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õc��Ý��.¥��Åy�.

2 �¶�.ïÄVã

�@��ý�¶nØ´d Pipes[13] u 1953 c
JÑ�, Ù$Ä�§�

ẍn(t) =
1
T

(ẋn+1(t) − ẋn(t)), (1)

Ù¥ x L«�ý� �, eI n, n + 1 ��ýI
Ò (1 n ý����1 n + 1 ý�), T L«f¨

��A�m. Ä�g�´: �c��Ý�u���,

��\�; ��, ��~�.

1961 c, Newell[14] 3b½����N��6
u�Þmå�`z�Ý�, JÑ
Xe��¶�.:

vn(t + τ) = V (∆xn(t)), (2)

Ù¥ V (∆xn(t)) L«`z�Ý, ��

V (∆xn(t)) = v0

[
1 − exp

(
− ∆xn − xc

v0Tf

)]
, (3)

Ù¥ ∆xn(t) = xn+1(t) − xn(t) L« t ����Þ
må, vn L«1 n ý���Ý, τ L«�ý�ò´
�m, v0 L«Ï"�Ý, Tf L«3p�Ý�Ï�¹
e�¶1��S��mm�, xc L«S�ål. Ï
��. (2) ´é�Ýïá�'Xª, ¤±, ��Ï&
Ò�dù�=C�É��, �ý3 τ ���\�Ý
�Ã��.

� é Newell � ¶ � . � " �, Bando� [15]

u 1995 c�â�Ï6A�©ÛJÑ
Xe`z
�Ý�. (OV �.):

v̇n(t) = a[V (∆xn(t)) − vn(t)], (4)

Ù¥ a L«¯aXê. �. (4) )û
Ã�\�¯
K, §�±�[¢S�Ï6�NõA�. �´, �
. (4) ¬�)Lp�\�Ý, ±9Ø�¢S�~�
Ý, ¿��U¬ÑyE�y�.

Äuù�¯K, ñb� [16] u 2001 c�â�
K�Ý�é�¶�.�K�JÑ
��Ý��
. (FVD �.):

v̇n(t) = a[V (∆xn(t)) − vn(t)] + λ∆vn(t), (5)

Ù¥, λ L«�Ý���AXê, �Ý� ∆vn(t) =

vn+1(t) − vn(t).

�X�U�ÏXÚ�uÐ, f¨
�±ýk¼
�c¡ m ý�31¨¥&E�Cz, Jc\�½

ö~�, ±Or�Ï6�­½5. u´, �7� [2]

3 FVD �.�Ä:þ, �Äõýc��m��Ý
�&E, JÑ
õ�Ý��. (MVD �.):

v̇j(t) =a[V (∆xj(t)) − vj(t)] +
m∑

l=1

λl∆vj+l−1(t)

l = 1, 2, · · · ,m;m ¿ N, (6)

� m = 1 �,
m∑

l=1

λl = λ, �. (6) òz� FVD �.;

� m = 1 �
m∑

l=1

λl = λ = 0 �, �. (6) òz� OV

�..

3 MVD �.��5­½5^�

3 � ! ¥, · � Ï L � 5 ­ ½ 5 n Ø 5 í
� MVD �.��5­½5^�.

��BO�, ·�ò�§ (6) U��Xe�/
ª:

ẍj(t) =a[V (∆xj(t)) − ẋj(t)] +
m∑

l=1

λl∆ẋj+l−1(t)

l = 1, 2, · · · ,m; m ¿ N. (7)

b�Ð©G��­½�, �6��Þmåþ� h, é
A�`z�Ý� V (h). d�, ­��Ï6��ý 
�)�

x0
j(t) = hj + V (h)t. (8)

éuþ!6)\�6Ä, = yj(t) = exp(ikj + zt),

k

xj(t) = x0
j(t) + yj(t). (9)

ò (8) Ú (9) ª�\ (7) ª, �±��

ÿj(t) =a[V (h + ∆yj(t)) − V (h) − ẏj(t)]

+
m∑

l=1

λl∆ẏj+l−1(t), (10)

Ù¥ ∆yj(t) = yj+1(t) − yj(t). ò (10) ª�VÐm,

��

ÿj(t) = a[V ′(h)∆yj(t) − ẏj(t)] +
m∑

l=1

λl∆ẏj+l−1(t),

(11)

Ù¥, V ′(h) = dV (∆xj)/∆xj |∆xj = h . ò yj(t) =

exp(ikj + zt) �\ (11) ª, ��

z2 =a[V ′(h)(exp(ik) − 1) − z]
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+ z

m∑
l=1

λl[exp(ikl) − exp(ikl − ik)]. (12)

