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1 Ú ó

Ë�{|�Vg3��+�2�¦^, éµd
Ë�N�5Uäk­�¿Â. ©z [1] é��U�
Ë�N�Î/�lfN�Ë�{|?1
O�. ©
z [2, 3] 3ïÄ�>6
-yeÃÑÉ�0��C
X�N�ÎÚkÑÉ�0��CXÊÏ0��Î
�>^A5L§¥, Ó��9�
éË�{|�O
�. 3��&¢¥, ©z [4] O�
34/7(;�
$Ä¥>åC¢�Ë�{|. ©z [5] Äu�d�
>å�ä, JÑ
��O��n(Ë�{|��.,
T�.òÙO(Cq�¥/æ�þ�/¹l�Ë
�{|. ©z [6] 3�ÄYe�Î/ Helmholtz �
�ì9¡�Ë�{|��¹e, éÙ(ÆA5?1

©Û. ©z [7] |^ê��{, O�
3Ã��æ
�þ���f5Ì��$�Ë�{|. 3D(��
Ú�Uì
���O¥ [8,9], �²~��ÄË�{
|�K�. k'�«�Ä
 (N) Ë�{|�O�Ú
å
<��2�'5, Ï�§´£ã>^��
½
�Ä
�Ç���­�ëê [10].

'u�­�ÄË�N�Ë�{|ïÄ��, Ï
�éu¹l�Ä5`, �­�Ä¡��Ä� �Ü

©�UÑØ�Ó. =¦ék)Û)��Ä¡, Ë�
{|�O����E,. ÒÝ/½�/¹lË�N

ó, �«)ûå»ÚCq�{�<��UJÑ,
~X��È© [11], ïáü­È© [12], /ÏAÛ'
Xïáo­È©�äNL�ª [13,14], =z�V­
È© [15]. ù
Äu��©Ùþ!�¹l�Ä
J
Ñ��{ØU��ÿÐ��­�Ä. ��5`, ï
Ä�­�ÄÝ/��Ë�{|, o­È©�O�´
7,�.Li Ú Gibeling ÏLòo­È©z�õ�V
­È©, ïÄ
�­�ÄÝ/��Ë�{|éË�
(õÇ�K� [16]. Sha �JÑ�«O��{, ò¹
l�ÄÚ�­�ÄÝ/Ë�NË�{|�O�K
��N, �qòË�{|�o­È©z��­È©,
¼��c<�²;�{���ê�) [15]. ,
Ø
+´òÈ©XÛ{z, Ù{zL§Ñ���¡, �
��´�ÏLê��{½Ù¦�{¼�ê�).
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õ«õ��. ~X, �©�ïÄé���­�Ä�
Ý/�, �JpÙË��Ç, ÒI�O�ÙË�(
{. �kk
O�ÙË�{|��{, âk�Ul
ÙAÛº�!á�|¤��ÙË�{|k'�Ï
�XÃ?1ÜnÀJ. �©�âa|úª, (Ü�
��þ!©Ù�Ë�¡Ë�{|�O��{, í�
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o>{|��ko­È©�Ë�{|�L�ª.
��È¼êE,, Ã{��?1)ÛO�. ·�|
^ê��{, O�Ñ
Ý/�(
�Ë�{|, ;
�
E,�{z$�, Ôn¿Â{ü!�Ù, �3
A~ m = n = 0 �=�=z�Ý/¹l(
�Ë
�{|, � Burnett[12] O�Ñ5�(J�'���.
3dÄ:þ, ép$ØÓ��ÚØÓ�°'Ç�Ý
/��Ë�{|?1
'�©Û. ÏL�©�ó�,
F"UéÙ¦E,>.^�e�!Ã�Ä)Û)
�Ý/��Ë�{|ê�þ?��Jø��ë�.

2 Ë�{|�O�

Ë�{|��^��´�N
�Ä¡�Ä�,
�|0����^å
��õ, dõ=C�(|�
Uþ, Ù¥�Ü©=C�kõU6, �NË�(U
��{|¥{��^; Ü©õ±Ï²þ�", �N
|Ú
�m�Uþ��. ���þ!©Ù�Ë�¡
Ë�{|�L�ª� [17]

Zr =
W

uru∗
r

=
1

uru∗
r

∫∫
s

P (x, y)U∗(x, y)ds, (1)

Ù¥, W ���Ë�N�EêË�(õÇ, P (x, y)
Ú U(x, y) ©O�Ë�NL¡ (x, y) ?�Eê(Ø
Ì�ÚEê��Ì� (U∗(x, y) ´ U(x, y) ��Ý
Eê), ur ��½�ë��Ý (u∗

r �Ù�ÝEê). e
�Ä
�Ý/�3Ù¥%:ë�, K�Ù¥%:�
ë���, ÄK, ����¡²þ���ë���.

