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1 Ú ó

1979 c, ÄÀ'6d Chalupa � [1] �kJÑ,

A^uÚOÔnÆ¥ïÄ^cÏ�^5,���
^kS�ü$¿�ª���y�. 3�e5�ïÄ
¥, ÄÀ'6�.����gÄÅ��«, 2�A
^uÔnÆ [2−5]!)ÔÆÚ&E�ÆEâ�+�,

´�«ïÄXÚE,y��~^�.. ~X�±ï
Ä ²�¹Ä [6−8]!�·ÜÔ [9]!Àæ=zÄå
Æ [10−13]!^Ü7 [14] Ú�Å>Å&Ò [15] �¯K.

����þ�ÄÀ'6�.üz5KXe: �
���þ�!:kü«G�, ¹� (active) G�Ú
�¹� (inactive) G�, z�!:G��pÕá. Ð
©�¤k�!:þ?u�¹�G�, ¿±VÇ f C
�¹��. 3üzL§¥, XJ��?u�¹�G
��!:��k Ω (Ω ∈ [2,+∞), Ω ∈ Z) �¹��
Ø, @oT!:¬d�¹�G�C�¹�G�, ¿
���±¹��ØC. �üz��­½G��, �
ä¥¹�G�!:¤Ó�'~^ Sa L«.

åÐ, ÄÀ'6�.´3��Ún���þÐ

mXÚïÄ, Holroyd � [16] ������þ�.V
Ç���âCìCúªÚ�p:, ��qò(Jÿ
Ð� d ���þ [17]. Balogh Ú Bollobas[18] �y²

 Holroyd ��ó�. �XïÄ��\, ÄÀ'6�
.ÅìA^u�Å5Kã [19,20]!�Åã [21] ÚE
,�ä� [22] �ïÄ¥. Baxter[22] òÄÀ'6�.
�����Å�!DÕ�!Ã�ÚÃ�'5��
äþ�. �äþz�!:Ñk¹���¹�ü«G
�, Ð©�¤k�!:þ?u�¹�G�, ¿±V
Ç f C�¹��, 3üz¥��3K� Ω. ïÄ�
­:´üz�ª���ä¥���¹�fã, Ó�
�ïÄ
± 1 − p �VÇé�ä?1ôÂ�éþã
üzL§�K�, Ø=�Ñ)ÛL§
���
ü
z�ª����¹�fã'uÐ©¹�VÇ f Ú
�ä��ôÂVÇ p ��Cã, ¿�?Ø
ÃIÝ
�äþTüzL§ª���¹�fã�5�.

þã'uÄÀ'6�ïÄþ3üº:��þ
Ðm. 
3y¢­.¥, NõXÚg,¥yÑ “�
©” (� [23]. ~XãÖ�ãÖµ��m!�¦�Ä
7�m [24] ±9þ�öÚ���m [25], ù«düa
!:±9üa!:�m�ë> (Óa!:�mØ�
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3ë>) |¤��äÒ´�©�ä, Xã 1 ¤«. Ò
ãÖµ�5`, XJkv
õ�Ööé��Ö�µ
dép, Kù�ÖÒ�±�@�´����Ö. ù
�,Ö����Ä�±�Óu'6�.¥!:�¹
��Ä, ��XJ��Öö¤µd�Ö¥kv
õ
����Ö, KTÖöÒáup¬��Öö. Xd
�5, 3�©�äþïÄ'6Òk
y¢¿Â.

�©ïÄ�©�þ�ÄÀ'6, ÏLÄåÆ�
§�£ãÚO�Å�ý��{&Ï�©�þ�Ä
À'6L§´Ääk�Cy�. ����� � � � � 	

ã 1 �©�«¿ã [26]

2 �.9ÙÄåÆ

2.1 ���...üüüzzz555KKK

ï á � � d N1 � þ (up) a ! : Ú N2 �
e (bottom) a!:|¤��ÅÃ��©�, =ü

a!:�m±�½�VÇ�Åë> (!:�Ý©Ù
ÑlÑt©Ù), ë>Ø�¹��, Óa!:�mØ
ë>; !:G��k¹���¹�ü«, !:��
?u¹�G�, Kò�±ØC; zé�É!:±V
Ç p �ë. Xd�5, �©�¥üa!:�²þÝ
©O� 〈k1〉 = pN2 Ú 〈k2〉 = pN1.

