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Fig. 1. The flow diagram of data assimilation using

dual number theory.
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WrHE L L PR E S, Z0ETHEREUREE
TEAR S B AT BT 8] v 55 A AT U B (B B — S0,
B G WILR BN R (3G K, AR 53 i Bt 1) ) ek A
TR i B8 MUK B LS. SR 2 ik BN
BT IR 2, VIR sh & bR, )52 i 0% FE 1)
bR Z WK, R, N T I E—HBUREE
B, Z5ITE TR B M DA FAME XS SRR o 7
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Fig. 2. The sensitivity of state variable for nonlinear

ordinary differential equation (14) calculated by dif-

ferent methods.
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Fig. 3. The error of sensitivity for state variable

of nonlinear ordinary differential equation (14) calcu-
lated by different methods.
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R, o3 AR 2 4y 5 v B ECHT 7 i E S U
FEAH 5 AT OB BEABL I 2248, 920 il AE B 3 o .
P 3 1 B 2R ORI E B h = 0.20 I (R E 1R
ZEAH, B R ZE A SR, T L B B R 3 A AR R S
LN HE 2 o | R R P B B LR = 0.10 F10.05 B (1)
BURFE R 22, XL B VTGS & ),
FH 22 73 D7 0T S RO B R 22 B A BE I [A) 22 K
BNH . B3 AR R B T R A
BT E R BUR R 22, WA A
Wi B 1) J LT o 3G R a3 76 BT A 7 R IS 18] B Y 1=
ZE MM T L2 SN, SEhriR 28 AR X R
[—5.8356 x 10~7, 5.2008 x 10~7], DK b5 W 37 /7 v2:
TR S Bz /N T 2 0 R R R M,

S T B o A R 7 vk P v SR AR )R A
TR PAS i DR A AR AR L Ty 2
(14) RFSIN T B EGRZ.

3.2 LorenzBiiRZERI[E1L

N7 U B T A BV 1 R R R A T i
A R, 1 ok DL B 1) Lorenz (1963) YR 7 5
g5 221 Ry il k47 B2 kA AGARES. Lorenz & 4t H
S ITRRE R IR

i =o(y—ux),

Yy =T —r2—Y,

2 =ay —bz, (2,9, 2) =0 = (x0,Y0,20). (16)
(16) BRSNS B ¥ 3= SR [25],
Lorenz(1963) JRiH 5 4t ] LAARAE A& K is 3l #2 1fil
TR B X, BRI K SIS B 1) FE 4 3 TR
fiE, WA R BRI, € XCRERE 2 = (2,y, 2)7T,
Rk 4 6 167 A2 £ 3515 B4 000 B
y?bs = (x?bs’yfbs,szs Ti=1,2 -, NN
T, AT AREIWILERES v = (20,0, 20) T

7 R & AN S 50 AR R E
T o =10, v = 28F1b = 8/3. & SLKH UK
Jo b -1 B BVE S Lorenz R 405 72 (16) BIAUE R
AR, HOCSEBLTHE H ARz iR B B TR s R
S BT 0 A B SR U R AT s e I
P RN BOE AR IREE (20, yo, 20)
N (1.0,2.0,1.5) I AR 7 X 18] A [0, 3] AR 73 25 K
7 = 0.05, FEEAT HOE A A 5045 2 B B 1] 7 471
ERPIRASA, AR S S e AW N (0, 0,) 1F
DML, N R ) S5 AR Y O 22 43 il B O A
0o. EAFRE RGERMELT, BHUEAmH
PRiZ BRI T

N
J(4) = ;Zumi fwgbsHQ’ (17)

XN F ORI R, )R R B R
. RIMBILEIRE 7 B WY EE T A =
(3.0,4.0,5.0). FEF F AT 05 B0 10 1) 7Ok} F] AL,
J5 %] Lorenz VR 5 48 A FIWTUR IR A 1) 2 EAT 1%
ARA TF AR, R K A e BRI BT, 1 SR
HEXSHE A E A = ((ul,er), (ub, e), (ub, e3)),
e; (j=1,2, 3)RRHEiNTENLINIYEFAL
M &, FF %0 A Lorenz X i #0458 =0 F2 ¢ 34T 1E 1)
(0 — T) 843 F R AEXHE 2 o) vk 8 H iz
B J (d); SRJE 53 BB ANG 4 y HARIZ B T
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Fig. 4. The change of initial state yo with iteration

number.
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Fig. 5. The change of initial state zg with iteration

number.