2.1 EEEêêêËËË���(((õõõÇÇÇ

Ý/�L¡�­�Ä�, �±��x�¥Ë�
(õÇ. Xã 1 ¤«, ��Ý/Ë�¡, a Ú b ©O
�Ù��°. y��òTË�¡©¤Ã�õ��¡
�, ¡� ds′ ��Ä3 ds NC�x�¥�)�(
Ø� dp, ds′ � ds �m�ål� h, �âa|È©
úª, k

dp = j
kρc

2πh
U(x′, y′) ej(ωt−kh)ds′, (2)

Ù¥, k �Åê, ρ �x��Ý, c �(Å3x�¥�
DÂ�Ý, U (x′, y′) �Ë�NL¡þ (x′, y′) ?�
��Ì�, ω ��ªÇ.

o>{|Ý/����Ì��

U(x, y) =jωA cos
(mπ

a
x
)

cos
(nπ

b
y
)
,

m, n = 1, 3, 5, · · · , (3)

q

x′ =x − h cos θ,

y′ =y − h sin θ,

ds′ =hdhdθ,

(4)

Ù¥, θ � h � x ¶����Y�.

A B

CD

↼ ↽yx↪

↽↪↼ yϕxϕ

θ

y

E

F

G

H

o

ds

dsϕ

P
↼        ↽  

a  b
−   −  −  ↪ 

↼          ↽    
a    b

−   −   −    −  ↪    ↼        ↽    
a    b

−   −    −  ↪    

↼       ↽   
a   b

  −  −  ↪    

x

h

ã 1 ��Ý/�È©«¿ã

ò (3), (4) ª�\ (2) ª, k

dp = − kρcωA

2π
cos

[mπ

a
(x − h cos θ)

]
× cos

[nπ

b
(y − h sin θ)

]
ej(ωt−kh)dhdθ, (5)

éþªÈ©=���Ý/Ë�¡þ¤k¡�3 ds

?�)�(Ø. òË�¡y©¤Xã 1 ¤«� 8 �
Ü©, =

θ ∈ [0, θ1) , h ∈
[
0,

x + a/2
cos θ

]
;

θ ∈ [θ1, θ2) , h ∈
[
0,

y + b/2
sin θ

]
;

θ ∈ [θ2, θ3) , h ∈
[
0,

y + b/2
sin θ

]
;

θ ∈ [θ3, θ4) , h ∈
[
0,

x − a/2
cos θ

]
;

θ ∈ [θ4, θ5) , h ∈
[
0,

x − a/2
cos θ

]
;

θ ∈ [θ5, θ6) , h ∈
[
0,

y − b/2
sin θ

]
;

θ ∈ [θ6, θ7) , h ∈
[
0,

y − b/2
sin θ

]
;

θ ∈ [θ7, θ8) , h ∈
[
0,

x + a/2
cos θ

]
.

Ù¥, θ1, θ2, θ3, θ4, θ5, θ6, θ7, θ8 ©O� PE � PA,
PF , PB, PG, PC, PH , PD, PE �Y�. �

θ1 = tan−1 y + b/2
x + a/2

, θ2 =
π

2
,
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θ3 =
π

2
+ tan−1 a/2 − x

b/2 + y
, θ4 = π,

θ5 = π+ tan−1 b/2 − y

a/2 − x
, θ6 =

3
2
π,

θ7 =
3
2
π+ tan−1 a/2 + x

b/2 − y
, θ8 = 2π.

