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1 Ú ó

þfåÆ�L�´þfåÆ�¥�1N, �¥
3dL��ÝKÒ´�A�Å¼ê. Dirac[1] Äk
rÅ½�Å¼ê Ψ(x) U�� 〈x|Ψ〉, ù�ÒÚ\

�IL�

∫
dx|x〉〈x| = 1, 
�þfåÆ�°Ü�

Ý
/ª��B\ Dirac � ket-bra /ª. Ü·�L
�C�kÏu¦)M�îU?.

�´3± �©z¥, ~���´�IL�!
ÄþL�!�Z�L� [2,3]. �£ãþfÅ� [4−9],
AT¿�±ïáÄ��üNÅ��L�. �©�3
&¢©z [10] ¥ïá�üNÅ��L�� Schmidt
©)!Ôn¿Â9Ù�«A^. ©ÙSüXe:
31�!¥{ü0�üNÅ��L�; 31n!
©O�Ñ
Å�� |η〉 3�IL�9ÄþL�¥
� Schmidt ©)9ÙÔn)º; ?
31o!�Ñ
Ù3ïÄþfØ �#A^, (JL²V�Ø �
å
Å���^; 31Ê!�Ñ
 |η〉 3âfêL
�¥� Schmidt ©), ÏLÙ�V� Fock ��S
È, ��VCþ��õ�ª´ü�üCþ��õ�

ª�Å�/ª; ��318!0�
 |η〉 � Schmidt
©)3ïÄr½�fÝ
��A^.

2 üNÅ��L��Ú\

3©z [10] ¥ Fan-Klauder ÄgJÑ
Å�
�L�

|η〉 = exp
[
−1

2
|η|2 + ηa†

1 − η∗a†
2 + a†

1a
†
2

]
|00〉 ,

(1)
du

[
ai,a

†
j

]
= δi,j , i = 1, 2, ai |00〉 = 0,

a1 |η〉 =
(
η + a†

2

)
|η〉 ,

a2 |η〉 =
(
−η∗ + a†

1

)
|η〉 , (2)

�e- η =
1√
2

(η1 + iη2), Kd

Xi =
ai + a†

i√
2

,Pi =
ai − a†

i√
2i

, (3)

k

(X1 − X2) |η〉 = η1 |η〉 ,
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(P1 + P2) |η〉 = η2 |η〉 , (4)

¤ ± § ´ ü â f � é � I X1 − X2 � o Ä
þ P1 + P2 ��Ó���. ·�·¶ |η〉 �Å�
�L���Ï´Ï�§ÎÜOÏd"� [11] JÑ�
þfÅ�g�. |η〉 �A:´��!��:

〈η′| η〉 = πδ (η∗ − η′∗) δ (η − η′) , (5)∫
d2η

π
|η〉〈η| = 1. (6)

3 |η〉 � Schmidt ©)��Ñ

Ú\²£�Î D(η)

D1 (η) = exp
(
ηa†

1 − η∗a1

)
, (7)

�±��

D1 (η) exp
[
a†

1,a
†
2

]
|00〉

= D1 (η) exp
[
a†

1,a
†
2

]
D−1

1 (η) D1 (η) |00〉

= exp
[(

a†
1 − η∗

)
a†

2

]
exp

(
ηa†

1 − η∗a1

)
|00〉

= exp
[(

a†
1 − η∗

)
a†

2

]
exp

(
−1

2
|η|2 + ηa†

1

)
|00〉

= |η〉 , (8)

=�r |η〉 U��

|η〉 = D1 (η) exp
[
a†

1,a
†
2

]
|00〉 . (9)

?�Ú^�I���� Fock L«

|x〉i =
1

π1/4
exp

[
−x2

2
+
√

2xa†
i −

a†2
i

2

]
|0〉i

(i = 1, 2), (10)

�O�Ñ∫ ∞

−∞
dx |x〉1 ⊗ |x〉2

=
1

π1/2

∫ ∞

−∞
dx

× exp

[
−x2 +

√
2x

(
a†

1 + a†
2

)
− a†2

1 + a†2
2

2

]
|00〉

= exp
[
a†

1,a
†
2

]
|00〉 , (11)

(Ü (3) ªÚ (9) ª¿^ (11) ªÚ

P1 |x〉1 = i
d
dx

|x〉1 , (12)

��

|η〉 = D1 (η) exp
[
a†

1,a
†
2

]
|00〉

= exp
(
ηa†

1 − η∗a1

) ∫ ∞

−∞
dx |x〉1 ⊗ |x〉2

= exp
[
η1 + iη2

2
(X1 − iP1) −

η1 − iη2

2
(X1 + iP1)