�.UXe5K?1üz: 1�, Ð©��©
�ä��!:þ?u�¹�G�, ©O±VÇ f1

Ú f2 �-¹�¹�G�; 1�, þa¥�!:d�
¹�G�C�¹�G��, �¦��k Ω1 ���
�ë�?u¹�G��ea!:, =þa!:�¹
�K�� Ω1, Ón, ea!:�¹�K�� Ω2; 1
n, ­EþãL§���ä¥Ø2k#�¹�!:
Ñy��.

·�^��{ü�~f5`²ù�L§. X
ã 2 ¤«, �©�¥üa!:©O^�Ú�¬L«,

!:�m�ë>Xã, Ù¥�%L«!:?u�¹
�G�, ¢%L«!:?u¹�G�. ± 2 Ò!:
�~, b�þa!:�¹�K�� 3, � 2 Ò!:¹
��Øêþ�� 3 9±þ�, 3e�Ú 2 Ò!:Ò
d�¹�G�C�¹�G�, ¿3üz¥�±ØC.

3ïÄ¥^ Sa(1) Ú Sa(2) ©OL«üz�ª
��üa!:¥�g�¹�!:'~, ù�'~�
�±n)��äüz�ª��lüa!:¥?À
��!:´¹�!:�VÇ.� �� �� � � �� � � �� � �

ã 2 üz5K«¿ã

2.2 ���...ÄÄÄåååÆÆÆ

�¼��äüz�ª��üa!:¥¹�!
:¤Ó'~, Äk½Âü�Cþ P1(l) Ú P2(l), ©
OL«lüa!:¥�ÅÀ���äk l �¹��
Ø�!:�VÇ, ± P1(l) �~, ÙêÆL�ª�

P1(l) =Cl
f2N2

pl(1 − p)f2N2−l

=
(
〈k1〉
N2

)l

exp
[
(f2N2 − l) ln

(
1 − 〈k1〉

N2

)]
× (f2N2)!

l!(f2N2 − l)!
, (1)

� N2 À 〈k1〉�, k
〈k1〉
N2

→ 0, �\ (1)ªz{�

P1(l) =
(f2 〈k1〉)l

l!
e−f2〈k1〉. (2)

ò (2)ª½Â�

P1(l) = P1(f2 〈k1〉 , l), (3)

Ón��

P2(l) =
(f1 〈k2〉)l

l!
e−f1〈k2〉 = P2(f1 〈k2〉 , l). (4)

Sa düÜ©|¤, �Ü©´Ð©�!:¹��V
Ç f , ,�Ü© τ K´3üzL§¥�-¹�VÇ,
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Sa(1) Ú Sa(2) ©OL«� Sa(1) = f1 + τ1,

Sa(2) = f2 + τ2.
(5)

½Â Sn
a �üz�1 n Ú�!:?u¹�G��V

Ç, òÙÅÚÐm, k
Ð©�  S0

a(1) = f1,

S0
a(2) = f2,

(6)

1�Ú:
S1

a(1) = f1 + (1 − f1)
∑
l>Ω1

P1(f2 〈k1〉 , l),

S1
a(1) = f2 + (1 − f2)

∑
l>Ω2

P2(f1 〈k2〉 , l),
(7)

1�Ú:
S2

a(1) = f1 + (1 − f1)
∑
l>Ω1

P1(S1
a(2) 〈k1〉 , l),

S2
a(2) = f2 + (1 − f2)

∑
l>Ω2

P2(S1
a(1) 〈k2〉 , l),

,

(8)

· · · · · ·
1 n Ú:

Sn
a (1) = f1 + (1 − f1)

∑
l>Ω1

P1(Sn−1
a (2) 〈k1〉 , l),

Sn
a (1) = f2 + (1 − f2)

∑
l>Ω2

P2(Sn−1
a (1) 〈k2〉 , l),

(9)

�üz�êv
��, ��üzª� Sa �L�ª
�

Sa(1) = f1 + (1 − f1)
∑
l>Ω1

P1(Sa(2) 〈k1〉 , l),

Sa(2) = f2 + (1 − f2)
∑
l>Ω2

P2(Sa(1) 〈k2〉 , l).