-

M =cos
[mπ

a
(x − h cos θ)

]
× cos

[nπ

b
(y − h sin θ)

]
e−jkh,

Ø�Ä (5) ª¥��mÏf, é dp ?1È©, ��
Ë�¡þ¤k¡�3 ds ?�)�(ØÌ��

p = − kρcωA

2π

{∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0

M dhdθ +
∫ π

2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0

M dhdθ

+
∫ π

2+tan−1 a/2−x
b/2+y

π
2

∫ y+b/2
sin θ

0

M dhdθ +
∫ π

π
2+tan−1 a/2−x

b/2+y

∫ x−a/2
cos θ

0

M dhdθ

+
∫ π+tan−1 b/2−y

a/2−x

π

∫ x−a/2
cos θ

0

M dhdθ +
∫ 3

2π

π+tan−1 b/2−y
a/2−x

∫ y−b/2
sin θ

0

M dhdθ

+
∫ 3

2π+tan−1 a/2+x
b/2−y

3
2π

∫ y−b/2
sin θ

0

M dhdθ +
∫ 2π

3
2π+tan−1 a/2+x

b/2−y

∫ x+a/2
cos θ

0

M dhdθ

}
. (6)

dEêË�(õÇ W =
∫∫

s
P (x, y)U∗(x, y)ds, (Ü (3) Ú (6) ª, �í�Ñ��Ë�NL¡�EêË�(

õÇ�L�ª (í�L§�N¹ A) �

W =
2jkρcω2A2

π

{∫ a
2

−a
2

∫ b
2

− b
2

∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0

cos
[mπ

a
(x − h cos θ)

]
cos

[nπ

b
(y − h sin θ)

]
× cos

(mπ

a
x
)

cos
(nπ

b
y
)

e−jkhdhdθdydx +
∫ a

2

−a
2

∫ b
2

− b
2

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0

cos
[mπ

a
(x − h cos θ)

]
× cos

[nπ

b
(y − h sin θ)

]
cos

(mπ

a
x
)

cos
(nπ

b
y
)

e−jkhdhdθdydx

}
. (7)

2.2 ±±±¡¡¡²²²þþþ���������ëëë������ËËË���{{{|||

éu��Ý/�, ¡²þ���

〈u〉 =

∫ a
2
−a

2

∫ b
2

− b
2

U(x, y)dydx

ab
. (8)

d (1) ª, (Ü (3), (7) Ú (8) nª, �í�Ñ±¡²
þ���ë��Ë�{|�

Z ′ = ρcab(R′ + jX ′), (9)

ª¥, R′ Ú X ′ ©O�L�éË�{Ú�éË�
| (í�L§�N¹ B).

éuo>{|��­�ÄÝ/�, m = n = 1
� � ´ � $ � � � �. T � � e k x = −a

2
,

x =
a

2
, y = − b

2
, y =

b

2
o^!�. �Ý/��

¡È s = 0.005 m2, r =
a

b
= 2, |^pdê�È©

�{, O�±¡²þ���ë����Ý/��é

Ë�{|� k
√

ab �Cz'X, Xã 2 ¤«.

0 2 4 6 8 10
0

0.4

0.8

1.2

1.6

2.0

 Rϕ

Xϕ

 k↼ab↽/

ã 2 m = n = 1 ��±¡²þ���ë��éË�{
|� k

√
ab Cz­�

3 ±¥%:���ë��Ë�{|

éu��Ý/�, Ù¥%: (0, 0) ?���Ì
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��

U(0, 0) = jωA. (10)

Ón, d (7), (10) üª�í�Ñ±¥%:���ë
��Ë�{| Z �

Z = ρcab(R + jX), (11)

ª¥, R Ú X ©O�L�éË�{Ú�éË�
| (í�L§�N¹ C).

3 m = n = 1 ��e, ±¥%:���ë�,
E± s = 0.005 m2, r =

a

b
= 2 �Ý/��~, O�

Ñ3��{|>.^�e�éË�{|� k
√

ab �
Cz'X, Xã 3 ¤«.

dã 2 Úã 3 �±wÑ, 3ü«ë��Ýe,
éuÓ���Úº��½�Ý/�, Ë�{|��
��,ØÓ, �Ù�ªÇCz�ª³´���. �
�Ý/��Ë�{|´ÅêÚ�!°Ý�¼ê. 3
¥$ªã, 0 < k

√
ab < 6 �, Ë�{�ªÇ�O\


O\, 
3pªã, k
√

ab > 6 �, Ë�{��½
�C���, Ïd(
�	.Ë��(õÇ3pª
ã'3$ªã�. éuË�|, 0 < k

√
ab < 3 �, Ë

�|�ªÇØäO\, k
√

ab > 3 �, Ë�|m©e
ü, ÏdÓ��þ3pªã�$ªã�. T(Ø3

ã 2 Úã 3 ¥´���.