��, òëê z Ðm� z = z1(ik) + z2(ik)2

+ · · · , 3©z [12] ¥¤À��ëê� z = λ + ω i.

d (12) ª¥ ik �Ó�Xê��, ��

z1 = V ′(h),

z2 =
a + 2

m∑
l=1

λl

2a
V ′(h) − V ′(h)2

a
. (13)

XJ z2 �K, K­½6òC�Ø­½; XJ z2 �
�, Kò�±­½6�G�ØC. Ïd, éu MVD

�., ���Xe��.­½­�:

V ′(h) =
a

2
+

m∑
l=1

λl. (14)

u´, ��må÷v^� V ′(h) <
a

2
+

m∑
l=1

λl �, X

Úò?u­½G�. 3ùp¦���.­½­��
©z [12] �Ó.

� m = 1, λ = 0 �, (7) ª� OV �., Ù­
½^�� V ′(h) <

a

2
; � m = 1, λ 6= 0 �, (7) ª

� FVD �., Ù­½^�� V ′(h) <
a

2
+ λ. éw

,, du a, λ þ���, �'� OV �.Ú FVD �
.
ó, MVD �.�­½5«�*�
.

ÏL Matlab xÑ±eo«�.�Þmå - ¯
aXê��ã: OV �. (m = 1, λ = 0); FVD

�. (m = 1, λ = 0.2 s−1); MVD �. (m = 2,

λ1 = 0.2 s−1, λ2 = 0.15 s−1); MVD �. (m = 4,

λ1 = 0.2 s−1, λ2 = 0.15 s−1, λ3 = 0.1 s−1,

λ4 = 0.05 s−1). 3ùp, `z�ÝÀ^'�~�
��«:

V (∆xj(t)) =
vmax

2
[tanh(∆xj(t)− hc) + tanh(hc)],

�À� vmax = 3, hc = 3.

3ã 1 ¥©O�Ñ±þo«�.��.­�.

 u�.­�±	�´­½«�,  u�.­�±
S�´Ø­½«�. lã 1 �±�*/wÑ, FVD

�.�­½«�� OV �.��, `²�ýU3�
½��S²­/1¨ (ÃP×), =�ÏP×y��
��½��), ù´du FVD �.�Ä
�Ý�
�&E, l
�Ñ
 OV �.¥�3�\�ÝLp
Ú~�Ý�¢SØ�ÎÜ�¯K, Or
�Ï6
�­½5; 
 MVD �. (m = 2) �­½«�q
� FVD �.O�, ù`²�ýU3�����S

²­1¨ (ÃP×), �Ï6��?�Ú��), ù
´Ï� MVD �. (m = 2) �Ä
c¡üý��
Ý��&E, ±d5Or�Ï6�­½5. MVD �
. (m = 4) � MVD �. (m = 2) '���, �Ä
�c��õ��ÿ, �Ï6�­½5Ò�r. ±þ
`²�U�ÏXÚÏ�f¨
Jø�õc��&
E
kÏuOr�Ï6�­½5, kÏuÓ��Ï
P×.

ã 1 �Þmå - ¯aXê��ã

4 MVD �.���5©Û

�â­½5, �Ï6�©�n�ØÓ�«�:

­½«�àØ­½«�!æ­�«�. éAuØÓ
�«��±�Ñ�g���5Å�§, ?
^±£
ã�A��ÝÅ.

�
�B�¡�O�, ·�ò�§ (7) U��

d2(∆xj(t))
dt2

=a

[
V (∆xj+1(t)) − V (∆xj(t)) −

d(∆xj(t))
dt

]
+

m∑
l=1

λl

(
d(∆xj+l(t))

dt
− d(∆xj+l−1(t))

dt

)
.

(15)

e¡, A^�z�Ä�{é�§ (15) ?1��5©
Û.