]
×

∫ ∞

−∞
dx |x〉1 ⊗ |x〉2

= eiη1η2/2 exp (−iP1η1)

× exp (iη2X1)
∫ ∞

−∞
dx |x〉1 ⊗ |x〉2

= eiη1η2/2

∫ ∞

−∞
dx

× exp (iη2x) |x + η1〉1 ⊗ |x〉2

= e−iη1η2/2

∫ ∞

−∞
dx |x〉1

⊗ |x − η1〉2 eiη2x,

η =
1√
2

(η1 + iη2) , (13)

ùÒ´ |η〉 3�IL�¥� Schmidt ©). l (13)
ª�±wÑ: �ÿþ1��âf��§?u�I�
�� |x〉1 �, @o1��âfÒ¥ � |x − η1〉2,
Ø+ü�âf�åkõ�. aq/,·��� |η〉 3
ÄþL�¥� Schmidt ©).

^Äþ��� |p〉i � Fock L«

|p〉i =
1

π1/4
exp

[
−p2

2
+
√

2ipa†
i +

a†2
i

2

]
|0〉i

(i = 1, 2), (14)

�±O�Ñ∫ ∞

−∞
dp |p〉1 ⊗ |−p〉2

=
1

π1/2

∫ ∞

−∞
dp exp

[
−p2 +

√
2ip

(
a†

1 − a†
2

)
+

a†2
1 + a†2

2

2

]
|00〉

= exp
[
a†

1,a
†
2

]
|00〉 , (15)

(Ü (9) ªÚ (15) ª±9

X1|p〉1 = −i
d
dp

|p〉1, (16)

��

|η〉 = exp
(
ηa†

1 − η∗a1

) ∫ ∞

−∞
dp |p〉1 ⊗ |−p〉2

= eiη1η2/2 exp (−iP1η1)

× exp (iη2X1)
∫ ∞

−∞
dp |p〉1 ⊗ |−p〉2
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= eiη1η2/2

∫ ∞

−∞
dp

× exp (−iP1η1) |p + η2〉1 ⊗ |−p〉2

= eiη1η2/2

∫ ∞

−∞
dp

× exp [−iη1 (p + η2)] |p + η2〉1 ⊗ |−p〉2

= e−iη1η2/2

∫ ∞

−∞
dp |p + η2〉1

⊗ |−p〉2 e−iη1p, (17)

ùÒ´ |η〉 3ÄþL�¥� Schmidt ©). l (17)
ª�±wÑ: �ÿþ1��âf��§?uÄþ�
�� | − p〉2 �, @o1��âfÒ¥ � |p+ η2〉1,
�Ø+ü�âf�åkõ�. (13) ªÚ (17) ª`
² |η〉 �Å�1�Ú�ª. 3e¡·���±3â
fêL�¥ïÄÙ�Å�.

4 |η〉 � Schmidt ©) (13) ª3ïÄþ
fØ �#A^

^ |η〉 � Schmidt ©) (13) ª�±ïÄ |η〉 3
ü�Ø e�Å�A5. £Áü�Ø ´ S1 =
e(λ/2)(a2

1−a†2
1 ), §��IL«´ [12]

S1 (µ) =
∫ ∞

−∞

dx
√

µ
|x/µ〉1 1 〈x| ,

µ = eλ, (18)

�k
S1 |x〉1 =

1
√

µ
|x/µ〉1 . (19)

y 3 é |η〉 ¢ 1 ü � (1 � � �) Ø  , �
â (13) Ú (18) ª��

S1 (µ) |η〉 = e−iη1η2/2

∫ ∞

−∞
dx

1
√

µ
|x/µ〉1

⊗ |x − η1〉2 eiη2x

= e−iη1η2/2

∫ ∞

−∞

√
µdx′ |x′〉1

⊗ |µ (x′ − η1/µ)〉2 eiη2µx′
, (20)

r (20) ª � (13) ª ' �, ¿ 5 ¿ S1(1/µ) =∫ ∞

−∞

√
µdx|µx〉2 2〈x|, Ò��

S1 (µ) |η〉 = S1 (1/µ)
∣∣∣∣η′ =

η1/µ + iη2µ√
2

〉
, (21)

��é�¥ |η =
η1 + iη2√

2
〉 �1���Ø  (Ø 

ëê� µ) �dué,��¥ |η′〉 �1����Ø

  (Ø ëê� 1/µ), 
 η′ =
η1/µ + iη2µ√

2
. ù¿©

Ny
 |η〉 ù��äkþfÅ���5.
·�2^ |η〉 � Schmidt ©)ïÄ |η〉 3V

� Ø   e � Å � A 5. £ Á V � Ø   ´ S2 =
eλ(a1a2−a†

1a†
2), §�V��IL«´ [12]