0 2 4 6 8 10
0

0.1

0.2

0.3

 R

 k↼ab↽/

X

ã 3 m = n = 1 ��±¥%:���ë��éË�{
|� k

√
ab �Cz­�

4 m = n = 0 ��Ë�{|

� m = n = 0 �, (
��ÝÌ�=z��~
ê, =�Ý©Ùþ!, d�(
��ÄÒ´¹l�
Ä. (9) Ú (11) ªþ=z�Ý/¹l�ÄË�{|
�L�ª, =

Z = ρcab(R + jX), (12)

Ù¥

R =
2k

πab
·
{ ∫ a

2

− a
2

∫ b
2

− b
2

∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0

sin (kh) dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0

sin (kh) dhdθdydx

}
,

(13a)

X =
2k

πab
·
{ ∫ a

2

− a
2

∫ b
2

− b
2

∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0

cos (kh) dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0

cos (kh) dhdθdydx

}
.

(13b)

�âþãüª, |^pdê�È©�{, O�
Ñ¹l(
��éË�{|�ê�), ¿� Burnett
� [12] �(J?1é' (�N¹ D). �±wÑ, �é
Ë�{���Ø�Ø�u 0.0468%, �éË�|�
���Ø�Ø�u 0.4056%, `²�©�O�°Ý
´�~p�, Ó���y
�©�{��(5.

5 ØÓ�Ä��Ë�{|�'�

E± s = 0.005 m2, r =
a

b
= 2 �~, ¥%:�

��ë�, |^pdê�È©�{, � m = n = 1,
m = 3, n = 1 ½ (m = 1, n = 3), m = n = 3 n«

��, O��éË�{|� k
√

ab �Cz'X.
ã 4 �n«���éË�{� k

√
ab �Cz

­� (R11, R13, R33 ©O�éAn«����éË
�{). �¥%:���½�, Ë�{�XÚ�	.
Ë�Ñ�(õÇ¤�'. dTã�wÑ, éuÓ�
Ý/��ØÓ��, 0 < k

√
ab < 6 �, �X k

√
ab

�O\, Ë�{ÅìO�, 
p��O\�Ý�ú,
k
√

ab > 6 �, $��Ë�{m©Ñ�eü, ,ü«
��Ë�{KUYO\; 
éu��½�ªÇ, $
���Ë�{��, =Ë�(õÇ��, Ïd{|
��Ý/��Ë�(õÇÌ�´d$���Ë�
{û½�.
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ã 5 �n«���éË�|� k
√

ab �Cz­
� (X11, X13, X33 ©O�éAn«����éË
�|). �¥%:���½�, Ë�| (xr = ωMr Ù
¥ xr, Mr ©O�Ë�|ÚÓ��þ) �(
�Ó�
�þ¤�'. �±wÑ, éuÓ�Ý/��ØÓ�
�, 0 < k

√
ab < 3 �, �XªÇ�O\, Ë�|Å

ìO�, $��O\�Ý�p��¯, k
√

ab > 3 �,
$��Ë�|m©eü, ,	ü«��Ë�|UY
O\; 
éu¥$ª
ó, $���Ë�|��, =
Ó��þ��.

 k↼ab↽/

0 2 4 6 8 10

0

0.1

0.2

0.3

R

R

R

ã 4 ±¥%:���ë�n«���éË�{�é'

 k↼ab↽/

0 2 4 6 8 10
0

0.1

0.2

0.3

X

X

X

ã 5 ±¥%:���ë�n«���éË�|�é'

6 m = n = 1 ��ØÓ�°'eË�
{|�'�

ùp, ±~^�� m = n = 1 �~, éØÓ�
°'Ç�Ý/��Ë�{|?1
'�.

�'Ç r = 1 �, �°��, Ë�{|=��
/��Ë�{|. ±¥%:���ë�, ¡ÈE,
� s = 0.005 m2, ©OO� m = n = 1 ���°
' r = a/b = 1, 2 ½ 0.5, 4 ½ 0.25, 10 ½ 0.1, 100

½ 0.01 �, Ý/��éË�{|� k
√

ab �'X
­�.

