØA^uV­ÅðÆO�	,
��2�A^u¦)Ù¦a.��§, Xý��
§!Hamilton-Jacobi �§!é6*Ñ�§!KdV
.�§Ú�Ø  N-S �§�. ±þ��Ü©ó�
Ñ´3 Euler �IXe�¤�. l Lagrange �IX
e�©/ª�ÅðÆ�§Ñu, Loubère ��E

Äu Bernstein õ�ªÚgdÝÛÜ Riemann ){
ì�mäk���{, ¦��E��ªäk­½Ú
���A�. _y*� [13] �E
 Lagrange �IX
e�Ìmäk���{, ÙAÚ3u/Ïu Maire
� [14] JÑ��{5(½��!:��Ý, ¿dd
�Ñmäk���{¥^��ê�6Ïþ.
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{^u¦)Ú��IXe���íÄ�§|, �E

Ú��IXe���Ø íÄ�§|� RKDG
k���{. �± ó�ØÓ:3u: ò6NåÆ
�§|ÚAÛÅðÆÚ�¦); ¤kO�Ñ3�½
���þ?1, 3O�L§¥ØI���!:��
Ý&E; �©3�Eê�6Ïþ�L§¥, æ^

�{ü�ÛÜ Lax-Friedrichs ê�6, ;m
ÏL
!:�Ý5(½ê�6Ïþ�E,O�.©¥éA
�ê��~|^�g�?1
ê��[, ��
�
Ð�ê��[(J.

2 Ú��IXe� RKDG k���{

�Ä��î.�§|

Wt + F (W )x + G(W )y = 0, (1)

Ù¥

W =


ρ

ρu

ρv

ρẼ

 ,

F (W ) =


ρu

ρu2 + p

ρuv

(ρẼ + p)u

 , (2)

G(W ) =


ρv

ρuv

ρv2 + p

(ρẼ + p)v

 ,

ρ��Ý, u, v ©O´ x, y ����Ý©þ, Ẽ �'
oU, p�Øå, Ẽ =

p

ρ(γ − 1)
+

1
2
(u2 + v2), γ�ý

9'.
-

J̄ =

U X

V Y

 =

∂ξx ∂ηx

∂ξy ∂ηy

 ,

J((ξ, η), t) = ∂ξx∂ηy − ∂ξy∂ηx, (3)

J((ξ, η), 0) = 1,

Ú?C�

dt = dτ,

dx = hudτ + U dξ + Xdη, (4)

dy = hvdτ + V dξ + Y dη,

¿�Ä�AÛÅðÆ, ��Ú��IXe���í
Ä�§|

Et + Fl(E)ξ + Gl(E)η = 0, (5)

Ù¥

E =



ρJ

ρJu

ρJv

ρJẼ

U

V

X

Y



,

Fl(E) =



−ρ(1 − h)J21

−ρ(1 − h)J21u + pY

−ρ(1 − h)J21v − pX

−ρ(1 − h)J21Ẽ − pJ21

−hu

−hv

0

0



, (6)

Gl(E) =



ρ(1 − h)J31

ρ(1 − h)J31u − pV

ρ(1 − h)J31v + pU

ρ(1 − h)J31Ẽ + pJ31

0

0

−hu

−hv



,

J21 = −uY + vX,

J31 = −uV + vU. (7)

�§| (5 )—(7) 3 h = 1 �´fV­�, =T
�§|k 8 �¢A��, ��k 7 ��5Ã'
�A��þ. - α Ú β ´ ξ-η ²¡?¿���
þ¿�÷v α2 + β2 = 1. ½Â ᾱ = αξx + βξy,
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β̄ = αηx + βηy, Ù¥ ξx = Y/J , ξy = −X/J , ηx =
−V/J , ηy = −U/J . �§| (5)—(7) 3 h = 1 ��
A��� λ1 = 0(6 ­), λ± = ±c(ᾱ2 + β̄2)1/2, Ù
¥ c�(�. �§| (5)—(7) 3 h 6= 1 �´V­�.
h 6= 1 �T�§|�A��� λ1 = 0 (4 ­), λ2 =
(1 − h)(ᾱu + β̄v) (2 ­), λ± = λ2 ± c(ᾱ2 + β̄2)1/2.
±e|^mäk���{¦)�§| (5)—(7).