(10)

3 (J9?Ø

l�§| (10) ¥�±wÑ, K�¹�!:'
~ Sa(1) Ú Sa(2) �Ï�k: �©�¥üa!:�
Ð©!:¹�'~ f1 Ú f2, üa!:�¹�K
� Ω1 Ú Ω2 ±9üa!:�²þÝ 〈k1〉 Ú 〈k2〉.

3�[�L§¥, �ïÄ�B, -�ä!:
ë��'~3 0.01 �m, òþa!:�ê N1 �
� 2000, ²þÝ 〈k1〉 �� 16; ea!:�ê N2 �
� 1600, ²þÝ 〈k2〉 �� 20. 3ïÄ¥, ·�uy

!:��êé�[(JvkK�. e¡·�ò©O
?ØÐ©!:¹�'~Úüa!:¹�K��C
zé!:¹�'~�K�.

3.1 ÐÐÐ©©©¹¹¹���'''~~~ f ééé Sa ���KKK���

�½üa!:�¹�K� Ω1 Ú Ω2 ©O� 10

Ú 9, UCÐ©¹� f '~, &?é Sa �K�. �
ea!:Ð©¹�'~ f2 �½ØÓ� (ùp©O
� 0.1, 0.4, 0.45 Ú 0.5)�, þa!:�ÙÐ©¹�
'~ f1 �Cz�¹, Xã 3 ¤«.

0 0.2 0.4 0.6 0.8 1.0
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1.0

f2=0.1

f2=0.4

f2=0.45

f2=0.5

S
1 a

f1

ã 3 ØÓ f2 eþa!:¹�'~� f1 Cz�¹

lã 3 ¥�±wÑ, þa!:¹�'~�Cz
�3a�y�, aq Baxter � [22] 3üº:�þé
'6�ïÄ�Ñ�(J, ·�@�ù�a�´�«
�Cy�. §`²�XÐ©þa!:¹�'~�O
\, �äüzª��¹�!:'~ò3�.� (P
� f1c) ?â,O\, ÑyØëY�a�y�. ±;
¾DÂ�~, §�y¢¿Â3u�<+¥k��ê
þ ('~���.� fc ½±þ) �<a/;¾, K
²L�ã�m�T;¾¬3T<+¥u)�5�
��u. �Ó^�e� f2 �O\, þa!:¹�
'~u)�C�éA� f1 �~�, ùd�©��
AÏ5û½, þa!:���¹�Ò�¦ea!:
�¹�!:���½êþ, =÷vþa!:�¹�
K�. Ïd, � f2 ���, þa!:�N´�-¹;

� f2 � 0.5 �, þa!:�¹�'~3 f1 ªu 0

�Ò� 97%±þ.

3.2 ¹¹¹���KKK��� Ω '''~~~ééé Sa ���KKK���

�½ Ω1 � 10, UC Ω2 ��, ±a!:�~?
1ïÄ.
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3.2.1 f1 = f2

ò Ω2 ©O�� 8, 14 Ú 20�, ¹�!:'~
�Ð©¹�'~�CzXã 4 ¤«.

S
2 a

 0 0.2 0.4 0.6 0.8 1.0

  0

0.2

0.4

0.6

0.8

1.0

f2

Ω2=8

 Ω2=14

 Ω2=20

Ω1=10

ã 4 Ω1 = 10�ØÓ Ω2 �ea!:¹�'~Cz�¹

lã 4 ¥�±wÑ, � Ω2 = 20�, ea!:
�¹�'~Cz��Cy���, �´u)ëYC
z. �X Ω2 �~�, ea!:�¹�'~Cz�
�Cy�Åì²w, ù´du� Ω2 ~��, ea!
:¥òk�õ�:÷v¹�K�,¦�Ù�C�.
� f2c �Åì~�. � Ω1 Ú Ω2 ������, e
a!:�¹�'~Cz��Cy���²w.

