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ÄurÝ��Ý½Â, �Ñ
pdµ^1å1åDÑÏf= M2 Ïf�)ÛL�ª, pdµ^1å� M2 Ïf
���ûuÿÀ>Öê n. ê�O�L², pdµ^1å� M2 Ïf�XÿÀ>Öê n �O�
O�. ÄurÝp
�Ý, ��Ñ
pdµ^1å²�¶ ABCD 1ÆXÚDÑ��Ýëê�)ÛL�ª, pdµ^1å��Ýëê�û
uÿÀ>Öê n!ëê δ!Ý
� A ÚÝ
� D. 3gd�mDÑ�, pdµ^1å��Ýëê=�ûuÿÀ>Ö
ê n Úëê δ. gd�mDÑ�, pdµ^1å�Ýëê�Cz5Æ�: �Ýëê�ëê δ �O�k~�
�ª�u
����, �ÿÀ>Öê n �O�
~�. ù�ïÄkÏupdµ^1å�¢SA^.
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1 Ú ó

1Æµ^äkAÏ�Ú^Åc(�Ú(½�
1f;��Äþ, y®A^u1Æ�öp!�f1
Æ!)Ô�Æ!��51Æ!þf&EDÑ!þ
fO�9Ï&�+� [1−3]. 1Æµ^�±|^Ú
^� �!�m1N�ì!�E1»Ú�ª=�
ì��{�) [4,5]. 1Æµ^�;.�LÒ´.X
� - pdµ^1å. .X� - pdµ^1å��$
��Ò´pdµ^1å. Zhu �<�Ñ
pdµ^
1å;��Äþ�Ý�)ÛL�ª, ¿âd?1

�ýO�Ú©Û [6]. �âüÚ1�¶Ý�½Â, w
Æâ�<épdµ^1å��¶Ý?1
ïÄ, �
Ñ
pdµ^1å�¶Ý�)ÛL�ª, ©Û
�
¶ÝÚ1åëêm�'X [7]. Li �<�Ñ
pdµ
^1å3R�u1¶�ü¶¬N¥û�|©þ�
)ÛL�ª, ¿�	
ü¶¬N���É5épd
µ^û�1årÝ©Ù�K� [8]. Ç¦��<±p
dµ^1å��1
A^u¥UºXÚ, l
¢y

¥UºXÚþ1ó´Uþ�Ñ�k�ü$ [9]. Li

�épdµ^1å²�/1<1��C|� �
ÛÉ5?1
ïÄ [10].

1åDÑÏf= M2 Ïf´ÄurÝ��Ý
½Â�, ^uL�1å�DÑA5. �Ýëê�r
Ý�o�ÝÚ��Ý�', ^u£ã-1å1|©
Ù�²"§Ý. 1åDÑÏfÚ�Ýëê´µ�1
åDÑ�­�ëê. 8c, k'pdµ^1å M2

ÏfÚ�Ýëê�ïÄ�����. Ïd, �©Ä
urÝp�Ý©O�Ñ
pdµ^1å M2 Ïf
Ú²�¶ ABCD 1ÆXÚDÑ��Ýëê�)Û
L�ª, ¿ÏLê�O�©Û
pdµ^1åëê
é M2 ÏfÚ�Ýëê�K�.

2 pdµ^1å� M2 Ïf

3Î�IX¥, �pdµ^1å���m z >
0 DÑ, z ¶�1åDÑ¶. pdµ^1å3
²
¡ z = 0 þ�1|©Ù�

U(ρ0, 0) = exp
(
− ρ2

0

w2
0

)
exp(inθ0), (1)
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ª¥, ρ0 Ú θ0 ©O�
²¡þ�»�Ú���
I, n L�1Æµ^�ÿÀ>Öê. du n ���
êÚ�K�ê��1|rÝ©Ù�Ó, �3±e
?Ø¥�½ n ���ê. n�-1å� M2 Ïf
½Â� [11]

M2 = 2πσ0σ∞, (2)

