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²;o�C©Óz (four dimensional variational data assimilation, {¡ 4dvar) ¥@��ª´�{�, 
¢Sê�
�ª¥�3��ªØ�òéC©Óz�J�)��K�, f�å 4dvar �JÑ� 4dvar ¥�Ä�ªØ��K�Jø

�«�1å». ïÄ
Äu�ªØ���Cþ�f�å 4dvar Ä�nØ, ¿3��fY�§|¥éÙÓz�J9
�O�ªØ��k�5?1�'ê�¢�ïÄ. (JL², 3�ªØ�Ø��Ñ��¹e, �ªØ�f�å 4dvar 3
��«m (�)Óz«mÚý�«m) þý�Ø�þ'DÚ 4dvar �, 3�ªØ��é���U?�J�²w, äk
²w`�5; ¿�, �ªØ�f�å 4dvar Uk��O�ªØ���9©Ù/ª.

'�c: �ªØ�, f�åo�C©Óz, ��fY�§|

PACS: 92.60.Wc

1 Ú ó

¯¤±�, DÚC©Óz¥Ï~b��ªÄå
�§|´�{�, ½ö�ªÄå�§|Ø��éu
ÓzXÚ¥Ù¦Ø�é�, �±�Ñ [1−3]. ¢Sê
��ª¥Ø�;�/�¹�«����ªØ�, X
�ªëêz�YëêØ�!�ªÔnL§£±"
�Ø�!�ª�mÚ�m©EÇØ�!�ªlÑ
Ø�, �� [4,5].

�Ä�ªØ��K�, Sasaki[6] JÑf�å
4dvar �Ä�g�3u: ÏL3�d¼ê¥O\
f � å � 5 � Ä � ª Ä å � § | � 3 �Ø�.

Derber[7] JÑ3 4dvar ÓzXÚ¥Ú\�ª �
¾��, ¢y
f�å 4dvar. ¢SA^¥, �Ä�
O�þ, Ié�ªØ�?1·�b�, Zupanski[8] b
��ªØ�f�å 4dvar ¥�ªØ�Ñl��ê�
�Åó©Ù. Griffith Ú Nichols[9] �Ñ
�ªØ�
üC�n«��/ª, ¿3{üXÚ¥ÐÚ©Û�
y
�ªØ�f�å 4dvar �k�5. ��, Vidard

� [10] é�ªØ�f�å 4dvar /ª3{ü°��
6�.¥?1
�'©Û.

�C, Tremolet[11] é�ªØ�f�å 4dvar n
«Ä�/ªnØ?1
{ü0�, ©O�: �Ä
�ª ���ª ���Cþf�å 4dvar, {¡
� 4dvar β; �Ä�ªØ�r½��ªØ���C
þf�å 4dvar, {¡� 4dvar η; ±ÓzI«S�
���G�Cþ����Cþ�f�å 4dvar, {
¡� 4dvar x. lnØþéþãn«ØÓ/ªf�
å 4dvar Ä�/ª?1
�'©Û, nÜ�ÄO�
°ÝÚO��m9�15, 4dvar η äk�r�A
^d�.

8c, ISkeZÆö?1
�ªØ��ï
Ä [4,12,13]. �
ÕámÐ�ªØ�f�å 4dvar E
âïÄ, �©�é 4dvar η Ózg�, lnØþ�[
í�
 4dvar η ����§9FÝL�ª; ,�|
^��fY�§|, lA^�¡?Ø
ØÓ���
ªØ��¹e 4dvar η �k�5, Ó�©Û 4dvar η

�O�ªØ��k�5, ±Ï� 4dvar η 3¢S�
ª¥�A^Jø­�ë�d�.

