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1 Ú ó

¯ ¤ ± �, E , · b Û ÉáÚ f ¥ i k Ø
­½±Ï;� (unstable periodic orbits, UPOs)[1−3].
UPOs L«��5XÚ¥Ó�äk±Ï5ÚØ­½
5�4�� [4], ´·bÛÉáÚf��e(�, Ù
%¹k´L���5ÄåÆ&E,´n)·b$Ä
A5�­�å»��.

g Ott ïÄ|uLO�H{Ø­½±Ï;�
g,ÿÝÚ OGY ·b���{�Ø©� [5], Ø­
½±Ï;�nØ��
êÆ!Ôn!��Æ! 
²Æ�õ�Æ�ïÄ<
�2�'5. X�±Ï
L UPOs úª¦�­��·báÚfA�þ, ïÄ
±Ï;�¯K [6]. �
UN$ÄÚþf·bmè
¥�3X UPOs �O�¯K [7]. OGY ·b��9
ÙU?�{¥�­�Ú½��9XÚ¥ UPOs &
ÿ [8,9].  ²ÄåÆ�¡, �ÏL&ÿ UPOs ïÄM
>Å½ ²u�>y�,¦ UPOs ¤��«£ã 
²ÄåXÚ#�ó [10,11].

@Ï UPO &ÿ�{´ÏLÏé±Ï;�þ
± Ï 5 4 8 : Ú 4 8 K ��¤ & ÿ (LK & ÿ
� {)[12]. � � �)
 Ä å Æ C � � { (DT �
{)[13,14] Ú SD �{ [15]. DT �{´ÏL�«Ä

åÆC�, é�©lÑ�mS�?1C�, 2*	
C��êâÚO��ã¥�ÛÉ5k¸,£Ok¸
� �Ò�±&ÿ UPOs � �. SD �{´�«
&ÿ UPOs �S�¦��{. ²LU?,SD {ÚÚ
î - .ÅÖ¦�{�±(Ü¤#� DL �{ [16−18],
Pk
�ÛÂñ5ÚÛÜ¯�Âñ�A5. DT �
{�2�A^u�Æ&Ò&ÿ, AO´ ²�>
½M>Å�&Ò?n, �±&ÿÑiu)Ô>Å¥
� UPOs. �´ DT &ÿ�{Eäk�½�Û�5,
Ù�U&ÿlÑÄåXÚ¥ UPOs. ¤±, �©J
Ñ
�«Äu
\4�¡�ÄåÆC�U?�{,
T�{U&ÿëYXÚ¥� UPOs, ¿�äku�
b UPOs �Uå,¦&ÿ(J�\O(.

2 ÄåÆC�{&ÿØ­½±Ï;�

��5`, ék(½�§�·bÄåXÚ, �
±ÏL)Û½ê�O��{¦ÑØ­½±Ï;�.
�k
XÚvk²(��§, ��3¢��mS�
êâ, XÛl¢�êâ¥&ÿØ­½±Ï;�´ï
Ä·bXÚ���­�¯K.

ÄåÆC� (DT) {�Ä�g´´, |^�«
ÄåÆC�é�mS�?1C�, 2éC��(J
?1ÚO?n, �� DT C�ÚO��ã (histogram
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of DT, HDT). HDT ã¥¬�3ÛÉ5k¸, k¸ 
�ÒéA
Ø­½±Ï;�� � [13]. �
y²
��(J´k��, �¬ék¸?1O�êâ{�
ö�. ù«ö��±u�Ø­½±Ï;��ý�,

Ø¬»�êâÚOA5.

b�k����N�

xn+1 = f (xn) (1)

��OØÄ: x∗ = f (x∗) �, �ÄXeC�:

x̂ =
xn+1 − s (k) xn

1 − sn (k)
, (2)

Ù¥

sn (k) =
xn+2 − xn+1

xn+1 − xn
+ k (xn+1 − xn) , (3)

k = uR, (4)

Ù¥, u��Åëê, ÷v u > 0; R L« [−1, 1] ¥
þ!©Ù��ÅCþ.

� u = 0 � f (x)����5¼ê�, �§ (2)
�«¿ãXã 1 ¤«. DT C�òØÄ: x∗ �5
«�¥�: (xn, xn+1) 9 (xn+1, xn+2) C�� x̂,
� x̂ �~�CØÄ: x∗.