ª¥, σ0 �
²¡þ�m�¥1r©Ù���Ý,

σ∞ ��|²¡þ�mªÇ�¥1r©Ù���
Ý. �1å²�¶1ÆXÚDÑ�, Ù M2 ÏfØ
C. Ïd, {üå�, e¡O�pdµ^1å� M2

Ïf��Ä�´Ù3gd�m�DÑ. �âIO
½Â, pdµ^1å3
²¡þ�m�¥�rÝ�
�Ý�

σ2
0 =

∫ ∞
0

∫ 2π

0
ρ2
0 |U(ρ0, z)|2 ρ0dρ0dθ0∫ ∞

0

∫ 2π

0
|U(ρ0, z)|2 ρ0dρ0dθ0

=
w2

0

2
. (3)

3þª�í�L§¥, $^
XeÈ©ª [12]:∫ ∞

0

tn exp(−st)dt =
n!

sn+1
. (4)

|^Fp�C�����|*	²¡ z þ�m - ª
Ç�¥pdµ^1å�1|©Ù [13]

U(f, z) =
exp(−ikz)

iλz

∫ ∞

0

∫ 2π

0

exp
(
− ρ2

0

w2
0

)
× exp(inθ0) exp[−2iπfρ0

× cos(θ0 − θ)]ρ0dρ0dθ0, (5)

ª¥, k = 2π/λ �Åê, λ �1Å�, f = ρ/λz ��
mªÇ, ρ Ú θ ©O��|*	²¡ z þ�»�Ú
���I. é (5) ªëY¦^È©úª [12]

Jn(x)

=
(−i)n

2π

∫ 2π

0

exp(ix cos φ + inφ)dφ, (6)

×
∫ ∞

0

t exp(−αt2)Jn(βt)dt

=
1

2αn!
Γ

(n

2
+ 1

) (
β2

4α

)n/2

× exp
(
−β2

4α

)
1F1

(
n

2
;n + 1;

β2

4α

)
, (7)

ª¥, Jn(.) �1�a n ��l�¼ê, Γ (.) �³ê
¼ê, 1F1(·; ·; ·) �¥%�¼ê�½Â� [12]

1F1(a; b;x) =
Γ (b)
Γ (a)

∞∑
m=0

Γ (m + a)
Γ (m + b)m!

xm. (8)

�ª, �|*	²¡ z þ�m - ªÇ�¥pdµ^
1å�1|©Ù�

U(f, z) =
in−1πnwn

0 zr

n!z
Γ

(n

2
+ 1

)
fn

× exp(−π2w2
0f

2)

×1F1

(n

2
;n + 1;π2w2

0f
2
)

× exp(inθ − ikz), (9)

ª¥, zr = kw2
0/2 �a|ål. pdµ^1å3�

|*	²¡ z þ�m - ªÇ�¥�rÝ��Ý�

σ2
∞ =

∫ ∞
0

f3 |U(f, z)|2 df∫ ∞
0

f |U(f, z)|2 df
=

1
2π2w2

0

×

∞∑
m=0

∞∑
m′=0

Γ (m + n/2)Γ (m′ + n/2)(m + m′ + n + 1)!
2m+m′(m + n)!(m′ + n)!m!m′!

∞∑
m=0

∞∑
m′=0

Γ (m + n/2)Γ (m′ + n/2)(m + m′ + n)!
2m+m′(m + n)!(m′ + n)!m!m′!

. (10)

Ïd, pdµ^1å� M2 Ïf�ª�

M2 =


∞∑

m=0

∞∑
m′=0

Γ (m + n/2)Γ (m′ + n/2)(m + m′ + n + 1)!
2m+m′(m + n)!(m′ + n)!m!m′!

∞∑
m=0

∞∑
m′=0

Γ (m + n/2)Γ (m′ + n/2)(m + m′ + n)!
2m+m′(m + n)!(m′ + n)!m!m′!


1/2

. (11)
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pdµ^1å� M2 Ïf���ûuÿÀ>Ö
ê n.