- Th L«éO�«����¿©, ^ K L«
¿©ü�, e L«ü� K �>., ne,K L«ü� K

�>. e �	{�. ^ëY¼ê w ¦ (5) ª�üà,
¿|^ Green úª��∫

K

Etwdξdη −
∫

K

(Fl, Gl) · ∇wdξdη

+
∫

e

(Fl, Gl) · ne,Kwds = 0. (8)

½Âd©¡õ�ª�¤�k���m�

Vh = {v : v|K ∈ P k(K), ∀ K ∈ Th}, (9)

Ù¥ P k(K) L«½Â3ü� K þ�õ k g�õ�
ª. ¦)�§| (5)—(7) ��lÑmä Galerkin k
���{�: ¦ Eh ∈ Vh, ¦�éu?¿�u�¼
ê wh ∈ Vh Ú?¿�¿©ü� K, Ñk

∂

∂t

∫
K

Ehwhdξdη −
∫

K

(Fl, Gl) · ∇whdξdη

+
∫

e

̂(Fl, Gl) · ne,Kwhds = 0, (10)

Ù¥ ̂(Fl, Gl) · ne,K L«ü�>.þ�ê�6Ï
þ, P� he,K . �©æ^ÛÜ Lax-Friedrichs ê�6
Ïþ

he,K(E−, E+)

=
1
2
[
f(E+) · ne,K + f(E−) · ne,K

− α(E+ − E−)
]
, (11)

Ù¥ f = (Fl, Gl), α� Jacobi Ý

∂

∂E
f · ne,K 3

¿©ü�9Ù��ü�þ���A��. |^ê�
È©úª∫

K

(Fl, Gl) · ∇whdξdη

≈
M∑

j=1

ωj(Fl(ξKj , ηKj , t), Gl(ξKj , ηKj , t))

× ∇wh(ξKj , ηKj)|K|, (12)∫
e

̂(Fl, Gl) · ne,Kwhds

≈
L∑

l=1

ωlhe,K(ξel, ηel, t)wh(ξKj , ηel)|e|, (13)

���§| (5)—(7) �k��lÑ�ª�
∂

∂t

∫
K

Ehwhdξdη

−
M∑

j=1

ωj(Fl(ξKj , ηKj , t), Gl(ξKj , ηKj , t))

× ∇wh(ξKj , ηKj)|K|

+
L∑

l=1

ωlhe,K(ξel, ηel, t)wh(ξel, ηel)|e| = 0. (14)

þã�lÑ�ª�¤~�©�§|�
∂

∂t
Eh = Lh(Eh). (15)

é u ~�© � § |, | ^ k + 1 � o C �
~ � (TVD) Runge-Kutta � { ? 1 � m l Ñ.
� {tn}N

n=0 ´ [0, T ] ���¿©,

∆tn = tn+1 − tn n = 0, 1, · · · , N − 1.

� E0
h = PVh

(E0), é n = 0, 1, · · · , N − 1, O
� En+1

h �Ú½Xeµ
1) - E0

h = En
h ;

2) é i = 1, · · · , k + 1 O�¥m¼ê

E
(i)
h =

i−1∑
l=0

{
αilE

(l)
h + βil∆tnLh(E(l)

h )
}

;

3) - En+1
h = Ek+1

h .
ùp�f PVh

´k���m Vh � L2 �ÝK. �
©æ^ 2 � TVD Runge-Kutta �{?1�mlÑ.
�mlÑ�ª¥�ëê��� α10 = β10 = 1,

α20 = α21 = β21 =
1
2

, β20 = 1.

é u � õ ê � � 5 6 N å Æ¯K, X J )
´mä�, @o=^þã�{Ò¬�))�J
b��, ��ê�Ø­½5, �d�3z��m
Ú Ú ? � � ì. Ú \ Û Ü � Ç � � � f ΛΠh,
þã�mlÑ�ªC�: � E0

h = ΛΠhPVh
(E0),

é n = 0, 1, · · · , N − 1, O� En+1
h �Ú½Xeµ

1) - E0
h = En

h ;
2) é i = 1, · · · , k + 1 O�¥m¼ê

E
(i)
h = ΛΠh

i−1∑
l=0

{αilE
(l)
h + βil∆tnLh(E(l)

h )};

3) - En+1
h = Ek+1

h .
éu ΛΠh �äN/ª�±ë�©z [9]. Cock-

burn � [9] �Ñ
��¢^� ΛΠh.
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�©æ^o>/��. �O�«�� [a, b] ×
[c, d], �A���¿©�

Th =
{
Iij =

{
(ξ, η) : ξi−1/2 6 ξ 6 ξi+1/2,

ηj−1/2 6 η 6 ηj+1/2

}
,

1 6 i 6 nx, 1 6 j 6 ny
}
,

Ù¥
a = ξ 1

2
< ξ 3

2
< · · · < ξnx+ 1

2
= b,

c = η 1
2

< η 3
2

< · · · < ηny+ 1
2

= d.