XJ�mS�¥k: xn �CØÄ: x∗ �,
: xn �C�: x̂ Ò¬�C�� x∗ ��S. ��þ
: xn �C x∗�, x∗ ��S¬�3�þ�C�: x̂.
Ly�C�: x̂ �ÚO���Ý¼ê ρ̂ (x̂) 3ØÄ
: x∗ NC�3K²���ÛÉ5, =

ρ̂ (x̂) ∼ |x̂ − x∗|−1/2
, (5)

=�±3 DT C�ÚO��ã¥uyÛÉ5k¸.
ù�ÛÉ5k¸Ò�Ð3ØÄ: x∗ ?, 
ùÒ´
&ÿØ­½ØÄ:�'�. ù«�{kOu��
� “48” (recurrence) {, ��� “48” {´ÏL
3ò´��m¥À�Ü·�K�, 5Ïé48 E
�p��C:��{5ÏéØ­½;���{.

ã 2 L« 1000 � Logistic N��mS�êâ
� �N�ãÚ DT C�ÚO��ã. Ù¥N�¼
ê� f (x) = rx (1 − x), r = 3.9, DT �{¥��Å
ëê u = 15. HDT �k¸�Ð?u �N�Ú�
Ç� 1 ����:?, L² DT �{(¢&ÿ�

lÑN��Ø­½ØÄ: x∗ =

r − 1
r

≈ 0.7436.

ã 1 u = 0��§ (2) �«¿ã

e�±&ÿlÑ·bXÚ¥��±ÏØ­½
±Ï;�, ÒU&ÿXÚ�?¿±ÏØ­½±Ï;
�. äN�{´, XJ�&ÿ�±Ï�Ø­½±Ï
;�, Òr�5�mS�êâ?1 2 ü �m�ò
´±�, 2&ÿ?n���mS�Ø­½ØÄ:,
é��:Ù¢Ò´�5�mS���±ÏØ­½
±Ï;�. C���{aqXe�ªf:

L1 = {x1, x2, x3, x4, · · ·}
C��−−−−−→ L2

= {x1, x3, x5, · · ·}½ {x2, x4, x6, · · ·} . (6)

ã 2 �mS� �N�ãÚ DT C�ÚO��ã

DT �{�äk�½�|D5. ±&ÿXÚ�
Ø­½ØÄ:�~, �©3�mS�¥\\�½r
ÝD(, 2?1Ø­½±Ï;�&ÿ. \\D(�
�{Xe:

x̃i = xi + a × N (0, 1) × std (x) , (7)

Ù¥, x̃i ´\D�mS�, xi ´�©�mS�, a

´D(rÝ, N (0, 1) ´IO��©Ù�ÅCþ,
std (x)´�mS� {xn} �IO�.
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ã 3 ØÓD(rÝ �N�ãÚ DT C�ÚO��ã (a) a = 1%� �N�ã; (b) a = 1%� DT C�ÚO��ã; (c)
a = 3%� �N�ã; (d) a = 3%� DT C�ÚO��ã

ã 3 ¥©O�½D(rÝ� a = 1% Ú a =
3%, �±wÑ&ÿ�k¸�,�3, �´¸� �

�
, `² DT �{éD(k�½�°�5, �´
D(Lr��¬¦&ÿ(J��.


\4 (Poincaré) JÑ
�«�{, �±©Û
õCþg£XÚ�$Ä. 3 N �XÚ� N ���
m¥·�À� N − 1 ���¡, Ï~¡d�¡�

\4�¡ (Poincaré). À�
\4�¡�k|u
*	XÚ�$ÄCzA�, X�¡ØU��õê;
���. 'u�5��mëY6;�3
\4�¡
þ��:©O� P0, P1, · · · , Pn, · · · , 
\4N� T

�L«Xe:
Pn+1 = TPn. (8)

3�äXÚ�[±Ï51�9´Ä�·b�
¯Kþ, ëY6Ú
\4�¡lÑN���J´�
��. du DT �{�UA^�lÑÄåXÚ¥, X
J�r DT �{A^�ëYÄåXÚ¥, 7L3�
�m¥{�
\4�¡,¦ëY6=z¤lÑN�,
élÑN�A^ DT �{&ÿØ­½±Ï;�, 2
r&ÿ(J�£�ëYXÚ¥, ¦ÑëYXÚ�Ø

­½±Ï;�,·�½Âd�{�Äu
\4�¡
�ÄåÆC�U?�{.