ã 6 �Ý/�ØÓ�°'Ç��éË�{
� k

√
ab �Cz­�. �±wÑ, éu'Ç r ØÓ

�Ý/�, 0 < k
√

ab < 6 �, Ë�{�X k
√

ab

�O�
O�, �'Ç r ��C 1, O\�Ý�¯,
k
√

ab > 6 �, 'Ç r �C 1 �Ý/�, Ë�{kÑ
�eü, 
'Ç�l 1 �Ý/�, Ë�{KUYO
\; Ý/¡ÈÚ�Ä���½�, éuÓ�ªÇ, '
Ç r ��Cu 1, éA�Ë�{��, �Ò´`, �
/���Ë�{��, 'Ç r ��l 1, éA�Ë�
{��, =Ë�(õÇ��.

 k↼ab↽/

0 2 4 6 8 10

0

0.1

0.2

0.3
r/

r=100 
0.01 

r=
10

 
0.

1 
r=

4 
0.

25
 r=

2 
0.5

 

ã 6 ØÓ'ÇÝ/��éË�{� k
√

ab �Cz­�

 k↼ab↽/

0 2 4 6 8 10

r/


r=
10

0 
0.

01
 

r=
10

 

0.
1 

r=
4 

0.25 
r=

2 

0.5 

0

0.04

0.08

0.12

0.16

0.20

ã 7 ØÓ'ÇÝ/��éË�|� k
√

ab �Cz­�

ã 7 �Ý/�ØÓ�°'Ç��éË�|
� k

√
ab �Cz­�. �±wÑ, éu¡È�½, �

°'Ç r ØÓ�Ý/�, 0 < k
√

ab < 3 �, 'Ç r

��l 1, Ë�|O\���ú, k
√

ab > 3 �, '
Ç r ��Cu 1, Ë�|eü��¯, ¿�XÓ��
þeü��×�; Ò¥$ª
ó, éu�A½�ª
Ç, r ��C 1 �Ë�|� r ��l 1 �Ë�|�.

194302-5



Ô n Æ � Acta Phys. Sin. Vol. 61, No. 19 (2012) 194302

7 ( Ø

�©í�
o>{|��Ý/�Ë�{|�
L�ª, |^pdê�È©�{, ¦�
Ý/�
�¹l�ÄÚ�­�Ä�éË�{|�ê�),
m = n = 1 ��±ü«���ë���éË�
{|� k

√
ab �Cz­�, n«���éË�{|

� k
√

ab �Cz­�, ±9 m = n = 1 ��ØÓ'
Ç�Ý/��éË�{|� k

√
ab �'X­�. �

Ñ�(Ø�:
1. éu�Ý/��ØÓ��, 3¥$ªã, �

X k
√

ab �O\, Ë�{|ÅìO�; 
éu��½
�ªÇ, $���Ë�{ÚË�|��, =Ë�(

õÇÚÓ��þ��.
2. éuÓ���, Ý/�¡È�½�°'ÇØ

Ó�, Ò¥$ª
ó, 'Ç r �Cu 1, Ë�{ÚË
�|��, =�/��Ë�{ÚË�|��.

3. 3ü«ë��Ýe, éuÓ���Ú�½º
��Ý/�, Ë�{|����,ØÓ, �Ù�ª
ÇCzª³�Ó.

4. �­�ÄË�{|L�ª3 m = n = 0 �
=�=z�Ý/¹l�Ä�Ë�{|, ºX
�­
�ÄÚ¹l�Ä, äkÊH¿Â.

ù
(ØéJpÝ/Ë�N�Ë��ÇÚU
?���ÄXÚ�5UJø
nØ�â.

N¹ A EêË�(õÇ

¡� ds É�(|�^å�

dF = pds = pdydx, (A1)

¡� ds �Ä��(|Jø�EêõÇ�

dW = dF ∗ U∗(x, y), (A2)




U∗(x, y) = − jωA cos
(mπ

a
x) cos

(nπ

b
y
)
, m, n = 1, 3, 5, · · · , (A3)

-

N =cos
[mπ

a
(x − h cos θ)

]
cos

[nπ

b
(y − h sin θ)

]
cos

(mπ

a
x
)

cos
(nπ

b
y
)

e−jkh,

ò (6), (A1), (A3) ª�\ (A2) ª, �

dW =
jkρcω2A2

2π

{ ∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0

N dhdθdydx +

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0

N dhdθdydx

+

∫ π
2+tan−1 a/2−x

b/2+y

π
2

∫ y+b/2
sin θ

0

N dhdθdydx +

∫ π

π
2+tan−1 a/2−x

b/2+y

∫ x−a/2
cos θ

0

N dhdθdydx

+

∫ π+tan−1 b/2−y
a/2−x

π

∫ x−a/2
cos θ

0

N dhdθdydx +

∫ 3
2 π

π+tan−1 b/2−y
a/2−x

∫ y−b/2
sin θ

0

N dhdθdydx

+

∫ 3
2 π+tan−1 a/2+x

b/2−y

3
2 π

∫ y−b/2
sin θ

0

N dhdθdydx +

∫ 2π

3
2 π+tan−1 a/2+x

b/2−y

∫ x+a/2
cos θ

0

N dhdθdydx

}
, (A4)

