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g,�ÆXÔn!zÆ!)Ô±9�«¢S
ó§Eâ+��Nõ¢S¯K¬�9�ØÓf
XÚ�m���, X¹kV�m'�����>
´ [1,2]!�Axz¥�g-�� [3]!%9*ÜÂ
 �aÄL§ [4]!E,�ä�. [5] ±9Å�XÚ
¥é�Þ1���� [6] �. ù
¯K�nØ�.
�Ñ�±dü|½ü|±þ��©�§|\þ�
�^�, |¤��XÚ5�x, �=�â��^�,

��XÚ�1�©O3ØÓfXÚm5£��. �
�^���ÑÌ�kG�Ú�mü«, üa^��
±(Ü¿�â¢S¯K�Ñ.

du��XÚkX2��A^�µ, Ó�3
ØÓ���XÚ¥�3X�þ�AÏ��51�,

ÙE,5©Û9Ù�A�ÅnïÄÚå
�IÆ
ö�2�'5, ¿mÐ
�þ�ïÄó�. Bhat-

tacharyya Ú Mukhopadhyay[7] ?Ø
�a)���
XÚ�Ån§Branicky[8] y²
dk�õ�ëYf

XÚ|¤���XÚ�­½5§Xie Ú Wang[9] ©
Û
�¢��XÚ�­½5, Cheng � [10] ?Ø

��XÚ�­½5��, ©z [11, 12] é,
A½
��XÚ�ã
°�­½5�¡�¯K. î8�
�, �,3��XÚ�E,5ïÄ��
�½�?
Ð [13,14], ��'¤J�Ñ´©Û�5��XÚ�
­½59�A���üÑ. Nõ¯K, XëêCz
é��XÚÄåÆ1��K�!ØÓ���ªe
XÚ1���O!�«AÏ��1�9Ù�A�
�)Ån, �k�?�Ú�ó�.
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wXÚ [15,16], ¦+G��mëY, �XÚ��þ|
ØëY, 
´ÏL��^��O¦�;�É�ØÓ
fXÚ��, '���1wXÚ�\E,. �©�
ÄÏL±Ï��ë� Rössler XÚ [17,18] Úé¼>
´ [19,20] �n�·,XÚ, ©ÛëêCz9±Ï�
�éÙÄåÆüzL§�K�, �ÑØÓ���1
�9Ù�A��)Ån, �«ÑXÚ;,�±d�
�:©�¤ØÓ�Ü©, ©OÉüfXÚ���;
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d�±Ï©
S�?\·b.

2 ��XÚ�êÆ�.

��
ó, z�½m'�Úå�XÚ�m��
��±©�üa, �´½Âu��þ, =�m÷v
�½^�Úå��þ|Cz, ,�´½Âu�m
þ, =G�Cþ÷v�'^����XÚ��. �
©Û��XÚ�E,59ÙÅn, �Ä Rössler �
f (fXÚ 1) Úé¼>´XÚ (fXÚ 2) �m�3
±Ï T ���ÄåA5, Ù�A�êÆ�.�±L
«�

ẋ = −y − z, ẏ = x + µy,

ż = xz − δz + η, t ∈ [2nT, (2n + 1)T ], (1)

ẋ = α [y − g (x)] , ẏ = x − y + z,

ż = −βy, t ∈ [(2n + 1)T, (2n + 2)T ], (2)

Ù¥ n ∈ N, g (x) = bx+
1
2

(a − b) (|x + c| − |x − c|).

du��XÚ��þ|3üfXÚ�m�±Ï T

��, l
��XÚ�3�a�1w:, �=��
:, ë�düfXÚ½Â�;�. w,, Ø=´±Ï
��, Ó�üfXÚ�1�9Ù©
�ª, Ñ¬K
�XÚ�ÄåÆüzL§, Ïd, k7�©Ûüf
XÚ��«­�$Ä9Ù�A�©
A5, ?
&
?±Ï��e��XÚ�ÄåÆ1�.

3 fXÚ�©
©Û

3.1 Rössler XXXÚÚÚ���²²²ïïï:::999ÙÙÙ­­­½½½555

dfXÚ 1 ��, � η2 < 4µδ �, Rössler XÚ
Ø�3²ï:, 
� η2 > 4µδ �, �3üé¡�²
ï:, L«�

E±
R0

{
1
2

(
δ ±

√
δ2 − 4µη

)
,− 1

2µ

(
δ ±

√
δ2 − 4µη

)
,

1
2µ

(
δ ±

√
δ2 − 4µη

)}
.