3.2.2 f1 = 0.2, f2 Cz
�½ Ω1 = 10 Ú f1 = 0.2 ØC�, �©�¥e

a!:¹�'~CzXã 5 ¤«.

S
2 a

f2

Ω2=8

 Ω2=14

 Ω2=20

Ω1=10

0 0.2 0.4 0.6 0.8 1.0

0

0.2

0.4

0.6

0.8

1.0

ã 5 Ω1 = 10, f1 = 0.2�, 3ØÓ Ω2 �eea!
:¹�'~Cz�¹

lã 5 ¥�±wÑ, � Ω2 �O�, ea!:¹
�'~�âCy�� f1 Cz��¹ (ã 4 ¤«) a
q.

3.2.3 ²þÝé Sa �K�
�©�üa!:�m�²þÝ�pV�, �3

'X k1N1 = k2N2, Ïd, 3?Ø²þÝé!:¹
�'~�K��, �é k1 ½ k2 ?1UC=�. ù
p, ·��± f2 = 0.2, ©O� k1 = 10, 15, 20 Ú 25,

?Øþa!:¹�'~�Ð©¹�'~�Cz�
¹, (JXã 6 ¤«. lã 6 �±wÑþa!:¹
�'~�3�C�¹, �Ó^�e� f1 �O\, ²
þÝ��, þa!:¹�'~u)�C�éA� f1

���. l²þ|�Ý5w, �ä²þÝ��, �ä
¥!:��Øêþ�õ, ÷v¹�K�^��!:
ê��õ, l
�C: fc Ò��.

S
1 a

f1
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ã 6 ØÓ k �eþa!:¹�'~Cz�¹�� � � � � � � � � 	� � � 	 � � 
 � � � � � � 
 � ��� � 	� � 
� � �� � �
 � �
ã 7 þa!:¹�'~�§)Ú�[)�é'

3.3 ÄÄÄåååÆÆÆ���§§§���ïïïÄÄÄ

��yÄåÆ�§��[L§äk��5,

·�3?1O��ò�§¥�ëê�½��?1
�[����, =�½þa!:�ê N1 = 2000,

²þÝ 〈k1〉 = 16; ea!:�ê N2 = 1600, ²
þ Ý 〈k2〉 = 20. � ½ e a ! : � Ð©¹ � '
~ f2 = 0.2, ïÄ�Xþa!:Ð©¹�'~ f1

�Cz, �©�¥üa!:¹�'~�Cz�¹,

166402-4



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 16 (2012) 166402

ò�§�)��[�(J?1'�, Xã 7 ¤«.

4 ( Ø

�©/�ÄÀ'63üº:�äþ�ïÄ�
{, ïÄ
�ÅÃ��©�þ�ÄÀ'6, &Ï�
.y�, �Ñ
ÄåÆ�§±9�[(J. �UC
¹�K�!²þÝ½öÐ©¹�'~�, �©�ü
a!:¹�'~�Ð©¹�Czäk�Cy�; Ó

�, �©�y
ÄåÆ�§Ú�[(J���5.

ØØ´3üº:�þ�´3�©�þ, �XÐ©¹
�'~�Cz, ¹�!:�'~Ñ�3�Cy�,

ù3ïÄ;¾DÂÚzØDÂ��¡äké­�
�¿Â. 3�e5�ó�¥, Ø=�±&?�©�
ä�(�5�éuÄÀ'6�K�, ��±òÄÀ
'6Ú\�\��äÚÍÜ�ä, &?�­��^
±9?é�A�.

[1] Chalupa J, Leath P L, Reich G R 1979 J. Phys. C 12 L31
[2] Wu K, Gu Z N 1996 Acta Phys. Sin. 45 1905 (in Chinese) [Ç�,

�	H 1996 ÔnÆ� 45 1905]
[3] Yi L, Xiao Y, Yao K L 1993 Acta Phys. Sin. (Overseas Ed.) 2 458
[4] Zheng M S, Liu Y P 1993 Acta Phys. Sin. 42 304 (in Chinese) [x

j�, 4�+ 1993 ÔnÆ� 42 304]
[5] Ye G X, Xu Y Q, Wang J S, Zhang Q R 1994 Acta Phys. Sin. 43