* I[g,�ÆÄ7 (1OÒ: 41175025, 41005029, 41105012, 41105065) ÚI[úÃ51�;� (1OÒ: GYHY201106004) ]Ï��K.
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2 f�å 4dvar nØ

�éuDÚr�å 4dvar, �ªØ�r½��
Cþf�å 4dvar �ªG��§� [11]

Xi = Mi−1,i (Xi−1) + ηi, (1)

Ù¥, Xi L«1 i ���ªG�Cþ¥þ, Mi−1,i

L«�ªG�Cþd ti−1 ��È©� ti ����
�5�f, ηi L«1 ti ����ªØ�, Ù�G�
Cþ Xi äk�Ó�ê��þ.

d�, �ªØ���Cþf�å 4dvar 8I¼
ê� [11]

J (X0, η1, · · · , ηN )

=
1
2

N∑
i=0

(
R−1

i (Hi (Xi) − Yi) ,Hi (Xi) − Yi

)
+

1
2

〈
B−1 (X0 − Xb) , X0 − Xb

〉
+

1
2

N∑
i=1

〈
Q−1

i ηi, ηi

〉
, (2)

Ù¥, 〈·, ·〉 Ú (·, ·) ©OL« Rn Ú Rm �m¥SÈ,

N L«Óz«m�Ý, Hi L« ti ����5*ÿ
�f, Xb�Ð©��G�Cþ�µ|, Yi L« ti �
�*ÿ]�, Ri Ú Qi ©OL« ti ��*ÿØ�Ú
�ªØ����Ý
, B L«�µ|Ø����Ý

. ��, �éuDÚ 4dvar �d¼ê, �ªØ��
�Cþf�å 4dvar 8I¼ê¥O\
�ªØ�

�
1
2

N∑
i=1

〈
Q−1

i ηi, ηi

〉
.

e¡òlnÚ�Ñ�ªØ���Cþf�
å 4dvar ����§9FÝL�ª, ¿í�Ñ¢S
A^¥Oþ/ª����§9FÝL�ª.

ÚÚÚ½½½ 1 �Ñ��5�ª
éG�Cþ�§ (1) �Cþ?16Ä, ���

�5�ª�

X̂i = M̄i−1,iX̂i−1 + η̂i, (3)

Ù¥, X̂i Ú η̂i ©OL« ti ��6ÄCþ, M̄i−1,i =
∂Mi−1,i

∂Xi−1

∣∣∣∣
Xi−1

L« Mi−1,i ���5�f.

ÚÚÚ½½½ 2 �Ñ8I�¼�ê/ª
½Â η = (η1, · · · , ηN ), 8I�¼ J 3 X0, η ?

÷ X̂0 Ú η̂ ����êU½Â�

J ′
(
X0, η; X̂0, η̂

)
=

〈
∇X0J, X̂0

〉
+

N∑
i=1

〈∇ηiJ, η̂i〉.

(4)

,��¡, |^ (2) ªk

J ′
(
X0, η; X̂0, η̂

)
=

N∑
i=0

(
H̄T

i R−1
i (Hi (Xi) − Yi) , X̂i

)
+

〈
B−1 (X0 − Xb) , X̂0

〉
+

N∑
i=1

〈
Q−1

i ηi, η̂i

〉
. (5)

ÚÚÚ½½½ 3 �Ñ��9FÝL�ª
Ú\��Cþ P , |^��5�§ (3), k

PN+1 = 0,〈
Pi, X̂i

〉
=

〈
Pi, M̄i−1,iX̂i−1 + η̂i

〉
=

〈
M̄T

i−1,iPi, X̂i−1

〉
+ 〈Pi, η̂i〉

i = N, · · · , 1. (6)

é�§| (6) ?1\\, k〈
PN , X̂N

〉
+

N∑
i=2

〈
Pi−1 − M̄T

i−1,iPi, X̂i−1

〉
+

〈
−M̄T

0,1P1, X̂0

〉
−

N∑
i=1

〈Pi, η̂i〉 = 0. (7)

éá�§ (4), (5) Ú (7), �����§�

PN+1 = 0,

Pi = M̄i,i+1Pi+1 + H̄T
i R−1

i (Hi (Xi) − Yi)

i = 1, · · · , N. (8)

G�CþFÝ�

∇X0J = B−1 (X0 − Xb) + P0,

∇ηiJ = Q−1
i ηi + Pi i = 1, · · · , N. (9)