B4 2K 7 o 73RS R 1 TR R A
J715%} Lorenz 5 G AE A AEAE LI 75 (B 0, = 0)
I B B R A A BB R e 2 R B4R 5 43 il R
IS [ A ROV AR IR AS 1 yo A 20 FEIEARAG T 2
P EE AR E, MR AR AT S ag AR A 328 3 AL 8 381 B0
ro WHBUUGER, AT RIBRELEH. B6H
17 43 0l 27 B A2 H ARz ek A ek B BEBLAE (1) T
P i ¥, B F ] DUF 2, £ 40T 41 IRIEAR
J& H ARz Rk B, 6 AR FART IR AS 1) & w DU
HFEHNBVNE S ER BLAER: 2o = 0.99999,
yo = 2.00002 F1 2o = 1.50000, ¥i At 24k
WL ESE. Bt EYEHRZ RS T AR
(IR FEAR R O BF ) AR AT AR IRAS ) B B AR A T HE,
BN TN TR, AR SR AT WSO HE:
i J5 PR AR Y B bRz R 86 BE B Ak /N T TS 4
SEMBIE: |V — [|[Vein J| < 1075, St

HORZENTHLE R ZE. AT R R R 56 25 SR T
RUTF 4510 FEA I 53 AR 2
GHRHITENT, 3T B B S 1 VORI T ik
REERRHL AL T Lorenz 63 YR 2 48 77 R KT HE IR
B, TR EIEE T O(107°).
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Fig. 6. The change of cost function J(u) for Lorenz

chaotic system with iteration number.

104
102"
100

102

ZERBR A

104

10-6

10-8

1010

5 10 15 20 25 30 35 40
AV S

K7 Lorenz RYLEZ BRBEERL |V, J|| AL
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0] DURE i B /NS S 28 5 47, 3R B T 2 T XHE %L
B BORHEAL T VA TH AR R P B R SR RN AR IR
BARE. Fah, BEE IR ZE R, ZRE 1L
S5 RS FE T B, AR v 45 ST SR S 3 s
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Rl AFEDEFE K155 Lorenz YRt 5 45 (1 51 kL
[Ffb 25 R

Table 1. The results of data assimilation for Lorenz
chaotic system under different levels of observation

noise.

0 Y0 20 J(u) EREL
HAE 1.0 2.0 1.5 — —
oo = 0.0 0.99999 2.00002 1.50000 4.954 x 10~13 41
a0 = 0.1 0.99858 2.00852 1.49899 6.566 x 108 45
g0 = 0.2 1.08649 2.09752 1.48756 8.630 x 107 40

3.3 “On-off” RFZ&ERIE &

M 2 B8 TR AR ARASE 20 L S
T2, WHm AR A XA KRERS . EEHY #
AEESE, TR R R, FEHSHL
J7 S IR FH AR A P (1) 5 e, 1 7R S E o #E R
S A A A T SO 2 0 ) B e TG T ]
B R B AN LA AT, I R — RO T
57 (on-off) il {1 (20281 [ R A ER ek [X 5045 43 % k)
[ {6 2R Gt A0 7 ELEF X M BRI R S H U T Rt AT
K PRI B R AL FR S, 7 B S AR B ) D) 2%
/P BEAR AR PP, BN D)Lk ) EASE 2 b
32 IR T B S B RE e D) 2 bk / fE B AR
LR () R B, IR AR 52 2 /S G TR R R W
GRS BB AR B HE S 2 —. R 7
“TFILT BN ER ZR G5 13T TR AL T A LA B
W X, 1m0 HLA SEBR N A o280 AR 4 v A
— AN R 5 RE 1280 g itk — A U A R
XA S EL R ) PRI 7 3 T R T 57 Il R A
TR M R G R FII LR A 0 . R
JR T RE ] R Ay T R R R R

¢=B—At+ H(q— q.)Gq,
qli—o = o, (18)