4 (in Chinese) [�p�, N��, �§t, ÜÙa 1994 ÔnÆ�
43 4]

[6] Eckmann J P, Feinerman O, Gruendlinger L, Moses E, Soriano J,
Tlusty T 2007 Phys. Rep. 449 54

[7] Soriano J, Marttnez M R, Tlusty T, Moses E 2008 Proc. Natl.
Acad. Sci. 105 13758

[8] Goltsev A V, Abreu F V de, Dorogovtsev S N, Mendes J F F 2010
Phys. Rev. E 81 1921

[9] Adler J, Palmer R G, Meyer H M 1987 Phys. Rev. Lett. 58 882
[10] Nakanishi H, Takano H 1986 Phys. Lett. ll5A 117
[11] Ertel W, Frobose K, Jackle J 1988 J. Chem. Phys. 88 5027
[12] Sellitto M, Biroli G, Toninell C 2005 Europhys. Lett. 69 496
[13] Toninelli C, Biroli G, Fisher D S 2006 Phys. Rev. Lett. 96 5702
[14] Chalupa J, Leath P L, Reich G R 1981 J. Phys. C: Solid State

Phys. 14 3187
[15] Ma Z F, Zhang P, Wu Y, Li W H, Zhuang Y Q, Du L 2010 Chin.

Phys. B 19 7201
[16] Holroyd A E 2003 Probab. Theory Relat. Fields 125 195
[17] Holroyd A E 2006 Electron. J. Probab. 11 418
[18] Balogh J, Bollobas B 2006 Probab. Theory Relat. Fields 134 624
[19] Balogh J, Pittel B G 2007 Random Struct. Alg. 30 257
[20] Fontes L R G, Schonmann R H 2008 J. Stat. Phys. 132 839
[21] Watts D J 2002 PNAS 99 5766
[22] Baxter G J, Dorogovtsev S N, Goltsev A V Mendes J F F 2010

Phys. Rev. E 82 1103
[23] Chen H B, Fan Y, Fang J Q, Di Z R 2007 Acta Phys. Sin. 58 1383

(in Chinese) [�÷R, �k, �<�, )OX 2007 ÔnÆ� 58
1383]

[24] Fan Y, Suo L N, Shen X S, Hu Y Q 2008 J. BNU (Natural Science)
44 103 (in Chinese) [�k, ¢wA,!¡t, �ò� 2008 �®�
��ÆÆ� (g,�Æ�) 44 103]

[25] Ma W D, Wang L, Li R P, Shui H S, Zhou M T 2008 Acta Phys.
Sin. 57 1381 (in Chinese) [ê¥À, �[, or², YõÆ, ±²
U 2008 ÔnÆ� 57 1381]

[26] Latapy M, Magnien C, Vecchio N D 2008 Soc. Networks 30 31

166402-5



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 16 (2012) 166402

Bootstrap percolation on bipartite networks∗

Wan Bao-Hui1) Zhang Peng2) Zhang Jing1) Di Zeng-Ru1) Fan Ying1)†

1) ( Department of Systems Science, School of Management, Beijing Normal University, Beijing 100875, China )

2) ( School of Science, Beijing University of Posts and Telecommunications, Beijing 100876, China )

( Received 11 November 2011; revised manuscript received 17 January 2012 )

Abstract

Bootstrap percolation was first used in statistic physics to study the phenomenon that magnetic-order goes down and disappears

because of the disturbance of nonmagnetic impurity. With the development of complex network, the application of bootstrap percolation

in network has attracted much attention. In the real world, many systems naturally exhibit the two-branch structure. And bipartite

network is one of important networks in complex networks. In this paper, we use the dynamics equation and computational simulation

to study the bootstrap percolation in bipartite networks. The parameters we focus on are the node initial active ratios f1 and f2 and

active thresholds Ω1, and Ω2. We draw the conclusion that the ratio of active nodes has discontinuous transition, which will gradually

disappear with parameters varying. We also prove the consistency between the dynamic equation and simulation results.

Keywords: bipartite networks, bootstrap percolation, proportion of active nodes
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