3 DT �{éëY·bXÚ�&ÿ

3.1 ééé Rossler ëëëYYYXXXÚÚÚ&&&ÿÿÿ

Rössler �§Xe:

ẋ = − (y + x) ,

ẏ = x + ay, (9)

ż = b + (x − c) z,

Ù¥, � a = 0.2, b = 0.2, c = 5.7 �, XÚ?u·
bG�.

ã 4 L«n� Rössler XÚ·báÚf. d
u Rössler XÚ�)´��ëY�6, ØU��A
^ DT �{&ÿØ­½±Ï;�. ¤±, IA^

\4�¡�{¦ëY6C¤lÑN�. ã 5(a), (b)
«¿
{�
\4�¡ÚòëY6=��lÑN
���{. {�
\4�¡��{¿Ø��. �Ð
���AXã 5(a) ¤«, 3;�pØ����/�
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{�
\4�¡, {����¦þØ��;���,
�~¥À� x = 0 ?{�
\4�¡. 3ã 5(b) ¥,
±�§�dKC��z����O�, òü��

ã 4 Rössler n�XÚ·bÛ%áÚf

��m��mm�P¹e5, ���&ÿ��mS
� {Tn}. Ï�p�Û%áÚf¥pØ����;
�3$�ÝKã¥�U¬�)Jb��:, XJ3
ù
Jb�:NC{�
\4�¡, k�U¬K�

\4�:�k�5, 
�¡�;���k�U¦
;���¡Ø��, Ø|u&ÿ.

ã 6(a)��mm� {Tn} S�ã. Xã 6(b) ¤
«, &ÿÑ5�Ø­½ØÄ:´ T ∗ ≈ 5.8755. ù
�ê�Ò´�§ (9) 3 a = 0.2, b = 0.2, c = 5.7
^�e, ëY6��±ÏØ­½±Ï;���m
±Ï T ∗. 2±ù��m±Ï T ∗ �üz�m�Ý,
ÏL�§ (9) �±N´Ïé�48�C�:. 2
±48�C:�å©:, 4�§ (9) üz�m�Ý
� T ∗, ¤���;�Ò´�±ÏØ­½±Ï;�.
Xã 7(a)—(f) ¤«, &ÿÑ�;��Ò´�±ÏØ
­½±Ï;�, Ón��±lXÚ¥&ÿ��±Ï
Ún±Ï�Ø­½±Ï;�.

ã 5 {�
\4�¡«¿ã (a) 3 x-y ��m¥��
\4�¡; (b) ��mm� Ti �lÑ�mS�

ã 6 �mS�� �N�ãÚ DT C�ÚO��ã (a)�mm� Tn S�ã; (b) {Tn} �N�Ú DT C�ÚO��ã
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ã 7 Rössler XÚ�õ±ÏØ­½±Ï;� (a) n��I�±ÏØ­½±Ï;�; (b) x-y ¶�I�±ÏØ­½±Ï;�; (c)
n��I�±ÏØ­½±Ï;�; (d) x-y ¶�I�±ÏØ­½±Ï;�; (e) n��In±ÏØ­½±Ï;�; (f) x-y ¶�In
±ÏØ­½±Ï;�

3.2 ééé Lorenz ëëëYYYXXXÚÚÚ&&&ÿÿÿ

Lorenz �§Xe:

ẋ = −σ (x − y) ,

ẏ = −xz + rx − y, (10)

ż = xy − bz,

Ù¥, �ëê� σ = 10, r = 25, b = 8/3�, XÚ?
u·bG�. ã 8�dëêen�âÔ[áÚf.

Xã 9 ¤«, Uìé�ëY6��{, {�

\4�¡, ��mm� {Tn} S�. Ï�{�
\4
�¡� �¿Ø��, ¤±�´3;�Ø���/
�{�
\4�¡. �~À3 x = 8 � �{�

\4�¡. ã 10(a) ��mS� {Tn} � �N�
ã. ã 10(b)�é�����mS� {Tn} ?1 DT
�{&ÿØ­½±Ï;�.

ã 10(b) Ñy
ü�k¸, �Ù¥��´b�,
¤±I^O�êâ{\±u�. ¢yO�êâ��
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{´,�mS� {Tn} ��ê�ØC, �´�Å�Ï
êâ�m�^S. ù���±¦�mS���5�
áÏ'é��, 
êâ�ÅÚO55ÆØC, �±
u�d·bnØ¤�Ñ�b�´Ä�(. �©¥^
S� {sTn} L«é {Tn} ?1O�êâö�±��
�mS�.