3 pdµ^1å��Ýëê

3Î�IX¥, 1å��Ýëê½Â� [14]

K =
〈ρ4〉
〈ρ2〉2

, (12)

ª¥, 〈ρ4〉 Ú 〈ρ2〉 ©O��m�¥rÝ�o�ÝÚ
��Ý, ÙäNL�ª�

〈ρl〉 =

∫ ∞
0

∫ 2π

0
ρl |U(ρ, z)|2ρdρdθ∫ ∞

0

∫ 2π

0
|U(ρ, z)|2ρdρdθ

,

l = 2, 4, (13)

Ù¥, U(ρ, z) �*	²¡ z þ�1|©Ù. pdµ
^1å²�¶ ABCD 1ÆXÚ�DÑd��dú
ªL� [15]

U(ρ, z) =
exp(−ikz)

iλB

∫ ∞

0

∫ 2π

0

Uρ0, 0)

× exp
{
− ik

2B
[Aρ2

0 − 2ρρ0 cos(θ − θ0)

+Dρ2]
}

ρ0dρ0dθ0, (14)

ª¥, ABCD �
²¡�*	²¡m1ÆXÚ�
C�Ý
�. ò (1) ª�\ (14) ª?1È©, *	²
¡ z þpdµ^1å�1|©Ù�

U(ρ, z) =
in−1Bzn+1

r Γ (1 + n/2)ρn

n!wn
0 (B2 + iABzr)1+n/2

× exp
(
− z2

r ρ2

w2
0(B2 + iABzr)

− ikDρ2

2B
− ikz + inθ

)
×1 F1

[
n

2
;n + 1;

z2
r ρ2

w2
0(B2 + iABzr)

]
.

(15)

ò (15) ª�\ (12) ªÚ (13) ª, $�����*
	²¡ z þpdµ^1å��Ýëê

K =
a(0)a(2)
[a(1)]2

, (16)

Ù¥, a(0), a(1) Ú a(2) �L�ª�

a(ν) =
∞∑

m=0

∞∑
m′=0

Γ (m + n/2)Γ (m′ + n/2)(m + m′ + n + ν)!
(m + n)!(m′ + n)!m!m′!(δ2 + iAδ)m(δ∗2 − iA∗δ∗)m′γm+m′ , ν = 0, 1, 2, (17)

ª¥, 9Ïëê γ Ú δ ©O½Â�

γ =
1

δ2 + iAδ
+

1
δ∗2 − iA∗δ∗

+
iD
δ

− iD∗

δ∗
,(18)

δ = B/zr, (19)

ª¥, (ÒL«�E�Ý. *	²¡ z þpdµ^
1å��Ýëê�ûuÿÀ>Öê n!ëê δ!Ý

� A ÚÝ
� D.

4 ê�O��©Û

ã 1 �Ñ
pdµ^1å� M2 Ïf�ÿÀ
>Öê n �Cz'X. �ÿÀ>Öê n �"�, M2

Ïf� 1. �XÿÀ>Öê n �O�, M2 Ïf�O
�. �´ M2 Ïf�O��Ç�ÿÀ>Öê n �O
�
Åì~�. ,
 M2 Ïfvk4��, �Ò´
` M2 Ïf¬���ÿÀ>Öê n �O�
O�,

ù�:��±l (11) ªí�. ã 2 �Ñ
pdµ^
1å3�|²¡þ�m - ªÇ�¥�8�zrÝ
©Ù. ¢Sþ, ÿÀ>Öê n éå�º�vk?Û

K�, �¦K�X�|uÑ�. ÿÀ>Öê n ��,

pdµ^1å��|1��Ò��, ¥����
��, ?
��uÑ����, �ª¦� M2 Ïf
C�.

e¡�	gd�mDÑ�pdµ^1å�
Ýëê�Cz5Æ. 3d�/e, Ý
� A = 1,

B = z, C = 0, D = 1, �Ýëê=�ûuÿÀ>Ö

ã 1 pdµ^1å� M2 Ïf�ÿÀ>Öê n �Cz'X
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ã 2 pdµ^1å3�|²¡þ�m - ªÇ�¥�8�zr
Ý©Ù

ã 3 ØÓÿÀ>Öê�pdµ^1åÙ�Ýëê�ëê δ �
Cz'X

ã 4 pdµ^1å3C|*	²¡ δ = 0.4 þ�8�zrÝ
©Ù

ê n Úëê δ = z/zr. ã 3 �Ñ
ØÓÿÀ>Öê
�pdµ^1åÙ�Ýëê�ëê δ �Cz'X.