© Û Ù � A � A � � § � �, E±
R0 © O � ± Ï

L Fold ©
Ú Hopf ©
�­, ã 1 �Ñ
 δ = 4
�fXÚ 1 �©
8.

©
8òëê (µ, η) ²¡y©�n�«�,

Ù ¥ 3 « � � ¥ Ø � 3 ² ï :, 3 « � � E+
R0

Ø ­ ½, 
 E−
R0 � ­ ½ � � :, ã 2(a) � Ñ


 µ = 0.25, η = 6 � ² ï : N C � ; � ©
Ù. E−

R0 3ëêB� Hopf ©
8�¬��±Ï
� � ), X � µ = 0.2, η = 2 �, � 3 � 7 ²
ï: (0.1026,−0.5131, 0.5132) �­½4�� (X
ã 2(b)).

ã 1 Rössler XÚ3ëê (µ, η) ²¡þ�©
8

ã 2 Rössler XÚ��ã (a) µ = 0.25, η = 6; (b) µ = 0.2,
η = 2

�Xëê�Cz, Rössler XÚ¬¥yÑÃX­
½�²ï�!±Ï���ØÓ�ÄåA5, 3�½
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^�e, $�¬�)·b$Ä. 3��L§¥, ¤�
ëêØÓ, ë����fXÚ�;,�Ø��, Ó
�, ëê�Cz�¬¦�TfXÚ��«©
1�
K��XÚ���üzL§.

3.2 ééé¼¼¼XXXÚÚÚ���²²²ïïï:::999ÙÙÙ­­­½½½555

éuäk©ã�5A5�é¼>´XÚ, ©
ã ¼ ê ò � � m y © � n � « �, 
 z � « �
¥, ©O�3X��²ï:, L«� E0

C0(0, 0, 0)
Ú E±

C0{± (a − b) c/b, 0, ∓ (a − b) c/b}, Ù­½5
dÙ�A� Jacobian Ý
�A��û½, Xã 3(a)

�Ñ
 β = 20 �²ï: E0
C0 �ÛÜ1�, E0

C0 d
«��¥�Q:d{ü©
üz�«��¥�­
½�:; ã 3(b) ?�Ú�Ñ
 a = 0.5, b = −0.15,

c = 1.0, α = 5.0 ��XÚ(�, düQ: E±
C0 ½Â

�Q­¡ò��my©�n�f�m, Ù¥%«�
�¤­½�: E0

C0 �áÚ�.

ã 3 é¼XÚ (a) ©
ã; (b) ²ï:(�

E±
C0 �Ó��3�A�ÛÜA5, ¿�âëê

�Cz, �)�A�©
1�, Ó�, 3�1w©.
¡þ, �¬Úå�«�~5©
, ��XÚ(��

Cz, �)ÃX±Ï�����5y�.

4 ��XÚ���1�9ÙÅn

4.1 ������XXXÚÚÚ���ÄÄÄåååÆÆÆüüüzzzLLL§§§

ÏLþã©Û��, 3ØÓ�ëê^�e, f
XÚ¬¥yÑØÓ�ÄåA5, ù
A5þ¬é�
�XÚ�1��)K�. ��«��XÚ�ÄåÆ
üzL§, �½ëê µ = 0.2, η = 2, δ = 4, a = 0.5,

b = −0.15, c = 1.0, β = 20, T = 10.0, ¿� α �©

ëê, �Ñ
��XÚ�©
ã (�ã 4).

ã 4 ��XÚ�©
ã

w,, 3dëê^�e, fXÚ 1 �­½�±Ï
), 
� α < 8 �, fXÚ 2 �3­½��: E0

C0,

��XÚ�;,¬±±Ï T 3ùüaáÚfþ5
£C� (ë�ã 5).

� α < 6.784 �, ��XÚLy�­½� 2T

±Ï), Ù±Ïd��±Ï T û½ (�ã 5(d)). Ó
�, 3��XÚ�±Ï;�þ, ²w�3ü�ØÓ
���: (ã 6(a) Ú (c) ¥� A Ú B :), ©O��
;,3üfXÚ�m5£C�. ,	, duüfX
Ú�­�)�3X�½�A5, X Rössler XÚ�
4��3 z ��Cz��, 
ªué¼XÚ�­½
�: E0

C0 �;�A�R�u y = 0 ²¡, l
��
��XÚ±Ï;�3üfXÚ¥�Ü©A�©O
©Ù3�pR��f«�¥ (�ã 5(b)). 7L`²
�´, �,üfXÚþ�3­�), �´��XÚ
�;,Ø´3üfXÚ�­�)�m��, 
´©
Oªuü­�)�LÞL§�m���. ù´Ï�,