é��Ë�NL¡È©, k

W =
jkρcω2A2

2π

{ ∫ a
2

− a
2

∫ b
2

− b
2

∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0

N dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0

N dhdθdydx

+

∫ a
2

− a
2

∫ b
2

− b
2

∫ π
2+tan−1 a/2−x

b/2+y

π
2

∫ y+b/2
sin θ

0

N dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ π

π
2+tan−1 a/2−x

b/2+y

∫ x−a/2
cos θ

0

N dhdθdydx

+

∫ a
2

− a
2

∫ b
2

− b
2

∫ π+tan−1 b/2−y
a/2−x

π

∫ x−a/2
cos θ

0

N dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ 3
2 π

π+tan−1 b/2−y
a/2−x

∫ y−b/2
sin θ

0

N dhdθdydx
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+

∫ a
2

− a
2

∫ b
2

− b
2

∫ 3
2 π+tan−1 a/2+x

b/2−y

3
2 π

∫ y−b/2
sin θ

0

N dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ 2π

3
2 π+tan−1 a/2+x

b/2−y

∫ x+a/2
cos θ

0

N dhdθdydx

}
, (A5)

Ï� ∫ a
2

−fraca2

∫ b
2

− b
2

∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0

N dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0

N dhdθdydx

=

∫ a
2

− a
2

∫ b
2

− b
2

∫ π
2+tan−1 a/2−x

b/2+y

π
2

∫ y+b/2
sin θ

0

N dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ π

π
2+tan−1 a/2−x

b/2+y

∫ x−a/2
cos θ

0

N dhdθdydx

=

∫ a
2

− a
2

∫ b
2

− b
2

∫ π+tan−1 b/2−y
a/2−x

π

∫ x−a/2
cos θ

0

N dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ 3
2 π

π+tan−1 b/2−y
a/2−x

∫ y−b/2
sin θ

0

N dhdθdydx

=

∫ a
2

− a
2

∫ b
2

− b
2

∫ 3
2 π+tan−1 a/2+x

b/2−y

3
2 π

∫ y−b/2
sin θ

0

N dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ 2π

3
2 π+tan−1 a/2+x

b/2−y

∫ x+a/2
cos θ

0

N dhdθdydx, (A6)

ò (A6) ª�\ (A5), ¿r N ��\, ��Ë�NL¡Ë�(õÇ�L�ª�

W =
2jkρcω2A2

π
×

{ ∫ a
2

− a
2

∫ b
2

− b
2

∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0

cos
[mπ

a
(x − h cos θ)

]
cos

[nπ

b
(y − h sin θ)

]
cos

(mπ

a
x
)

× cos
(nπ

b
y
)

e−jkh dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0

cos
[mπ

a
(x − h cos θ)

]
cos

[nπ

b
(y − h sin θ)

]
× cos

(mπ

a
x
)

cos
(nπ

b
y
)

e−jkh dhdθdydx

}
. (A7)

N¹ B ¡²þ���ë��Ë�{|

¡²þ���

〈u〉 =
jωA

∫ a
2

− a
2

∫ b
2
− b

2
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)

dydx

ab
, (B1a)

〈u〉∗ = −
jωA

∫ a
2

− a
2

∫ b
2
− b

2
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)

dydx

ab
, (B1b)

�­�ÄÝ/Ë�N±¡²þ���ë��Ë�{|�

Z′ =
W

uru∗
r

=
W

〈u〉 · 〈u〉∗ = ρcab · 2jkab

π

×

{∫ a
2

− a
2

∫ b
2
− b

2

∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0
cos

[
mπ
a

(x − h cos θ)
]
cos

[
nπ
b

(y − h sin θ)
]
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)

e−jkh dhdθdydx[∫ a
2

− a
2

∫ b
2
− b

2
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)

dydx

]2

+

∫ a
2

− a
2

∫ b
2
− b

2

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0
cos

[
mπ
a

(x − h cos θ)
]
cos

[
nπ
b

(y − h sin θ)
]
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)

e−jkh dhdθdydx[∫ a
2

− a
2

∫ b
2
− b

2
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)

dydx

]2

}

=ρcab(R′ + jX ′), (B2)

