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 [1,2]. 3õ�þf�¥, é�Z�´­��ü��
'� [3−15], §äkwÍ�Ø !�àåÚÅ��
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� [16] Ú\±5, ,
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JÑ, X Bandyopadhyay � [18,19] ïÄ
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|^
©åì½VÏ���ÍÜì�)Xdµ��¢�

�Y, �C Agarwal[21] ��Ñ|^Ø ý��ÏL
1f~L§��¢yþfz1µ���).
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^�ïÄx)
�ÛÉ1Æ�#Æ� [22−24]. þf
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?nÚÏ&¥k
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=�L§� Hamiltonian � [28−30]

Hpc =ωaa+a + ωbb
+b + κa+b e i(ωb−ωa)t

+ κ∗ab+ e−i(ωb−ωa)t, (1)

���A��müz�Î�L�

U (t) = exp (−iHpct/~) , (2)


Ù Heisenberg $Ä�§�°()´ [30,31]

at =U+ (t) aU (t)

= e−iωat (a cos τ − iγb sin τ) , (3)

bt =U+ (t) bU (t)

= e−iωbt (b cos τ − iγ∗a sin τ) , (4)

ùp γ = iκ/|κ|, τ = |κ| t.
d u é ü � ý � � |0, 0〉, k U (t) |0, 0〉 =

|0, 0〉, Ïd, ��/, ü��Z� |α, β〉 ÏLù�
�ëþªÇ=�L§òüC¤#�ü��Z�, =

U (t) |α, β〉 =U (t) Da,b (α, β) U+ (t) U (t) |0, 0〉

=U (t) Da,b (α, β) U+ (t) |0, 0〉

=U+ (−t) Da,b (α, β) U (−t) |0, 0〉

=Da,b (αt, βt) |0, 0〉

= |αt, βt〉 , (5)


ù�#�ü� £�ÎÖ�

Dt
a,b (α, β) =U (t) D (α, β) U+ (t)

=U+ (−t) D (α, β) U (−t)

=Da,b (αt, βt) , (6)

���A� £ëê´

αt =αe−iωat cos τ − iγβe−iωbt sin τ,

βt =βe−iωbt cos τ − iγ∗αe−iωat sin τ.
(7)

�Ð©Ñ\��é�Z� [4,5]

|ψ〉 =Nq

∫ 2π

0

e iqθ
∣∣∣α e iθ

〉
a

∣∣∣α e−iθ
〉

b
dθ, (8)

Ù¥ q ´~�ê, Nq =
exp

(
|α|2

)
2π

√
Iq

(
2 |α|2

) ´8�z

~ê Iq( ) ´ q �?� Bessel ¼ê, ¢�þ��)
é�Z�®JÑ
éõ�Y [45,15]. Ïd t ��X
Ú�G��

|ψ (t)〉 = U (t) |ψ〉

=Nq

∫ 2π

0

e iqθU (t) Da,b

(
α e iθ, α e−iθ

)
|0, 0〉 dθ

=Nq

∫ 2π

0

e iqθDa,b

(
βt

a, βt
b

)
|0, 0〉 dθ, (9)

Ù¥

βt
a =α

(
e iθ−iωat cos τ − iγ e−iθ−iωbt sin τ

)
,

βt
b =α

(
e−iθ−iωbt cos τ − iγ∗ e iθ−iωat sin τ

)
,

(10)

Ù g, · � O � þ f � |ψ (t)〉 3 � � � � m �
L � ª ψ(x, y, t) = 〈x, y|ψ(t)〉, Ù ¥ |x, y〉 ´ �
Î (a+ + a)/

√
2 Ú (b+ + b)/

√
2 ©Oäk��� x

Ú y ����, d'Xª

〈x|α〉 =
1
π1/4

exp

(
−x2

2
+
√

2αx − α2 + |α|2

2

)
.

(11)

Kþf� |ψ (t)〉 3����m�Å¼êL�ª�

ψ (x, y, t) = Nq

∫ 2π

0

e iqθψθ (x, y, t) dθ, (12)

Ù¥

ψθ (x, y, t)

= 〈x, y|Da,b

(
βt

a, βt
b

)
|0, 0〉

=exp
(√

2xβt
a +

√
2yβt

b

− ρ2 + βt2
a + βt2

b + |βt
a|

2 + |βt
b|

2

2

)
, (13)


 ρ2 = x2 + y2. Ú\PÒ

X = x cos τ − iγ∗y sin τ,

Y = y cos τ − iγx sin τ,

Ω = cos2 τ − γ2 sin2 τ,

(14)

K (13) ª�L�

ψθ (x, y, t)

= exp
[
− ρ2

2
− |α|2 +

iα2

2
sin 2τ (γ + γ∗)

× e−i(ωa+ωb)t
]

× exp
[√

2αX e iθ−iωat +
√

2αY e−iθ−iωbt

− α2

2
(
Ω∗e2iθ−2iωat + Ωe−2iθ−2iωbt

) ]
. (15)

| ^ ? � Bessel ¼ ê � ) ¤ ¼
ê exp

[
x

(
t + t−1

)
/2

]
=

∞∑
n=−∞

In (x) tn [32], �k

exp
(
A e iθ + B e−iθ

)
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=exp

[
2
√

AB

2

(√
A

B
e iθ +

√
B

A
e−iθ

)]