T2 (18) =it iR 1 S PR Pl 458 X BN 4 e BTk
TR RE R R R ARk, P A >0, B> 0, G <0,
HY N E %, H, N Heaviside BA%, q. N RAHE,
BN ANEUE B RS O T RIE R B AR L
FEAE “on-oft” PR g K AE, HE—PRE B + Gg. < 0.
EHOY R B ARz R e SN

N

Tao) = 5 3 ai — a2,

=1
Horp g Bl g9Ps 43 AR IR AE RS B [0, T P VLI AL
B AR (18) MAE M AW IE. B b2 7E 3RS
I ] b B O AR I & g9, i =1, 2,3, .-+, N

(LT, R 35 ok (R B0 B 1 1) sk R A g vk
HaflitH IR IR S & go.

7 BRI H R FH AT ) 22 2 s QB SRR
oy 7 RE (18) . AP S H BN A = 3.8,
B=17G=-43,q. = 1.7. FAfLHEOHN(0,1],
B AP = 0.01. WL AE it 72K A 5 3.2
tH Lorenz R 48 o &} R4 AR [F] 1) 75 vk, (EEUE L 56
) BRI AR S & qo BUN 1.5, 1E3R1F Hag T b
TR R FERI A I H ARz bR B Hph 1 Rk X
Ja, FIFHE 1 AToR 0 SRR RE AT CAXT qo HEAT Sl
it TR ECE e 1 PR R 4 7 VRN LRI a6
ARZSEE & UOEARAG T R 2 ol #1380 A 4
0t = ul + e, FFHNFAE B LI R R T R 1 R L
B FREAT IE [ (0 — T) B9 HRAEHEEE
I P EARIZ BB T (0); SR 53 S 3 At 35
1ER BARIZ R J R R BE ) & V7, J U 5 E
K A L0 B SR IR ) AR AT . N
T USIE T Rk 7 v N T AR E SR EE R S AL
P, 75 R4 BUE A0 FE ARk £ 5 AN ZIPIRAS &
PRI s (A 9 B, [RIEAS S B 5] NS5

HEEE.

5

IR qo

8  qo BEIXAEIAZL
Fig. 8. The change of specific humidity go with itera-

tion number.
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Fig. 9. Comparison between assimilated forecast tra-

jectory and observations.
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Fig. 10. The change of cost function J(u) for the on-off

system with iteration number.
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Fig. 11. The change of gradient norm ||V J|| for the

on-off system.

2 A FIRIE S KPR LT B A L R R T R I B
A b 4k R

Table 2. The results of data assimilation for specific
humidity evolving equation with physical “on-off” pro-

cess under different levels of observation noise.

9 J BARIKEL
HAE 1.5 — —
0o =0.0 1.50000 2.336 x 10718 6
0o =0.1 1.49973 2.310 x 106 7
0o =0.2 1.49864 4.511 x 1073 6

Bl 8 A 9 43l 25 1 Jo UL e 75 N AR N & g
(3% AR T 7 0B AN R 44 1 TR 9 728 5 0 ) 4
P 2 18 B — SRR RS B 10 A 11 2 AR AR ) A&
H bRz BRAE J (u) FIZ ek B FERE ||V, || BT B 1AL
F 245 T AR AR R 7 K ST L T R4
TR AL B TF O 1) BA A LI R B 7 R UG 25 AR
fTHE SR HAnz R FIER . WEH
A LLVE B, 24 6 EALE H ARz iRk B 8L,
[F) B 3R AT AR EN A AR R AS 17) = qo A THE, BAkdn

K2R o H B s e 45 R AT A3 0 4

W RAEETXHEBEL S B BORHRL TG T B
s LR R JE 5 R IR 6 2% AF LA B e OB 2, 7
BT A3 xR A 7 7R RE I ELER AN
AL I TH B AN T SR B R 4 B kR R i H R
ZRRKRIE, PRI H ARz e bRk TR, R 2 ]
PLE Y, FEAEAEINRZER, RN RN
RS R f i, Al k4 R AT DURE A BN R 2 T
ﬁi,%%ﬂKJ:ﬁTQlﬁﬁfFEiﬁifﬁﬁﬁ;&E%%E%%%ﬂ?bﬂ,ﬁﬂ4t
SRS THRE B T I, (HIE AU THELDD AR I8l
ﬁWﬁJﬁ‘*WﬁTﬁ ﬂﬂ%ﬁ&%ﬁﬂf