�ÿÀ>Öê n �"�, �ÝëêÕáuëê δ, ©

ª�±� 2, ùÚyk(JÎÜ. 3
²¡þ, pd
µ^1å��Ýëê�ÿÀ>Öê n Ã', ©ª�
u 2. 3Ù¦*	²¡þ, pdµ^1å��Ýëê
þ�u 2. �ÿÀ>Öê n ��"�ê�, �Ýëê
�ëê δ �O�k~�
�ª�u����. �ù
�����ÿÀ>Öê n k', ÿÀ>Öê n ��
ù�����Ò��. ã 3 L²: �ÿÀ>Öê n

é��, �|��ÝëêÒª�u 1. du M2 Ïf
Ú��Ýk', 
�ÝëêÚ���!o�Ýk',

Ïd M2 Ïfvk4��Ú�|�Ýëêk4�
�ùü�(Ø¿Øgñ. 3�Ó�*	²¡ (
²
¡Ø	) þ, ÿÀ>Öê n ��, �ÝëêÒ��,

1r©Ù�Ò�²", ù�:�äNNy3ã 2 þ.

ã 4 �Ñ
pdµ^1å3C|*	²¡ δ = 0.4

þ�8�zrÝ©Ù, ÿÀ>Öê n ��1r©Ù
Ò�²". ã 2 Úã 4 �N
pdµ^1å3gd
�mDÑ�äkûÐ�­½5.

5 ( Ø

Ä u r Ý � � Ý ½ Â, � Ñ 
 p d µ ^ 1
å M2 Ïf�)ÛL�ª, pdµ^1å� M2

Ïf��dÿÀ>Öê n û½. pdµ^1å
� M2 Ïf�XÿÀ>Öê n �O�
O�, �O
��Ç�ÿÀ>Öê n �O�
Åì~�. Äur
Ýp�Ý, ��Ñ
pdµ^1å²�¶ ABCD

1ÆXÚDÑ��Ýëê�)ÛL�ª, pdµ^
1å��Ýëê�ûuÿÀ>Öê n!ëê δ!Ý

� A ÚÝ
� D. ��ê�O��~f, �	

gd�mDÑ�pdµ^1å�Ýëê�Cz5
Æ. 3gd�mDÑ�, pdµ^1å��Ýëê
=�ûuÿÀ>Öê n Úëê δ = z/zr. pdµ^
1å��Ýëê�ëê δ �O�k~�
�ª�
u����, �ù�����ÿÀ>Öê n �'é.

3�Ó�*	²¡ (
²¡Ø	) þ, pdµ^1å
��Ýëê�ÿÀ>Öê n �O�
~�. ù�ï
Ä\�
épdµ^1åDÑA5�@£, kÏu
pdµ^1å�¢SA^.
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Abstract

Based on the definition of the second-order moment of intensity, the analytical expression for the beam propagation factor, namely

the M2 factor, of a Gaussian vortex beam is derived, which is uniquely determined by the topological charge n. The numerical result

indicates that the M2 factor of a Gaussian vortex beam increases with the increase of topological charge n. By means of the higher-

order moment of intensity, the analytical expression for the kurtosis parameter of a Gaussian vortex beam passing through a paraxial

ABCD optical system is also presented, which depends on topological charge n, parameter δ, transfer matrix elements A and D. When

propagating in free space, the kurtosis parameter of a Gaussian vortex beam is determined by topological charge n and parameter δ.

With the increase of parameter δ, the kurtosis parameter of a Gaussian vortex beam in free space first decreases and finally tends to a

minimal value. Moreover, the kurtosis parameter of a Gaussian vortex beam in free space decreases with the increase of topological

charge n. This research is helpful for the practical application of the Gaussian vortex beam.

Keywords: Gaussian vortex beam, M2 factor, kurtosis parameter
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