ÚÚÚ½½½ 4 Oþ/ª��9FÝL�ª
½ÂOþ δX0 = X0 − Xb 9 δηi = ηi − ηb

i , d
�Oþ/ª���§�

PN+1 = 0,

Pi = M̄i,i+1Pi+1 + H̄T
i R−1

i

[
di + H̄iM̄0,iδX0
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+H̄i

 i∑
j=1

M̄j,iδηj

 ]
i = 1, · · · , N, (10)

Ù¥,

di = Hi

(
Xb

i

)
− Yi

= Hi

M0,i

(
Xb

0

)
+

i∑
j=1

(
Mj,iη

b
j

) − Yi.

Oþ/ªFÝL�ª�

∇δX0J = B−1δX0 + P0,

∇δηiJ = Q−1
i δηi + Pi.

(11)

þã�ªØ���Cþf�å 4dvar ¡� 4dvar η.

3 ��fY�§|ê�Á�

3.1 ������fffYYY���§§§|||nnnØØØ���...

��fY�§|� [9]
∂u

∂t
+ u

∂u

∂x
+

∂φ

∂x
= −g

∂H

∂x
,

∂φ

∂t
+ u

∂φ

∂x
+ φ

∂u

∂x
= 0,

(12)

Ù¥, Cþ u = u (t, x) L«Y²º�; φ = φ (x, t)

L«­å³, � φ = gh (x, t), g L«­å\�Ý,

h (x, t) L«6N�Ý; H = H (x) L«.Ü//;

du���fY�§, l
¿��Ä�¼å^=�
A. éþãfY�§ (12) þæ^�.�KFÈ©�
�ªÚ���ª. Griffith Ú Nichols[9] ^fY�§
|ïÄ��5XÚ�êâÓz¢�. éu�g¢
�, x ���:ê L = 200, �:må ∆x = 0.01, �
mÈ©Ú� ∆t = 9.2 × 10−3, Óz«mÈ©Úê
� 50, ý�«mÈ©Úê� 100.

b� “ý¢” XÚ�§¥�ª// H ÷v:

H (x) = m∆x × sin
(

2πx

L

)
, (13)

Ù¥, ∆x L«�ª�:må, x L«�ª�: �,

L L«�ª�:«m�Ý, m�ëê, ^±��/
/¤E¤��ªØ���. ò�§ (13) �\ (12) �
� “ý¢” XÚCþüC�§|, ?
�È©��
����Cþ��� “ý¢” Cþ�; *ÿCþ�
dþã “ý¢” Cþ�\þpd�ÅDÑ��, ¿
b���È©«m¥þäk*ÿ]�, �*ÿØ�

���Ý
 Ri d*ÿ�ÅDÑO���; �µ|
Ø������B = I ,�ü Ý
.

3ý�XÚ�§ (1) ¥Ø�Ä//��^, =:

H (x) = 0. (14)

ò�§ (14) �\ (12) ¥K���¹�ªØ��ý
��§|, �=3C©Óz (�¹ 4dvar Ú 4dvar η)

«mÚý�«m¥¤æ^�CþüC�§|. �Ä
du//¤E¤��ªØ�K�, ½= −g∂H/∂x

����ªØ�
.

e¢��d¼ê (2) ª¤éA��ªØ���
Cþf�å 4dvar, ò¬¦��ª��CþO\ N

(ÓzI«�Ý) �, ¢SA^¥  �E�ªØ�
üC¼ê?1¢�. �©¥æ^ Tremolet[14] ¥¤
JÑ�b����mm�S�ªØ���, =b
� η1 = · · · = ηN = η, d�3¢� 4dvar η ¥b�
Óz«mÚý�«m¥���gþäk�Ó��
ªØ� η. éu�ªØ����Ý
 Q, �©b�
÷v Q = αB[14], Ù¥ B L«�µ|Ø����
Ý
. éu α ��, ���� 1,©Ù�òé α �Ü
n��?1©Û.

d1 2 !��, 4dvar η Ø=�±Ó 4dvar ��
UõÓz«mÚý�«m�Cþ°Ý, ��±�O
�ªØ��� ηi. e¡òé 4dvar η �ÓzÚý�
�J9�ªØ��Oü�¡?1©Û.