Ù¥

R′ =

2kab

π
·


∫ a

2
− a

2

∫ b
2
− b

2

∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0
cos

[
mπ
a

(x − h cos θ)
]
cos

[
nπ
b

(y − h sin θ)
]
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)
sin (kh) dhdθdydx[∫ a

2
− a

2

∫ b
2
− b

2
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)

dydx

]2
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+

∫ a
2

− a
2

∫ b
2
− b

2

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0
cos

[
mπ
a

(x − h cos θ)
]
cos

[
nπ
b

(y − h sin θ)
]
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)
sin (kh) dhdθdydx[∫ a

2
− a

2

∫ b
2
− b

2
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)

dydx

]2

 ,

(B3a)

X ′ =

2kab

π
·


∫ a

2
− a

2

∫ b
2
− b

2

∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0
cos

[
mπ
a

(x − h cos θ)
]
cos

[
nπ
b

(y − h sin θ)
]
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)
cos (kh) dhdθdydx[∫ a

2
− a

2

∫ b
2
− b

2
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)

dydx

]2

+

∫ a
2

− a
2

∫ b
2
− b

2

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0
cos

[
mπ
a

(x − h cos θ)
]
cos

[
nπ
b

(y − h sin θ)
]
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)
cos (kh) dhdθdydx[∫ a

2
− a

2

∫ b
2
− b

2
cos

(
mπ
a

x
)
cos

(
nπ
b

y
)

dydx

]2

 .

(B3b)

N¹ C ¥%:���ë��Ë�{|

¥%:���

U(0, 0) =jωA, (C1a)

U∗ (0, 0) = − jωA, (C1b)

�­�ÄÝ/��±¥%:���ë��Ë�{|�

Z =
W

uru∗
r

=
W

U(0, 0) · U∗(0, 0)
=

2jkρc

π

{ ∫ a
2

− a
2

∫ b
2

− b
2

∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0

cos
[mπ

a
(x − h cos θ)

]
cos

[nπ

b
(y − h sin θ)

]
× cos

(mπ

a
x
)

cos
(nπ

b
y
)

e−jkh dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0

cos
[mπ

a
(x − h cos θ)

]
× cos

[nπ

b
(y − h sin θ)

]
cos

(mπ

a
x
)

cos
(nπ

b
y
)

e−jkh dhdθdydx

}
= ρcab(R + jX), (C2)

Ù¥

R =
2k

πab
·

{ ∫ a
2

− a
2

∫ b
2

− b
2

∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0

cos
[mπ

a
(x − h cos θ)

]
cos

[nπ

b
(y − h sin θ)

]
cos

(mπ

a
x
)

× cos
(nπ

b
y
)

sin (kh) dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0

cos
[mπ

a
(x − h cos θ)

]
× cos

[nπ

b
(y − h sin θ)

]
cos

(mπ

a
x
)

cos
(nπ

b
y
)

sin (kh) dhdθdydx

}
, (C3a)

X =
2k

πab
·

{ ∫ a
2

− a
2

∫ b
2

− b
2

∫ tan−1 y+b/2
x+a/2

0

∫ x+a/2
cos θ

0

cos
[mπ

a
(x − h cos θ)

]
cos

[nπ

b
(y − h sin θ)

]
cos

(mπ

a
x
)

× cos
(nπ

b
y
)

cos (kh) dhdθdydx +

∫ a
2

− a
2

∫ b
2

− b
2

∫ π
2

tan−1 y+b/2
x+a/2

∫ y+b/2
sin θ

0

cos
[mπ

a
(x − h cos θ)

]
× cos

[nπ

b
(y − h sin θ)

]
cos

(mπ

a
x
)

cos
(nπ

b
y
)

cos (kh) dhdθdydx

}
. (C3b)

N¹ D Ý/¹lË�{|ê�)