S2 (µ) =
∫∫ ∞

−∞
dx1dx2 |x1 cosh λ − x2 sinhλ,

−x1 sinhλ + x2 cosh λ〉 〈x1, x2| ,

µ = eλ. (22)

y3·�é |η〉 ¢1V�Ø , �â (13) Ú (22) ª
��

S2 (µ) |η〉

=
∫∫ ∞

−∞
dx1dx2 |x1 cosh λ − x2 sinhλ,

−x1 sinhλ + x2 cosh λ〉 〈x1, x2|

× e−iη1η2/2

∫ ∞

−∞
dx′ |x′〉1 ⊗ |x′ − η1〉2 eiη2x′

= e−iη1η2/2

∫ ∞

−∞
dx′

∫∫ ∞

−∞
dx1dx2

× |x1 cosh λ − x2 sinhλ,−x1 sinhλ + x2 cosh λ〉

× δ (x1 − x′) δ (x2 − x′ + η1) eiη2x′

= e−iη1η2/2

∫ ∞

−∞
dx′ |x′ cosh λ − (x′ − η1) sinh λ〉1

⊗ |−x′ sinhλ + (x′ − η1) cosh λ〉2 eiη2x′

= e−iη1η2/2

∫ ∞

−∞
dx′ ∣∣x′e−λ + η1 sinhλ

〉
1

⊗
∣∣x′e−λ − η1 cosh λ

〉
2
eiη2x′

= eλe−iη1η2/2

∫ ∞

−∞
dx′′ |x′′〉1

⊗
∣∣x′′ − eλη1

〉
2
eieλη2(x′′−η1 sinh λ)

= eλe−ie2λη1η2/2

∫ ∞

−∞
dx′′ |x′′〉1

⊗
∣∣x′′ − eλη1

〉
2
eieλη2x′′

, (23)

éìÅ�� |η〉 � Schmidt ©)�IO/ª (13), �
�þª�{��

S2 (µ) |η〉 = eλ
∣∣eλη

〉
,

µ = eλ, (24)

ùL²V�Ø �Îr |η〉 Ø � eλ|eλη〉, 2d (6)
ª��

S2 (µ) =
∫

µd2η

π
|µη〉 〈η| . (25)
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ù�Ò^ |η〉 � Schmidt ©)�Ñ
 S2(µ) 3Å�
�L�¥���{'L«, ùL²V�Ø �å

Å���^.

5 |η〉 3âfêL�¥� Schmidt ©)

VCþ��õ�ª Hm,n(ξ, ξ∗) �)¤¼êú
ª

∞∑
m,n=0

tmt′n

m!n!
Hm,n (ξ, ξ∗) = exp (−tt′ + tξ + t′ξ∗) ,

(26)
Ù¥

Hm,n (ξ, ξ∗)

=
min(m,n)∑

l=0

m!n!
l! (m − l)! (n − l)!

(−1)l
ξm−lξ∗n−l,

(27)

r |η〉 Ðm

|η〉 = e−
1
2 |η|2 exp

[
−

(
ia†

1

)(
ia†

2

)
+

(
ia†

1

)
(−iη) +

(
ia†

2

)
iη∗

]
|00〉

= e−
1
2 |η|2

∑
m,n

(
ia†

1

)m (
ia†

2

)n

m!n!

× Hm,n (−iη, iη∗) |00〉

= e−
1
2 |η|2

∑
m,n

im+n

√
m!n!

× Hm,n (−iη, iη∗) |m,n〉 . (28)

Ïd, � |η〉 �V� Fock � |m,n〉 = |m〉1|n〉2 �S

È, |m〉i =
1√
m!

a†n
i |0〉i, �

〈m,n| η〉 = e−
1
2 |η|2 im+n

√
m!n!

Hm,n (−iη, iη∗) . (29)

,��¡, d (13) ª9

1 〈x |m〉1 =
1√√

π2mm!
Hm (x) e−x2/2

=1 〈m |x〉1 , (30)

Ù¥ Hm(x) ´üCþ��õ�ª, ��

〈m,n| η〉 = e−iη1η2/2

∫ ∞

−∞
dx1 〈m |x〉1

⊗ 2 〈n |x − η1〉2 eiη2x

= e−iη1η2/2 1
√

π
√

2m+nm!n!