4.1 ���ÑÑÑ Burgers ���§§§

3­½6«�, é�mCþ j Ú�mCþ t Ú
\�Cþ X = ε(j + bt), T = ε2t, Ù¥ b ��½ë
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ê. ��Þmå�

∆xj(t) = hc + εR(X,T ). (16)

ò (16) ª�\ (15) ª, ¿�VÐm� ε3 þ?, K�
�Xe��5 �©�§:

aε2(b − V ′(h))∂XR

+ ε3

[(
b2 − aV ′(h)

2
− b

m∑
l=1

λl

)
∂2

XR

− aV ′′(h)R∂XR + a∂T R

]
= 0. (17)

- b = V ′(hc), �� ε ��g��, (17) ª�{z�

∂T R − V ′′(h)R∂XR

=

(
1
a

m∑
l=1

λl +
1
2
− V ′(h)

a

)
V ′(h)∂2

XR

=0. (18)

d�5­½5^�

V ′(h) <
a

2
+

m∑
l=1

λl

��, 3­½«�S,

1
a

m∑
l=1

λl +
1
2
− V ′(h)

a

©ª´��. Ïd, (18) ªÒ´ Burgers �§, §�
��)�

R(X,T )

=
1

|V ′′(h)|T

[
X − 1

2
(ηj − ηj+1)

]
− 1

2 |V ′′(h)|T
(ηj+1 − ηj)

× tanh

{
1

2 |V ′′(h)|T

[(
1
a

m∑
l=1

λl +
1
2

)
V ′(h)

− V ′2(h)
a

]
(ηj+1 − ηj)(X − ξj)

}
, (19)

Ù¥ ξj L«-ÅÅc��I, ηj L«÷X x ¶�
�Ç. n�-Å�DÂ�Ý� b = V ′(h). n�-Å
�é$Ä�ý��DÂ, �X²þ�må�O\,

DÂ�Ý~�. d	, ·��uy, � t → ∞ �,

R(X,T ) → 0, ù`²3­½6«�n�-Å�ª
¬üz�þï�Ï6.

4.2 ���ÑÑÑ mKdV ���§§§

3Ø­½«�S, ·�ïÄ�§ (15) 3�.
: a = ac, h = hc NC�mCþ j Ú�mCþ t �

�C1�, éu ε =
√

ac

a
− 1, 0 < ε ¿ 1, ½Â�C

þ X = ε(j + bt), T = ε3t, Ù¥ b ��½ëê. �
�Þmå�

∆xj(t) = hc + εR(X,T ). (20)

ò (20) ª�\ (15) ª, ¿�VÐm� ε5 þ?, K�
�Xe��5 �©�§:

aε2(b − V ′)∂XR + ε3

(
b2 − aV ′

2
− b

m∑
l=1

λl

)
∂2

XR

+ ε4

[
a∂T R − aV ′′′

6
∂X(R3)

−
(aV ′

6
+

b

2

m∑
l=1

λl(2l − 1)
)
∂3

XR

]

+ ε5

[(
2b −

m∑
l=1

λl

)
∂X∂T R − aV ′′′

12
∂2

X(R3)

− b

6

m∑
l=1

λl(3l2 − 3l + 1)∂4
XR − aV ′

24
∂4

XR

]
= 0,

(21)

Ù¥,

V ′ =
dV (∆x)

d∆x

∣∣∣
∆x=hc

,

V ′′′ =
d3V (∆x)

d∆x3

∣∣∣
∆x=hc

.

XJëêÀ��ã 1 �Ó, Kk V ′ =
3
2

, V ′′′ = −3.

- b = V ′(hc), b� ∂X∂T R =
V ′′′

6
∂2

XR3 +[
aV ′

6
+

b

2

m∑
l=1

λl(2l − 1)
]

∂4
XR, K3�.: (ac, hc)

NC, �§ (21) �{z�

ε4[∂T R − g1∂
3
XR + g2∂X(R3)]

+ ε5[g3∂
2
XR + g4∂

2
X(R3) + g5∂

4
XR] = 0, (22)

Ù¥,

g1 =
V ′

6
+

V ′

2ac

m∑
l=1

λl(2l − 1),

g2 = − V ′′′

6
, g3 =

V ′

2
,

g4 = − V ′′′

12

1 −
4V ′ − 2

m∑
l=1

λl

ac

 ,
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g5 =
1

6a2
c

[(
2V ′2 − V ′

m∑
l=1

λl

)

×

(
ac + 3

m∑
l=1

λl(3l2 − 3l + 1)

)

−
m∑

l=1

λl(3l2 − 3l + 1)V ′ac

]
− V ′

24
.