3.2 ÓÓÓzzzÚÚÚýýý������JJJ©©©ÛÛÛ

e¡ln��¡?1©Û: 1�, �½�ª
Ø����Xê� α = 1 �, �ªØ��� m

é 4dvar Ú 4dvar η Ó z � J Ú ý � � J � K
� (ã 1); 1 �, α = 1, m = 1 � ¹ e, 4dvar

Ú 4dvar η 3 Ó z Ð © � � t = 0 9 ý � �
m t = 150 ?, � ª G � C þ � � : © Ù 9 ©
Û (ã 2); 1n, ØÓ�ªØ��� m �¹e, α

é��«mý�Ø��K� (ã 3).

ã 1 L«�½�ªØ����Ý
Xê α = 1

�, ØÓ�ªØ����¹ (m Cz) e, �ªý�
Ø�3Óz«mÚý�«m��mCz. ã¥w
«, 3�ªÃØ� (= m = 0) �, 4dvar Óz�{
3 Ó z « m Ú ý � « mØ� Ñ � ~ �, ` ² �
© 3.1 !ê�¢y�Y´k��. Ó�, m = 0

�, Ø � Ó z « m ¥ e Z � m : � /, 4dvar η
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3 � � Ó z « m Ú ý � « m ¥Ø� þ ' D Ú
4dvar �, ù´du 4dvar η 3ý��ª¥O\

Jb��ªØ� η ���. 3�ªØ�é� (é
A m = 0.1) �, 4dvar 3Óz«mÚý�«m�
J��Ð, ù�U´du�©¤b��ªØ�3
���mã��Ø�Ü·¤E¤�, oN5`,

4dvar 3�ªØ�é��'�©¤æ^� 4dvar η

Ó z � J � � Ð. � X � ªØ� � O �, �

4dvar � ', 4dvar η Ó z � J � 5 � Ð. � � ª
Ø�Xê m = 1 �, ØØ3Óz«m, ³½ý�«
m, 4dvar η ÑLy�p�°Ý; 3�ªØ��é�
��, 4dvar 3ý�«mSý�Ø���mwÍ
O�, 
 4dvar η ý�°Ý���±3�Óþ?
Y², ý�Ø���mO��~�ú, � 4dvar �
'äk²w�`�5, Xã 1 ¥ m = 2, 5, 10 �
�/.� � � � � � � � ��� � � �� � � �� � � � ���

� 	 �� 
 � � 

_�� 
 � � 
 �� 
 � � 


_�� 
 � � 

�� 
 � � 


_�� 
 � � 

�� 
 � � 


_�� 
 � � 
� 
 � � 

_�� 
 � � 
� 
 � � 

_�� 
 � � 


� � � � � � � � ��� � � �� � � �� � � � � 	 � � �
� � � � � � � � ��� � �� � � � 	 � � � � � � � � � ��� � �� � � � 	 �
� � � � � � � � ��� � �� � � � 	 � � � � � � � � � ��� � �� � � � 	 � �

ã 1 ØÓ�ªØ��� m, 4dvar (:�) Ú 4dvar η (J�) �ªý�Ø�²��:þ���m (�)Óz«m9ý�«m) C
z (Ù¥, 0—50 L«Óz«m, 50—150 L«ý�«m)� � � � � � � � � � � � � �� � �� � �� � �� � � � � 	 
 � �� � � � � � � � � � � � � �� � �� � 
� � �� � 
 � � � � 	 
 � � � � � � � � � � � � � � � �� � 
� � �� � 
 � � 	 
 � � � �� � � � � � � � � � � � � � �� � �� � 
� � �� � 
 � � � � 	 
 � � � �������� � � � � � �� � � � �

_ ! "# � $ %� � � � � � � � � �
_ ! "# � $ %� � � � �

ã 2 �ªØ��� m = 1 �, 4dvar Ú 4dvar η �ªý�Ø�3Ð©�� t = 0 (a) Úý�ª:�� t = 150 (b) ©Ù (Ù¥,

¢�L«�µ|, :�L«ý¢|, J�L« 4dvar η Óz|, :�L« 4dvar Óz|)

ã 2 L« α = 1, m = 1 ��¹e, ÓzÐ
© t = 0 ��±9ý�ª: t = 150 ��, �ªG�
Cþ|��:�©Ù, ±B?�Ú©Û 4dvar η Ó
z�J. ã¥w«, éuÓz�Ð©���ªG�

Cþ|, 4dvar η Óz�)� u 3�Ü©�:?�ý
¢��~�C, 
 4dvar =�Ü©�:?�ý¢�
Ä���, Ù¦�:?äk²wØ�; éu t = 150

��ý�| (�) u Ú phi), 4dvar η Ek�V 1/3
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�:?ý�G�Cþ|�ý¢|�~�C, Ù¦�
:?Ø���é��, 
 4dvar ý�|3¤k�:
?�ý¢|Ø��~²w. ùL²ÏL3G��
§¥Ú\�ªØ�� η, 4dvar η 3,
�ªØ�
�¹ek�U�)�ý¢|�~�C�ý�| (È
© 100 �g), ù´�~­��, ?�Ú`² 4dvar η

�`�5.

ã 3 L«ØÓ�ªØ��� (m Cz) �¹e,

�ªØ�����­ α éý�Ø� (�ã¥L«¤

k�:��Óz«mÚý�«m¥²þ) �K�.

ã¥w«, UC�ªØ�����­ α éÓz�J
K�é�, Ä�vkCz; 3�ªØ�é���/
e, �­Xê α é��¬k�½K�. ù`², 3Ø
�Ä�ªCþ9�:m��'�¹e, �=3�ª
Ø����Ý
�(�O�¹e, �ªØ����
�­ α �Czé�ªÓz�J¿Ø�)K�, �ù
¿ØU`²¢S�ª¥�ªØ�����­ α �
Ø¬é�ªÓz�J�)K�.� � � � �� � � � �� � � � � � � � � � � � �� � � � �� � � � �� � � � � � � � 	 
� � � �� � � �� � � �� � � 
 � � � � � �� � � � � �

�� � �� � � � � � �� � �� � 
 � � 
 �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

_�� � � � �� �� �� �
ã 3 ØÓ�ªØ��� m, 4dvar (:�) Ú 4dvar η (J�) �ªý�Ø�²��:«m (�)Óz«m9ý�«m) þ���
ªØ����Ý
�­�Cz

3.3 ���ªªªØØØ������OOO©©©ÛÛÛ

3.2 !¥ê�Á�L², α CzéÓz�J�
)�K�Ø²w. e¡ò?Ø� α = 1 �, 4dvar η

�O�ªØ��k�59Ù��ªØ��� m �
Cz. ã 4 L« 4dvar η Óz�O��ªØ� (�ã
¥L«���:²þ) ��ªØ�ëê�� m �
Czª³. ã¥w«, ¤�O��ªØ���ªØ
�ëê m �O�
O�, `²�© 4dvar η Óz�
ªUk��O�ªoNØ��þ?. ã 5 L«ØÓ
�ªØ��¹e, 4dvar η Óz�O��ªØ��
�:�©Ù. ã¥w«, phi CþØ����:?�
é��, 
 u CþØ����:?Cz²w, ¥y
Ñ±Ï{u¼ê©ÙA�, cÙ3�ªØ��é�

� � � � � � ��� � � � �� � � � �� � � � �� � � � �� � � � �
�

ã 4 4dvar η Óz�¤�O�ªØ�ýé�Cþ�Ú�:²
þ��ªØ���Cz

�� (éA m = 1, 2, 5, 10 ��/). ù´du�©
3��fY�§¥V\��ªpÝØ� (13) Ñl
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�u©Ù, d��fY�§| (12) ��, �ªpÝ
Ø�éCþ u ÏL −g∂H/∂x ��)K�, d��
upÝ�ªØ�=��{u�ªØ�, ù?�Ú`
²�©¥ 4dvar η Óz�k�5, Uk��O�ª

Ø��©Ù.. phi CþØ��é����ÏÌ�
´Ï��ªpÝØ�¿Ø��éÙ�)K�, 
Ï
LCþ u �Ø��)m�K�, l
 phi CþØ�
uÐ�é�ú.� � � � � � � � � � � �� � �� � � � �	 
 � � � � � � � � � � � � �� � ���
� �� � � � � �

� � � � � � � � � � � �� � �� � ���
� �� �
� �� � � � � � � � � � � � � � � �� � � � � �� � � �� � � � � � �
� � � � � � � � � � � �� � � � �� � � � � � � � � � � � � � � � � �� � � � � �� � � � � � � �

ã 5 ØÓ�ªØ��� m, 4dvar η Óz�¤�O��ªØ� η ��:Cz (Ù¥, :�L«Cþ u �ªØ�, J�L«C
þ phi �ªØ�)

4 ( Ø

8c, C©Óz¥Ï~b�Äå�§|´�{
�, 
¢Sþ�ª�§|�3�«����ªØ�,

ù
Ø�éC©Óz�J�K�Ø��Ñ, Ïd3
C©Óz¥�Ä�ªØ��K��~­�.

�©ïÄ
�ªØ���Cþf�å 4dvar

(4dvar η) �Ä�nØ, ¿|^��fY�§|?1
ê�Á�, éÙÓzý��JÚ�ªØ��O�

?�ÚïÄ, Ì�(Ø�:

1) 3�ªØ�é���Ñ�¹e, 4dvar �J
�`u 4dvar η;

2) 3�ªØ�Ø��Ñ��¹e, 4dvar η 3
Óz«m9ý�«mþØ��é���, cÙ3Ø
��é���, 4dvar η ý�Ø���müC'�
�ú, �²w`u 4dvar; ¿�, 4dvar η 3,
�ª
Ø��¹e, ý� 150 �Ú�Ek�U���ý¢

|�~�C�ý�|;

3) 3�ªØ����Ý
O(�O�cJe,

�ªØ����Ý
�­é�ªÓz�J¿vk
²wK�;

4) 4dvar η Óz�Ø�Uk�~����mã
�ý�Ø�, 
�Uk��O�ªØ�©Ù/ª
9��.

�©¥ 4dvar η =?Ø
3b����mã�
ªØ�����/, éuÙ¦�ªØ�üC¼êb
��¹e 4dvar η Óz�J�k�?�Ú?Ø, ¿
�E,�.¥�ªØ����Ý
��ï�k�
?�ÚïÄ, � 4dvar η 3��fY�§|¥ê�
Á�®¿©wy
f�å 4dvar �éuDÚ 4dvar

�`�5.

a� The University of Reading � Amos S. Lawless J

ø��fY�§|��.�KFÈ©��ªÚ���ª.
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Abstract

In the traditional implementations of four-dimensional variational data assimilation (4dvar for short), it is assumed that the model

used is perfect. However the model error in the model can directly affect the accuracy of data assimilation. The weak constraint 4dvar

is an effective way of correcting and estimating the model error in 4dvar. In this paper, an approach to weak constraint 4dvar with

model error forcing control variable is studied and implemented in the one-dimensional shallow water equations. The results show that

when the model error cannot be ignored, the prediction error with the weak constraint 4dvar is smaller than with the traditional 4dvar

in both the assimilation window and the prediction period, and the improvement with weak constraint 4dvar is more obvious in the

condition with large model error. Also, the weak constraint 4dvar approach to estimating model error captures some basic features of

model error including the magnitude and the characteristic of distribution.

Keywords: model error, weak constraint 4dvar, one-dimensional shallow water equations
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