-

ξi = (ξi−1/2 + ξi+1/2)/2,

∆ξi = ξi+1/2 − ξi−1/2,

ηj = (ηj−1/2 + ηj+1/2)/2,

∆ηj = ηj+1/2 − ηj−1/2,

h = max
(

max
16i6nx

∆ξi, max
16j6ny

∆ηj

)
,

K (ξi, ηj) L«ü� Iij ¥%��I. éu�5�,
��¼ê3ü� Iij þ�Cq�±L«�

Eh(ξ, η, t) = Ē(t) + Eξ(t)Φi(ξ) + Eη(t)Ψj(η),
(16)

Ù¥

Φi(ξ) =
ξ − ξi

∆ξi
, Ψj(η) =

η − ηj

∆ηj
. (17)

�5����þÝ
�

M = ∆ξi∆ηj diag
(
1,

1
12

,
1
12

)
.

éu±þo>/e��5�, �UXe�ª�E�
Ç��ì. ògdÝ Eξ ^eªO�:

m̄(Eξ/2, Ēi+1,j − Ēi,j , Ēi,j − Ēi−1,j), (18)

Ù¥ m̄ L«oC�k. (TVB) minmod ¼ê

m̄(a1, a2, · · · , an)

=

a1 |a1| 6 Mh2,

m(a1, a2, · · · , an) Ù¦,
(19)

Ù¥

m(a1, a2, · · · , an)

=



s · min16j6n |aj |

sign(a1) = sign(a2) = · · ·

= sign(an) = s,

0 Ù¦,

(20)

M � TVB ~ê, ØÓ�¯KÙ����±UC. Ó
ngdÝ Eη ^eªO�:

m̄(Eη/2, Ēi,j+1 − Ēi,j , Ēi,j − Ēi,j−1). (21)

éuk���ª¥�NÈ©æ^Ê: Gauss È©
úª, é�È©æ^n: Gauss È©úª. �±�
âz���mÚ¥O����Åðþ��6N�
�Ý, ?
�±(½6N3�m� �. ~Xéu
 uü� Iij ¥%�6N3 tn+1 ��� ��±
ÏL±eúª5(½:

xn+1 = xn +
∆tn

2
(hun + hun+1),

yn+1 = yn +
∆tn

2
(hvn + hvn+1). (22)

3O�L§¥, XJI�(½��3�����
 �, �±ÏLéz���!:¤'é�o�ü
�3T!:��Ý²þ��. ~X�Äü� Iij �
��º: (ξi− 1

2
, ηj− 1

2
), �Ù���o�O�ü�

� Iij , Ii−1,j , Ii−1,j−1, Ii,j−1. �âO����ù

ü��gdÝ�±��!: Iij �o��Ý, P�

uij

(
ξi− 1

2
, ηj− 1

2

)
, vij

(
ξi− 1

2
, ηj− 1

2

)
,

ui−1,j

(
ξi− 1

2
, ηj− 1

2

)
, vi−1,j

(
ξi− 1

2
, ηj− 1

2

)
,

ui−1,j−1

(
ξi− 1

2
, ηj− 1

2

)
, vi−1,j−1

(
ξi− 1

2
, ηj− 1

2

)
,

ui,j−1

(
ξi− 1

2
, ηj− 1

2
), vi,j−1

(
ξi− 1

2
, ηj− 1

2

)
.

K��!:3 n + 1 ��� ��±deª(½:

xn+1
(
ξi− 1

2
, ηj− 1

2
, tn+1

)
=xn

(
ξi− 1

2
, ηj− 1

2
, tn

)
+

h

8

(
un

ij + un+1
ij

+ un
i−1,j + un+1

i−1,j + un
i−1,j−1

+ un+1
i−1,j−1 + un

i,j−1 + un+1
i,j−1

)
, (23)

yn+1
(
ξi− 1

2
, ηj− 1

2
, tn+1

)
=yn

(
ξi− 1

2
, ηj− 1

2
, tn

)
+

h

8

(
vn

ij + vn+1
ij

+ vn
i−1,j + vn+1

i−1,j + vn
i−1,j−1 + vn+1

i−1,j−1

+ vn
i,j−1 + vn+1

i,j−1

)
, (24)