�XÚ3z�fXÚ�, ;,òªu­�áÚf,

�ÿ���ÒqÏ�±Ï��^�÷v, ;,=±
T:�Ð©:�,�fXÚ�­�)%C.
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� � . ^ � α = 6.784 �, ² ê � O � �
�, d���XÚ�±Ï;�� Floquet �ê�
u α = −1.0, ¿B�ü �, �,üfXÚþ�,
�3­�), �du��XÚ±Ï;��N�­,

�)�±Ï©
 (�ã 4), ��±Ï 4T ), �±Ï
©
S�?�Ú¦���XÚ�)·b��, �
� α = 7.358 ��)âC, q£�±Ï 2T ).

4.2 ������XXXÚÚÚ���üüü������:::±±±ÏÏÏ)))������ÅÅÅnnn

� α < 6.784 �, ��XÚ�3­½�±Ï),

X α = 5 (�ã 5), 3T±Ï)�;�þ�3üØ
Ó���:, ©O��üfXÚ. b�±Ï��;
��å:´l Rössler XÚm©�, =3 [0, T ] �m
S, XÚÉ Rössler XÚ|�, ¤±lå: A m©,

;,ò¬÷X Rössler XÚ;� ÂCB ^=. 3��
���^��, ;,ò��3 Rössler XÚS$Ä
¿ª�­½�4�� (Xã 2(b)). �´, �;,$
Ä� B (−0.016, 0.152) �, ÷v±Ï��^�, =
�m t = T , ����XÚ=�ué¼>´, ;,
UÉé¼>´��þ|��, =±��: B �G

�Ð�, ?\fXÚ 2, 3 [T, 2T ] �mS, ;,�é
¼>´��:%C, ÷ B̂DA $Ä. XJØ�3�
�, ;,ò�ª%C­½��:. �´� t = 2T �,

±Ï��^�­#÷v, d�;,fÐ­#£�
��: A (0.046, 0.019), ����XÚ2g± A �
Ð�, ÉfXÚ 1 ��, ªu Rössler XÚ­½�
4��. þãL§­E?1, ��±Ï� 2T �±
Ï).

w,, ü��: A Ú B ò��XÚ�±Ï;
�y©�üÜ©, ©O± A Ú B �Ð�, Éüf
XÚ��, ªuüfXÚ�­�). Ó�, du3
dëê^�e, fXÚ 1 Ú 2 �­�)©O�±Ï
;�Ú�:. ��
ó, ±Ï;�äk­½��Ì,


�:K�3�A�ªuT:�P~L§, Ï
�
�XÚ�±Ï;�¬LyÑ�quy� (bursting

phenomenon) '������A5, �=�Ì��
½·²ï� (�N�) ��Ì�� (-u�) �ÍÜ,

�´üö�m�3X���«O, 3qu¥d©

:ë��N�Ú-u�, 
3��XÚ�±Ï;
�¥, K´k��:ë��üL§, Ø�3©

y�.
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ã 5 α = 5 ��±Ï) (a) ²¡�ã; (b) �m�ã; (c) ��:ÛÜ��ã; (d) �m{§

,	, � α = 5 �, é¼XÚ­½�: E0
C0

�A��©O� λ1,2 = −0.2083 ± 4.022I , λ3 =
−3.083, Ïd, �XÚ=�TfXÚ�, ÙP~ªÇ
� ΩS = 4.022, 
lã 5(d) �ê��[¥�±O�
ÙP~ªÇ� 4.021, Ä���.

4.3 ������XXXÚÚÚ���±±±ÏÏÏ)))���������ÅÅÅnnn

�X α O�, � α = 6.784, �)�±Ï©

, ��äko���:�±Ï 4T ) (�ã 6), �
�:d�5�ü�Cz�o�. ù¿�X��X
Ú�;,3z�±ÏS3üfXÚS5£üg
��.