Xã 11(b) ¤«, 1��k¸~��
, 
1
��k¸²w~f, `²1��k¸�k�5�
r. ²Ly¢, (¢�k1��¸´ý���±
ÏØ­½±Ï;�. &ÿ���±ÏØ­½±
Ï;��±Ï�m´ T ∗ ≈ 1.673. Xã 12 ¤«,
|^&ÿ��±Ï�m T ∗ �N´é��§ (10)
3 σ = 10, r = 25, b = 8/3 ^�e��±ÏØ­
½±Ï;�. e|^1��k¸¤L«��mm
� T ′ ≈ 0.6 ?1&ÿ, &ÿÑ�;�Ñk���E

ÿÁo�ØU4Ü�"�, Xã 13 ¤«, `²d&
ÿ�;�Ø´ý¢�Ø­½±Ï;�.

ã 8 Lorenz n�XÚ·bÛÉáÚf

ã 9 {�
\4�¡«¿ã (a) {�
\4�¡; (b)�mm� Tn ��#��mS�

ã 10 �mS� �N�ãÚ DT C�ÚO��ã (a)�mm� Tn � �N�ã; (b)�mm� Tn � DT C�ÚO��ã
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ã 11 �mS�O�êâ �N�ãÚ DT C�ÚO��ã (a)�mm� Tn O�êâ sTn  �N�; (b) �êâ (J�) Ú
O�êâ (¢�)DT C�ÚO��ã

ã 12 Lorenz XÚ�±ÏØ­½±Ï;� (a) n��I�±ÏØ­½±Ï;�; (b) x-y ¶�I�±ÏØ­½±Ï;�

ã 13 LorenzáÚf¥bØ­½±Ï;�©ª�3���EÿÁ�ØU4Ü�²w"� (a) n��m¥bØ­½±Ï;�;
(b) x-y ²¡¥bØ­½±Ï;�; (c) x-z ²¡¥bØ­½±Ï;�
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4 ( Ø

é·b�mS�?1ÄåÆC��{ (DT �
{) �¬3Ø­½±Ï;�� ��)ÛÉ5k
¸, XJæ^Ü·�ëþ¬¦k¸�\�ßO(.
éulÑXÚ, �±��A^ DT �{&ÿXÚ¥
�Ø­½±Ï;�; éuëYXÚ, kA^
\4
�¡{¦ëY�6C¤lÑ�N�, òëY�6ê
âC¤lÑ��mm���mS�, 2élÑ�m

S�A^ DT �{&ÿ�mm��Ø­½±Ï;
�, ¦Ñ���m±Ï, �âù��m±Ï�±N
´¦Ñ6êâ¥�Ø­½±Ï;�, ½Âd�{�
Äu
\4�¡�ÄåÆC�U?�{. �©©O
± Rössler XÚÚ Lorenz XÚ�~, �y
Äu

\4�¡�ÄåÆC�U?�{3ëY·bÄå
ÆXÚØ­½±Ï;�&ÿþ�k�5. �ïÄ´
LuÐ
DÚ�ÄåÆC��{, ���mS�Ø
­½±Ï;�&ÿïÄJø#g�, mÿ#å».
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transformation method∗
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Abstract

Detecting unstable periodic orbits (UPOs) from chaotic dynamic systems is a challenging problem. For a large number of complex

systems, we can collect some experimental time series data but cannot find theoretical models to describe them. Thus, detecting unstable

periodic orbits from experimental data can help us understand the chaotic properties of physical phenomenon without using theoretical

models. We, in this paper, first use the dynamical transformation (DT) algorithm to detect unstable periodic orbits from chaotic systems,

and find that the original DT algorithm can detect the UPOs from the time series of chaotic discrete map, but it is infeasible for the time

series from continuous chaotic flow. In this regard, we then propose an improved DT algorithm that is based on the Poincare section

method to detect the UPOs from continuous chaotic flow. In particular, we transform the continuous flow data into discrete map time

series in terms of Poincare section, and then detect unstable periodic orbits from the transformed discrete map time series. In addition,

we take Rössler and Lorenz chaotic systems as examples to demonstrate the effectiveness of our proposed method.

Keywords: unstable periodic orbits, dynamical transformation, continuous chaotic dynamical system, Poincare
section
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