Ù¥þI n Ú n + 1 L« tn Ú tn+1 ��Ônþ�
��. ���J�´, 3O�Ônþ�L§¥¿Ø
¬^���!:��Ý&E, �kI�
)O�L
§¥���üz�â^�!:�Ý, Ïdùpæ^

{ü��â²þ5(½��!:�Ý. �mlÑ
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L§¥, z����� Runge-Kutta Ú�mÚ��
À�deª(½:

ν =
(γpρ)1/2

ρJ

(
(1 − h)max

(
|Y u − V v|, |Uu − Xv|

)
+ max

[
(V 2 + Y 2)1/2

∆ξ
,
(U2 + X2)1/2

∆η

])
dt 6 1,

(25)

Ù¥ ν L« CFL ê.

¦)Ú��IXe��íÄ�§|�O�Ú
½�:

1) Ð © z. � ½ x-y Ôn ² ¡ Ú ξ-η O �
² ¡ � � � þ ! ¿ ©, Ð © z C þ (ρ, u, v, p)0ij
Ú (U, V,X, Y )0ij . d d � � Ð © � Å ð C þ
E0

ij , 1 6 i 6 nx, 1 6 j 6 ny. - tn = 0.

2) |^ RKDG k���{¦)�§| (5)—
(7), �� E 3 n + 1 ���� En+1

ij , 1 6 i 6 nx,
1 6 j 6 ny.

3) dÅðþO��©Cþ��. - En+1 =
(e1, e2, e3, e4, e5, e6, e7, e8), K n + 1 ����©C
þ�±deªO���:

ρn+1 =
e1

e5e8 − e6e7
, un+1 =

e2

e1
, vn+1 =

e3

e1
,

pn+1 =(γ − 1)ρn+1
[e4

e1
− 1

2
(u2 + v2)

]
. (26)

4) d (22)—(24) ªO� n + 1 ����¥%Ú
��!:��I, �m�cí?�Ú.

5) XJ tn+1 < T , = 2).

3 ê�¢�

3±en��~¥�Än�íN¿- γ = 1.4,
�5�� TVB ~ê�� 50.

�~ 1 ��~^uÿÁ°Ý, �Ä��$�
Ý6¯K, Ð©^��

ρ0(x, y) =1 + 0.99(sin(2π(x + y − 2t))),

u0(x, y) =1,

v0(x, y) =1,

p0(x, y) =1. (27)

O�«�� [0, 1] × [0, 1] ¿�½±Ï>.^�. d
�~�°()�

ρ(x, y, t) =1 + 0.99(sin(2π(x + y))),

u(x, y, t) =1,

v(x, y, t) =1,

p(x, y, t) =1. (28)

3O�L§¥, �5�� CFL ê�� 0.2(ν = 0.2).
½Â�Ý ρ 3 T ��� L1 Ú L∞Ø�©O� ‖e‖1

Ú ‖e‖∞, K

‖e‖1 =
∫

DU

|ρ(x, y, t) − ρh(x, y, t)|dxdy,

‖e‖∞ = max
(x,y)∈DU

|ρ(x, y, t) − ρh(x, y, t)|,

Ù¥ DU L«O�«�3 Euler �IXe� �.
K3 h �ØÓ�ÚØÓ��e�5��Ø�9�
A�Âñ��L 1—3. dO�(J�±wÑ, �5
�O�(J�±����°Ý.