éu�§ (22) �XeC�:

T ′ = g1T, R =
√

g1

g2
R′,

K��¹k O(ε) ���� mKdv �§:

∂′
T R′ − ∂3

XR′ + ∂X(R′3) + ε
1
g1

(
g3∂

2
XR′

+
g1g4

g2
∂2

X(R′3) + g5∂
4
XR′

)
= 0. (23)

�Ñ�§ (23) ¥� O(ε) �, (19) ªÒC¤
IO
� mKdV �§, ÙÛ( - �Û(Å)�

R′
0(X,T ′) =

√
c tanh

√
c

2
(X − cT ′). (24)

X J � Ä O(ε) �, K I b � R′(X,T ′) =

R′
0(X,T ′)+ εR1(X,T ′). �
U
l) (24) ª¥�

�DÂ�Ý c, I�Ñ R′
0(X,T ′) 7L÷v�Xe

�)5^� [17]:

(R′
0,M [R′

0]) ≡
∫ +∞

−∞
dXR′

0M [R′
0] = 0. (25)

ÏLÈ© (25) ª, ��Û( - �Û(Å�DÂ�Ý

c =

[
30

(
2

m∑
l=1

λl − 3

)2][
2

(
2

m∑
l=1

λl − 3

)

×

(
m∑

l=1

λl − 8

)

+ 4
m∑

l=1

λl(3l2 − 3l + 1)

(
6 −

m∑
l=1

λl

)

+ 27
m∑

l=1

λl(2l − 1)

]−1

, (26)

u´, �§ (23) �)�

R(X,T )

=

√√√√√
[
V ′ +

3V ′

ac

m∑
l=1

λl(2l − 1)
]

c

−V ′′′

× tanh
√

c

2

[
X − cT

(
V ′

6

+
V ′

2ac

m∑
l=1

λl(2l − 1)
)]

. (27)

Ïd, �Þmå�Û( - �Û(Å�)�

∆xj(t)

=hc +

√√√√√
[
V ′ +

3V ′

ac

m∑
l=1

λl(2l − 1)
](ac

a
− 1

)
c

−V ′′′

× tanh

{√
c

2

(ac

a
− 1

)[
j +

(
1 − c

(
V ′

6

+
V ′

2ac

m∑
l=1

λl(2l − 1)
) (ac

a
− 1

) )
t

]}
. (28)

��Û( - �Û(Å)��Ì

B =

√√√√√
[
V ′ +

3V ′

ac

m∑
l=1

λl(2l − 1)
](ac

a
− 1

)
c

−V ′′′ .

4.3 ���ÑÑÑ KdV ���§§§

y35ïÄ�§ (15) 3¥5­½­� V ′(h) =
as

2
+

m∑
l=1

λl NC�5�. ½Â�Cþ X = ε(j + bt),

T = ε3t, 0 < ε ¿ 1, Ù¥ b ��½ëê. ��Þm
å�

∆xj(t) = h + ε2R(X,T ). (29)

ò (29) ª�\ (15) ª, ¿�VÐm� ε6 þ?, K�
�Xe���5 �©�§:

ε3(ab − aV ′)∂XR + ε4
(
b2 − aV ′

2
− b

m∑
l=1

λl

)
∂2

XR

+ ε5

[
a∂T R +

(
−aV ′

6
− b

2

m∑
l=1

λl(2l − 1)

)
∂3

XR

− aV ′′

2
∂X(R2)

]
+ ε6

[(
2b −

m∑
l=1

λl

)
∂X∂T R

+
(
− b

6

m∑
l=1

λl(3l2 − 3l + 1) − aV ′

24

)
∂4

XR

− aV ′′

4
∂2

X(R2)
]

= 0, (30)

Ù¥,

V ′ =
dV (∆x)

d∆x

∣∣∣
∆x=h

,

V ′′ =
d2V (∆x)

d∆x2

∣∣∣
∆x=h

.
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- b = V ′, b�

∂X∂T R =

(
V ′

6
+

b

2a

m∑
l=1

λl(2l − 1)

)
∂4

XR

+
V ′′

2
∂2

X(R2),

K 3 ¥ 5 ­ ½ ­ � V ′(h) =
as

2
+

m∑
l=1

λl N

C
(

a =
as

1 − ε2

)
, �§ (30) �{z�

ε5
[
∂T R − f1∂

3
XR − f2R∂XR

]
+ ε6

[
−f3∂

2
XR + f4∂

4
XR + f5∂

2
X(R2)

]
= 0, (31)

Ù¥,

f1 =
V ′

6
+

V ′

2as

m∑
l=1

λl(2l − 1),

f2 =V ′′, f3 =
V ′

2
,

f4 =
1

6a2
s

[(
2V ′2 − V ′

m∑
l=1

λl

)

×
(

as + 3
m∑

l=1

λl(3l2 − 3l + 1)
)