×
∫ ∞

−∞
dxe−x2+xη1−η2

1/2

× Hm (x)Hn (x − η1) eiη2x, (31)

¤±'� (29) ªÚ (31) ª��

Hm,n (−iη, iη∗) = e−η2/2 (−i)m+n

√
π2m+n

∫ ∞

−∞
dxe−x2

× Hm (x)Hn (x − η1) e
√

2ηx.

(32)

��VCþ��õ�ª´ü�üCê��õ�
ª�Å�/ª. 
 (28) ª´ |η〉 3âfêL�¥
� Schmidt ©), �ÿþâf 1 uy§?u Fock
� |m〉1 �, âf 2 �?u Fock �, 
�ö¯k¿Ø
��éâf 1 �Û«�ª�ÿþ.

6 |η〉 � Schmidt ©)���Ñ²£�
Î3 Fock �m�Ý
�

du 1〈m|x〉1 = 1〈x|m〉1, Ò�r (31) ª¥�
1�ÚU��

〈m,n| η〉 = e−iη1η2/2

∫ ∞

−∞
dx 1 〈m| eiη2X1 |x〉1

⊗ 2 〈n| eiη1P2 |x〉2

= e−iη1η2/2

∫ ∞

−∞
dx 1 〈m| eiη2X1 |x〉1

⊗ 2 〈x| e−iη1P2 |n〉2 , (33)

�
¢yé dx �È©, Ú\�����Î P12, §
Ur |x〉2 C� |x〉1, =

|x〉1 = P12 |x〉2 , P12 |x〉1 = |x〉2 ,

P2
12 = 1, P12 = P†

12 = P−1
12 , (34)

ù�½Â� P12 �äkXe5�:

P12e−iη1P2P−1
12 = e−iη1P1 , (35)

P12a2P
−1
12 = a1, P12a1P

−1
12 = a2, (36)

P12 |n〉2 = |n〉1 , P12 |n〉1 = |n〉2 . (37)

|^ P12 Òr (33) ªC�

〈m,n| η〉 = e−iη1η2/2

∫ ∞

−∞
dx 1 〈m| eiη2X1 |x〉1

×1 〈x|P12e−iη1P2 |n〉2

= e−iη1η2/2

∫ ∞

−∞
dx 1 〈m| eiη2X1 |x〉1

×1 〈x|P12e−iη1P2P−1
12 P12 |n〉2

= e−iη1η2/2
1 〈m| eiη2X1e−iη1P1P12 |n〉2
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= e−iη1η2/2
1 〈m| eiη2X1e−iη1P1 |n〉1 ,

(38)

¤±(Ü (29) ªk

1 〈m| eiη2X1e−iη1P1 |n〉1

= e−
1
2 |η|2eiη1η2/2 im+n

√
m!n!

Hm,n (−iη, iη∗) , (39)

du

exp (iη2X1) exp (−iP1η1)

= exp (iη2X1 − iP1η1) eiη1η2/2

= exp
[
η1 + iη2

2
(X1 − iP1)

−η1 − iη2

2
(X1 + iP1)

]
eiη1η2/2

= exp
(
ηa†

1 − η∗a1

)
eiη1η2/2

= D1 (η) eiη1η2/2, (40)

¤± (39) ª�Ñ²£�Î3 Fock �m�Ý
�

1 〈m|D1 (η) |n〉1

= e−
1
2 |η|2 im+n

√
m!n!

Hm,n (−iη, iη∗) , (41)

T Ý 
 � 3 � NÔn ± 9 þ f 1 Æ ¥ Ñ k
2 � � A ^, � ± Hm,n(−iη, iη∗) / ª Ñ y
� 1〈m|D1(η)|n〉1 �L�ªÿ��u± �©z.

7 ( Ø

�©�?Ø�«
XÛ3üâfëYÅ��
L� |η〉 �Ä:þ� Schmidt ©), ¿�ã
ÙÔ
n¿Â, §é©ÛþfÅ��õ�±9�«A^ä
k�½�ë�d�. ù
�±í2�ò5éõâf
ëYÅ����/.
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Abstract

According to the continuum bipartite entangled state representation |η〉 we derive the Schmidt decomposition of |η〉, respectively

in the coordinate representation, momentum representation and the particle number representation, and explain their physical signifi-

cances. As the applications of the Schmidt decomposition, we directly derive the action of the single-mode squeeze operator on |η〉, the

two-mode squeeze operator’s entangled state representation, as well as the matrix element of displacement operator in the Fock space.

Generalization of our discussion in this paper to the multipartite entangled state cases is feasible.

Keywords: entangled state, Schmidt decomposition, squeezed operator
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