L 1 h = 0, t = 0.1 ���Ý� L1 Ú L∞ Ø�9Âñ�, ν = 0.2, k = 1

��ê ‖e‖1 Âñ� ‖e‖∞ Âñ�

10 × 10 5.0943 × 10−3 — 2.3298 × 10−2 —

20 × 20 1.1085 × 10−3 2.2002 6.7160 × 10−3 1.7945

40 × 40 2.5800 × 10−4 2.1032 1.7569 × 10−3 1.9346

80 × 80 6.2488 × 10−5 2.0457 4.4860 × 10−4 1.9695

L 2 h = 0.5, t = 0.1 ���Ý� L1 Ú L∞ Ø�9Âñ�, ν = 0.2, k = 1

��ê ‖e‖1 Âñ� ‖e‖∞ Âñ�

10 × 10 5.7387 × 10−3 — 2.3604 × 10−2 —

20 × 20 1.1869 × 10−3 2.2735 6.9783 × 10−3 1.7581

40 × 40 2.6904 × 10−4 2.1413 1.8471 × 10−3 1.9176

80 × 80 6.4222 × 10−5 2.0667 4.7403 × 10−4 1.9622

110208-5



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 11 (2012) 110208

L 3 h = 0.9, t = 0.1 ���Ý� L1 Ú L∞ Ø�9Âñ�, ν = 0.2, k = 1

��ê ‖e‖1 Âñ� ‖e‖∞ Âñ�
10 × 10 4.7065 × 10−3 — 2.6960 × 10−2 —
20 × 20 1.0688 × 10−3 2.1387 7.4928 × 10−3 1.8472
40 × 40 2.5367 × 10−4 2.0750 1.9352 × 10−3 1.9530
80 × 80 6.1962 × 10−5 2.0335 4.9195 × 10−4 1.9759

�~ 2 �Ä Sod -Å+¯K©Sod ¯K�
±u��{�Ün5, ¿��±^u�ê��{�
���ÿÁ©Ð©� x ��O�«�� [0, 1], nx

� 200, ny ��½� 5, ¿� x Ú y ����Ó��
mÚ�. Ð©^��

(ρL, uL, vL, pL) = (1.0, 0, 0, 1.0), x 6 0.5,

(ρR, uR, vR, pR) = (0.125, 0, 0, 0.1), x > 0.5.

3O�L§¥ CFL ê�� 0.2. t = 0.2 ���O�
(J�ã 1—3. �°()'��±wÑ, ê�)U

�Ð/%C°(), ¿�vkÑy)�Jb��
y�. Tê��{é�>mäÚ-Å�©EÇ�p.
±e�Ñ���~±u��©�E��{�[E

,Å/�p�^¯K�Uå.
�~ 3 �ÄS�¯K [15]©Ð©�O�«�

� [−1, 1] × [1, 1]. T¯KÌ��	-Å�p�^¯
K. >.^���9^�, Ð©^��

(ρ, u, v, p) =(0.125, 0, 0.10),

(x, y) ∈[−0.4, 0.4] × [−0.4, 0.4],

(ρ, u, v, p) =(1.0, 0, 0, 1.0) Ù¦.

3O�L§¥� CFL ê�� 0.2. t = 0.1, 0.2, 0.3,
0.5 �� 100 × 100���O�(J�ã 4. ã 5 �
Ñ
 t = 0.1, 0.2, 0.3, 0.5 �����©Ù. dO�
(J�±wÑ, �©�E�ê��{äk�Ð��
é¡5.

ã 1 h = 0, t = 0.2 �� 200����ÝÚØå (a) �
Ý; (b) Øå

ã 2 h = 0.5, t = 0.2 �� 200����ÝÚØå
(a) �Ý; (b) Øå
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ã 3 h = 0.9, t = 0.2 �� 200����ÝÚØå (a) �Ý; (b) Øå

ã 4 ØÓ����Ý��� (a) t = 0.1; (b) t = 0.2; (c) t = 0.3; (d) t = 0.5

4 ( Ø

�©�E
Ú��IXe���Ø íÄ�
§|� RKDG k���{. �± �
ê��{
ØÓ, T�{òAÛÅðÆÚÔnÅðÆÚ�¦
); 3O�L§¥ØI���!:��Ý&E, �

ØI�Ú\����; ê��ªO�{B, ´u¢
y. T�{éu�5��±����°Ý, ÏLÚ
\��ì, �±³�4ê�)�Jb��. ��­
��´, Ú��IXe�ê��{�±�Ð/�
Ñ Lagrange �IXe�����¯K. T�{k"
^uõ0�6�ê��[¥.
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ã 5 ØÓ����� (a) t = 0.1; (b) t = 0.2; (c) t = 0.3; (d) t = 0.5
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Runge-Kutta discontinuous Galerkin finite element
method for two-dimensional gas dynamic equations in

unified coordinate∗
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Abstract

In this paper we develop the Runge-Kutta discontinuous Galerkin finite element method for two-dimensional compressible gas

dynamic equations in unified coordinate. The equations for fluid dynamics and geometry conservation laws are solved simultaneously.

All the calculations can be performed on the fixed meshes. The information about the grid velocities is not needed in calculation. Some

numerical examples are given to evaluate the efficiency and the reliability of the scheme. The numerical results show that the algorithm

works well.

Keywords: unified coordinate, Runge-Kutta discontinuous Galerkin finite element method, two-dimensional gas
dynamic equations
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