=
∞∑

n=−∞

(
A

B

)n/2

In

(
2
√

AB
)

e inθ, (16)

¤±k

ψθ (x, y, t)

= exp
[
−ρ2

2
− |α|2 +

iα2

2
sin 2τ (γ + γ∗) e−iωabt

]
×

∞∑
k,l=−∞

(
X

Y

)k/2 (
Ω∗

Ω

)l/2

Ik

×
(

2α
√

2XY e−iωabt

)
Il

(
α2 e−iωabt

√
ΩΩ∗

)
× e i(2l+k)θ+i(ωb−ωa)t(l+k/2), (17)

ùp ωab = ωa + ωb. u´�§ (12) ¥'u θ �È
©��¤¿k(J�

ψBG (x, y)

=Nq exp
[
− ρ2

2
− |α|2 +

iα2

2
sin 2τ (γ + γ∗)

× e−iωabt
] ∫ 2π

0

e i(q+2l+k)θ dθ

∞∑
k,l=−∞

(
X

Y

)k/2

×
(

Ω∗

Ω

)l/2

Ik

(
2α

√
2XY e−iωabt

)
Il

×
(
α2 e−iωabt

√
ΩΩ∗

)
e i(ωb−ωa)t(l+k/2)

=2πNq exp
[
− ρ2

2
− |α|2 +

iα2

2
sin 2τ (γ + γ∗)

× e−iωabt − iq
2

(ωb − ωa) t
]

×
∞∑

l=−∞

(
X

Y

)−l−q/2 (
Ω∗

Ω

)l/2

I−q−2l

×
(

2α
√

2XY e−iωabt

)
Il

(
α2 e−iωabt

√
ΩΩ∗

)
,

(18)

?�Úz{���

ψ (x, y, t)

=2πNq exp
[
− ρ2

2
− |α|2 +

iα2

2
sin 2τ (γ + γ∗)

× e−iωabt − iq
2

(ωb − ωa) t
]

×
∞∑

l=−∞

(
Y

X

)l+q/2 (
Ω∗

Ω

)l/2

Iq+2l

×
(

2α
√

2XY e−iωabt

)
Il

(
α2 e−iωabt

√
ΩΩ∗

)
=Aq (α, t) exp

(
−ρ2

2

) ∞∑
l=−∞

(
Ω∗

Ω

)l/2 (
Y

X

)l+q/2

× Iq+2l

(
2α

√
2XY e−iωabt

)
× Il

(
α2 e−iωabt

√
ΩΩ∗

)
, (19)

Ù¥

Aq (α, t)

=2πNq exp
[
− |α|2 +

iα2

2
sin 2τ(γ

+ γ∗) e−i(ωa+ωb)t − iq
2

(ωb − ωa) t
]
, (20)

ù p ® A ^ 
 ? � Bessel ¼ ê ' X I−n (x) =
In (x) [32]. �§ (19) Ò´�©�Ì�(J, âd
�?Øé�Z�3����m¥?¿���Å�
�¹.

3 ê�(J

�âþã)Û(J, ·�é����mÅ¼ê
�üz?1
ê��	. O�L² γ =1 �é�Z
������mÅ�UÑyµ(�, Ïd, 3�©
¥=�Ä γ =1 ��¹, ¿­:�	µ(�Ñy�
éXÚ(�ëê�é�Z�ëê��6'X.

k6uXÚ(�ëê |κ|, ωa Ú ωb, é�Z�
üz��p�^�m�'Xû½uü�Ïf τ

Ú (ωa + ωb) τ/|κ|, Ï ωa + ωb ���u |κ| [31], é
u�½� τ , o�Ñy (ωa + ωb) τ/|κ| = 2mπ (m
´"½��ê) ��/, ã 1 �´?Ø�ù��/.
ã 1(a) ´ τ = 2πn � |ψ (x, y)|2 �n�ã, §´V
¸(�. 
� τ =

(
2n + 1

4

)
π�, éu q 6= 0 �?

¿�ê�/, |ψ (x, y)|2 o´¥%Ü©�"��/

(�, 
� τ =
(

2n +
1
2

)
π�K¥yn¸(�, �

3 τ =
(

2n +
3
4

)
π��/� τ =

(
2n +

1
4

)
π�

��q. ¢SþÒ� τ �'X
ó, |ψ (x, y)|2 ´ τ

�± π �±Ï�±Ï¼ê. ê�O�L², �ù

���ëêX q(q 6= 0), α ��Ù¦ØÓ��Å�
(�E´�q�, ÙK�=Ly3(��?�½
��.
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ã 2 q = 2, α = 1.5, γ = 1 9 τ = 2πn + π/4 � (ωa + ωb) τ/|κ| � 0(�), π/2(¥), 3π/2 (m) �Å¼ê ψ (x, y)

� |ψ (x, y)|2 (þ) ÚéA�� ©Ù (e).