ã 6 α = 7 �±Ï 4T ) (a) �ã; (b) �m{§

b���XÚ;,å:�3é¼>´��
� Rössler XÚ�å: A1 ?, XÚ;,l A1 :m
©É Rössler XÚ�þ||�, =;,÷ Â1C1B1

� Rössler XÚ­½�4��%C. ²L�m T �,

;,$Ä� B1 :, ÷v��^�, ;,m©É�

fXÚé¼>´��, ± B1 :�Ð�, ?\fX
Ú 2, �TXÚ­½��:%C, ���� t = 2T ,

u)��, XÚ­#£� Rössler XÚ, du α ��
Cz, 3 α ∈ (6.784, 7.1021) S, é¼>´�;,�
)UC, ¦�3 2T ��, ;,Ã{£�Ð©��
: A1, �=XÚÃ{��3 [0, 2T ] �mS3�|
��:þ�E��, ��­�±Ï 2T ). ²L 2T

�m, ;,lmé¼>´���,�: A2, ¿± A2

�Ð©�, É Rössler XÚ��, 3 [2T, 3T ] �mS,

;,ª� Rössler XÚ­½�4��. duÐ��
UC, 3�m T S, l A2 Ñu���4��$Ä
;�, Ø¬� [0, T ] �mS�l A1 Ñu�;�­
Ü, =Ø¬3 t = 3T ����� B1, 
´±,	
�´» Â2C2B2 �4����$Ä, ��#���
: B2, ¿± B2 �Ð�, Éé¼>´XÚ��, ªu
TfXÚ­½��:, ¿3 t = 4T , ;,£� A1,

�¤��µ4±Ï��XÚ�±Ï 4T ).
d u � � X Ú � � ± Ï © 
, � � X Ú ;

�þ��:� ¤�O\, o���:ò��X
Ú�;,y©�o�Ü©, ©OÉüfXÚ�
�. � , d � ü f X Ú � ­ � ) � / ª � ± Ø
C, �´dufXÚ 2 �ëêCz, UC
 E0

C0

�A�f�m, ¦�� E0
C0 �'�¢A��C

z ² w. X � α = 5 �, Ù � A � A � � ©
O� λ1,2 = −0.2083 ± 4.022I , λ3 = −3.083, 

� α = 7 �, K � λ1,2 = −0.0595 ± 3.9968I ,

λ3 = −4.38. l −3.083 Cz� −4.38, ¢A��
�ýé�²wO�, ¦�3é¼>´S$1�;
,�­½�:%C�L§¥3�Ó��mS�
7 E0

C0 ^=��Ý\¯, l
���� �Ø­
Ü, ��:ê8�z.

�Xëê�UYCz, ��XÚ�;�2gu
)�±Ï©
, ¦���:ê8¤�O\, ;��
d��:¤�©��©OÉüfXÚ���Ü©,

��·b����) (�ã 7). 7L`²�´, d
�üfXÚ�½55��,�±ØC, XÚ�·b
üzL§X{´du��:UC���, �Ò´`,

��Ø==´üfXÚÄåA5�{üë�, 
�
�3X��´L���5y�, Ï�����¤Ú
å��1w5, ��
�þ|�ØëY, l
Úå
�1w©
1��Ñy.
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ã 7 �±Ï©
�·b (a) α = 7.1; (b) α = 7.145; (c) α = 7.3; (d) (c) ��mã

5 ( Ø

ÏL�m��, XÚ3ü�fXÚ�m�)²
w�©.:, )¤­½�±Ï). Ó�, fXÚ²ï
:áÚ��(�K�±Ï)�;�©Ù. fXÚë

ê�Czé��XÚ�©
1��)²w�K�,

�Xëê�Cz, ��XÚÏL�±Ï©
?\·
b��. Ùê��{ÚÅn©ÛkÏun)��5
��XÚ�E,ÄåÆ1�.
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Oscillations and their mechanism of compound
system with periodic switches between two

subsystems∗
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1) ( Faculty of Civil Engineering and Mechanics, Jiangsu University, Zhenjiang 212013, China )
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Abstract

Complicated behaviors of the compound system with periodic switches between two nonlinear systems are investigated in detail.

Through the local analysis, the critical conditions such as fold bifurcation and Hopf bifurcation are derived to explore the bifurcations

of the compound systems with different stable solutions in the two subsystems. Different types of oscillations of the switched system

are observed of which, the mechanism is presented to show that the trajectories of the oscillations can be divided into several parts

by the switching points, governed by the two subsystems, respectively. With the variation of the parameters, cascading of doubling

increase of the switching points can be obtained, leading to chaos via period-doubling bifurcations. Furthermore, because of the non-

smooth characteristics at the switching points, different forms of bifurcations may occur in the compound system, which may result in

complicated dynamics such as chaotic oscillations, instead of the simple connections between the trajectories of the two subsystems.

Keywords: Rössler system, Chua’s circuits, periodic switching, periodic bifurcation
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