−
m∑

l=1

λl(3l2 − 3l + 1)V ′as

]
− V ′

24
,

f5 = − V ′′

4

1 −
4V ′ − 2

m∑
l=1

λl

as

 . (32)

é�§ (31) �XeC�:

T =
√

f1T
′, X = −

√
f1X

′, R =
1
f2

R′,

K��¹k O(ε) ���� KdV �§

∂T ′R′ + ∂3
X′R′ + R′∂X′R′ + ε

√
1
f1

(
− f3∂

2
X′R′

+
f4

f1
∂4

X′R′ +
f5

f2
∂2

X′R′2
)

= 0. (33)

�Ñ�§ (33) ¥� O(ε) �, §C¤
IO� KdV

�§, Ù�áÅ)�

R′
0(X

′, T ′) = A sech2

[√
A

12

(
X ′ − A

3
T ′

)]
.

aquc¡©Û mKdV �§��{, �±¦��á
Å�Ì� A �

A =
21f1f2f3

5f2f4 − 24f1f5
, (34)

l
¦��Þmå�)�

∆xj(t)

=h +
A

V ′′

(
1 − as

a

)
× sech2

{√√√√√ A

2V ′ + 6V ′
m∑

l=1

λl(2l − 1)

(
1 − as

a

)

×
[
j +

(
V ′(h) +

A

3

(
1 − as

a

))
t

]}
. (35)

�ÏP×´�ý�Ï6E,y��­�A�,

´�ý�m�p�^¤Úå��ÝÅDÂ�4�
�/. d�!���5©Û(JL²: ��ý�
$Ä?u­½G��, �ÝÅ´ Burgers �§¤£
ã�n�-Å; �?uæ­��, �ÝÅ´ KdV

�§¤£ã��áÅ; 3Ø­½G�e, �ÝÅ
´ mKdV �§¤£ã�Û( - �Û(Å.

l©Û��� (26) ª�wÑ, Û( - �Û(Å
�DÂ�Ý c � m �m�3X���'X. w,,

c �X m �O�
O�, L²�X�Ä�c��Ý
&E�õ�k|u�ÏP×�ÕÑ. d	, ÏL�
ÝÅ�Ì�L�ª�±uy: 3Ù¦ëê�½��
¹e, �X m ��O� (=�Ä�c��Ý&E�
õ), �ÝÅ�Ì�²w~�. ù
Ñ`²�Ä�c
��Ý&E�õ, �k|u�Ï×l�ÕÑ.

5 ( Ø

�©Ì�ïÄ
c<�âü��¥õc�
�Ý�é�Ï6ÅDÂ�K�¤JÑ�õc�
�Ý��.. ­½5©ÛL², MVD �.� OV

�.Ú FVD �.�­½5«�k¤*�; 
�,

3 MVD �.¥¤�Ä�c��õ, �.�­½5
«�Ò��. ùÑ`²
 MVD �.Or
�Ï6
�­½5. 
�, ÏL��5©Û?�Ú`²
d
�.�`�5. 3��5©Û¥, ·���
n�
ØÓ«�S��ÝÅ. �ýlm©��þ!©Ù�
þ!©Ù�üzL§¥, 3­½«�, �ý´ÏL
d Burgers �§£ã�n�-Å?1üz, ÏL*
Ñ$Äª�þ!©Ù; �X�ý�O\Ú6Ä��
^, �63æ­�«���ÝÅU KdV �§£ã
��áÅCz; 3�.:NC�6du6Ä
�­
?uØ­½G�, �ÝÅU mKdV �§£ã�Û
( - �Û(ÅCz. õc��Ý�&E�Ú?��
�.�mO�, �ýkv
��mN���`�Ý,

�6�­½5Or.
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Analysis of the stability and solitary waves for
multi-velocity difference car-following model

of traffic flow∗

Yuan Na Hua Cun-Cai†

( School of Mathematics, Yunnan Normal University, Kunming 650092, China )
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Abstract

This article deals with the characteristic of the multiple velocity difference car-following model. We obtain the stability conditions

of the model by using the linear stability analysis, and find that the stable region is apparently enlarged by adjusting the information

about the multi-velocity difference. We study the nonlinear characteristics of the model by applying the reductive perturbation method.

We obtain the Burgers equation and the modified Korteweg-de-Vries (mKdV) equation around the critical point and the Korteweg-de-

Vries (KdV) equation near the neutral stability line in the stable region and the unstable region and the metastable region. The soliton

solution of Burgers equation, the kink-antikink solution of mKdV equation, and the solition solution of KdV equation describe the

traffic jams.
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