3O�Ý/¹l�éË�{|L§¥, þ±Ý/¡È s = 0.005 m2, r =
a

b
= 2 �~, Ù(J�eL 1 ¤«.
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L 1 �©ê�)� Burnett ��ê�)�'�

k
√

ab
Burnett ��O�(J �©�O�(J �©(J�é Burnett �O�(J�Ø�

R X R X R/% X/%

0.1 0.0015904 0.0459310 0.0015901 0.0459304 −0.0189 −0.0013

0.2 0.0063485 0.0915909 0.0063473 0.0915899 −0.0189 −0.0011

0.3 0.0142348 0.1367117 0.0142321 0.1367104 −0.0190 −0.0010

0.4 0.0251837 0.1810307 0.0251790 0.1810295 −0.0187 −0.0007

0.5 0.0391049 0.2242938 0.0390978 0.2242929 −0.0182 −0.0004

0.6 0.0558842 0.2662576 0.0558741 0.2662575 −0.0181 −0.0000

0.7 0.0753844 0.3066922 0.0753711 0.3066933 −0.0176 0.0004

0.8 0.0974480 0.3453832 0.0974310 0.3453862 −0.0175 0.0009

0.9 0.1218979 0.3821341 0.1218771 0.3821395 −0.0171 0.0014

1.0 0.1485404 0.4167678 0.1485158 0.4167762 −0.0166 0.0020

1.1 0.1771671 0.4491284 0.1771386 0.4491404 −0.0161 0.0027

1.2 0.2075575 0.4790821 0.2075251 0.4790984 −0.0156 0.0034

1.3 0.2394811 0.5065188 0.2394451 0.5065400 −0.0150 0.0042

1.4 0.2727009 0.5313523 0.2726614 0.5313789 −0.0145 0.0050

1.5 0.3069750 0.5535209 0.3069325 0.5535536 −0.0138 0.0059

1.6 0.3420603 0.5729875 0.3420151 0.5730266 −0.0132 0.0068

1.7 0.3777143 0.5897390 0.3776670 0.5897850 −0.0125 0.0078

1.8 0.4136984 0.6037863 0.4136495 0.6038396 −0.0118 0.0088

1.9 0.4497798 0.6151632 0.4497299 0.6152240 −0.0111 0.0099

2.0 0.4857340 0.6239252 0.4856839 0.6239938 −0.0103 0.0110

2.5 0.6565904 0.6318029 0.6565485 0.6319091 −0.0064 0.0168

3.0 0.7986259 0.5923315 0.7986055 0.5924587 −0.0026 0.0215

3.5 0.9020401 0.5260750 0.9020444 0.5262212 0.0005 0.0278

4.0 0.9680253 0.4524255 0.9680453 0.4525690 0.0021 0.0317

4.5 1.0053083 0.3847169 1.0053259 0.3848532 0.0018 0.0354

5.0 1.0250797 0.3284066 1.0250769 0.3285458 −0.0003 0.0424

6.0 1.0436807 0.2424852 1.0436282 0.2427002 −0.0050 0.0887

7.0 1.0433494 0.1689001 1.0433352 0.1692576 −0.0014 0.2117

8.0 1.0115300 0.1132201 1.0116713 0.1136669 0.0140 0.3946

9.0 0.9658445 0.1016260 0.9661645 0.1020382 0.0331 0.4056

10.0 0.9469798 0.1262691 0.9474232 0.1265694 0.0468 0.2378
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Calculations of radiation impedance of a rectangular
plate with flexural vibration∗

Ma Huan-Pei He Xi-Ping† Lan Zheng-Kang Abulizi·Abulaiti

( Shaanxi Key Laboratory of Ultrasonic, College of Physics & Information Technology, Shaanxi Normal University, Xi’an 710062, China )
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Abstract

The radiation impedance expressions of flexural vibration rectangular plate with simply supported boundary are derived, and the

numerical results are obtained by using the Gauss numerical integral method. Some conclusions can be obtained on the basis of the

curves of relative radiation impedances versus frequency in the different modes and those corresponding to different aspect ratios. The

lower the mode, the greater the radiation impedance in the low frequency is, so are the acoustic radiated power and the quality with

vibration. For a rectangular plate of certain area and mode, the more the value of r (r = a/b, aspect ratio) approximates to 1, that is, the

closer the square is, the greater the radiation resistance and the radiation reactance are. The method offers a reference for determining

magnitude of the radiation impedance of the rectangular plate in other complicated boundary conditions (they may be no analytical

displacement solutions). The method of calculating the radiation impedance of flexural vibration can be naturally transplanted into the

case of piston vibration.

Keywords: simply supported boundary, rectangular plate, radiation impedance, the method of numerical integra-
tion
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