� τ = 2πn+π/4 �ÒØÓ� (ωa+ ωb)τ/|κ|
��?1
?Ø, (Juyé�Z�3 /�m
o´üCÑ
µ(�, Xã 2 ¤«. ��d��
3 (ωa + ωb) τ/|κ| �ØÓ�� |ψ (x, y)|2 �UCº
Ý
(�/GØC, �Å¼ê�� (�k
NU
C. �é q, α ��Ù¦ØÓ��(��´aq. Ï
d��üC¤
äkµ^(��þf�pd.�,
�ÙÿÈÖ�êÒ´�ëê q.

4 1µ���)

d (19) ª, � t = 0 �, X = x, Y = y 9 Ω = 1,
ù�é�Z��Å��L�

ψ (x, y, t = 0)

=2πNq exp
(
−ρ2

2
− |α|2

) ∞∑
l=−∞

(y

x

)l+q/2

× Iq+2l

(
2α

√
2xy

)
Il

(
α2

)
, (21)

w,ùÅ�Ø�U¥yµ(� (é¢� α o´¢ê
�). 
·�N!XÚ¿Ü·ÀJ�p�^�m t =
T 9¦ γ = iκ/|κ| = 1, cos τ = sin τ = 1/

√
2, K

k Ω∗/Ω → 1, ΩΩ∗ = 0 9

ψ (x, y, t = T )

=A (α, T ) exp
(
−ρ2

2

)(
x + iy

x − iy

)q/2

× Iq

(
2αρ

√
−i e−iωabT

)
=A (α, T ) exp

(
iqϕ − ρ2

2

)
Iq

×
(
2αρ e−iωabT/2−iπ/4

)
, (22)

Ù¥ ϕ = arctan (y/x). (22) ª�Ð�L
 q �?
� Bessel-Gaussian ¼ê, =3�:äk�ÛÉ5,
l
�L
¤¢�þfz1µ� (q = 0 Ø	). N
´y², dG�´�Äþ z ©þ����, =

Lzψ (x, y, t = T ) =i~∂ψ (x, y, t = T )/∂ϕ
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=q~ψ (x, y, t = T ) , (23)

AO/, X e−iωaT = 1 Ú e−iωbT = i, k

ψ (x, y, t = T )

=2πNqIn (2αρ) exp
(

inϕ − ρ2

2
− |α|2 − α2

)
,

(24)

¿�d�éA�é�Z�üC¤�

|ψ (T )〉

=Nq

∫ 2π

0

e iqθ

∣∣∣∣ α√
2

(
e iθ−iωaT − i e−iθ−iωbT

)
,

α√
2

(
e−iθ−iωbT − i e iθ−iωaT

) 〉
dθ

=Nq

∫ 2π

0

e iqθ

∣∣∣∣ α√
2

(
e iθ + e−iθ

)
,

α

i
√

2

(
e iθ − e−iθ

) 〉
dθ

=Nq

∫ 2π

0

e iqθ
∣∣∣√2α cos θ,

√
2α sin θ

〉
dθ, (25)

�Ä�é�Z�®JÑNõ���Y [7,9,16], Ïd

þãþfz1µ��Kþ�´�¢y�. d	, N
´y²� (25) ´�v�Î²�Ú a2 + b2 ����,
Ù���´ 2α2. §äkNõk���²;5�9
�7A5, �u�Ìk'?Øò,;©��.

5 ( Ø

ÏLé�Z�ÏL1ÆëþªÇ=�L§�
�üz?Ø, ¼�
é�Z��üC)ÛL�ª9
3����m�Å¼ê, uyÏL·�N!XÚ(
�ëþ9�p�^�m, 3����m¥é�Z�
�üC¤þfµ�. AO/, ù��þf1µ��
äk?� Bessel-Gaussian /ª�{ü(�, =;.
��pd.�(�/ª. nØy²3þf&E?n
ÚþfÏ&¥k
?Ö=�6upd.�½pd
.L§´Ø�U�¤� [25−27], Ïd�pd.þf
z1µ�3þf&E?n¥ò�k­��^, �©
�(JJø
��þf�7��,�å».
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Pair coherent state evolutions through parametric
frequency conversion and the realization of quantized

vortex states

Zhu Kai-Cheng1)† Li Shao-Xin2) Zheng Xiao-Juan1) Tang Hui-Qin1)

1) ( School of Physical Science and Technology, Central South University, Changsha 410083, China )

2) ( Physical Staff Room, Guangdong Medical College, Dongguan 523808, China )

( Received 27 December 2011; revised manuscript received 1 March 2012 )

Abstract

The pair coherent state evolution during a parametric frequency conversion is analyzed. And the wavefunction of the evolving

pair coherent state in configuration space is obtained. It is found that the state may become a modified Bessel-Gaussian vortex state

with topological charge index q which is a new non-Gaussian state. In coherent state representation such a modified Bessel-Gaussian

vortex state is an eigenstate of sum of squared two-mode annihilation operators a2 + b2. The result obtained in this paper provides a

new scheme for generating quantized vortex states in experiment with currently available technology.

Keywords: pair coherent state, parametric frequency conversion, quantized vortex state
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