[F I 352 B T s B B R e 7 1

3.4 —HERMMHENSHEN

$%ﬁ$um%ﬂﬁﬁ%ﬁﬁ¢%*%%%
T REN B, 2 U A A O VR A i Bl o)
FE 2 BRI AL 1A Rtk %ﬁmm*%%%vﬁ

iy 29
ou 02U
— =0—— L t<T
5 Um?,@<m< ,0<t<T),
U|I:O = 17 U |z:L = 17
Ulimo =2, (2L/5 <z < 3L/5),
Uli=o =1, (z<2L/5,x > 3L/5), (19)

(19) X U R IR &, LAT 2 5K Rk
S AR (A YE R, 38 AT TR G IR I 2%
PR, S8 =AU TR AT W GG 2 A 2 — N 7
WIAR R, (19) IR FI B G52 Hh H]
7 BB 11 v il DR A 1) R i R UL DX A 4, 308 3 S5
ARAS. DAHE LA BB (1035 P N 2 50 i o A R 1) A
S 2K o H 2 SR S e POV, i) A ) SR R
B IE ) RPN AT, BRI 5 Rt 1 U2
o S L T 5 2 (19) AT BB

UMtt = UF + oAU}, —2U} + UJy,)/Ad®,
Uttt =1, Ut =1,

Hepo M sSmEEte = 1,2, -+, J—1, i
ks k =0, 1, -+, N — ,A¢ﬁﬁﬁimﬁ
u%?%%ﬁLMmﬁ% & U (KAt jAT), BE
At = (T/N)Fl Az = (L/J). BHOEN B ARZ R
E XN

N-1J-1

1 Z Z _ yobs)?2

k=1 j=
S UF 1 URoDS 53 5037 22 6 ) ket 123 i i B
§Aa BEITRR (19) SRR AL F A7 R 7E

DN
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— R B B A WL B Uebs s oL R, A
T 0 AR B AR 1 BT R Eb 7 R AR Al 1T g 2
A¥o 1.

a5 (19) AL T REI N o = 0.01,
IS 1E] X TR HY A [0, 3], BRI B K 7 = 0.1, 2[RI 57
L = 2. WIEHEA sod 7R H 5 (3.2) H Lorenz
RAGER R R T fE3RE — 4 dvt 507
FEMBUER . H ARz ok R B R 5, FIH
B 1 TR SRR AT DA o BEAT el A v, 3
T B B R V2 1 VR R T T BRI 6 I
IEAAG T RE , EeER X RE A = o' + e,
T N — L AL T 5 R 1R X 8 B 2O e R AT IE
1] (0 — T) B43; FLRAE X HEeas 18] Fh i 5 H Ariz
BR J(10); SR 53 ISR AN K AR A AR N HARIZ B T
Az B B &V, J PBUE; B R SR L HE R
S HIAEARAS [ EAE AT 8. R T 3 uEE [F4k
TN AR o 7 RR A R, TR R B S 5
TEFR RO R 2 10 AN R] 20 B 1 1 30 0 i RS =
PR W00 4 (0 B 13 FraR), BN B8 51 AT ]
s R

PHeSR Y o
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Fig. 12. Change of coefficient ¢ with iteration number.
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Fig. 13. Comparison between temperature states and

observations after parameter identification.
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Fig. 14. Change of cost function J(u) for the one-

dimensional heat conduction equation.
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dimensional heat conduction equation.
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Table 3. The results of data assimilation for parame-
ter in one-dimensional heat conduction equation under

different levels of observation noise.

o J ERKEL
HE 0.01 — _
0o =0.0 9.99999 x 1073  3.657 x 10~17 37
0o =01 9.99824 x 1073  2.301 x 108 35
0o =02 1.02663 x 1072  7.261 x 10~° 32

B 12 AL 13 70 30 2 Y 1 o WL MR 7 sk R e
o BIEAAG T PP SIE AN 2 B R AL 5 2 10 A I 1]
A T BEIR A 5 W EdE 2 TR — B R, A
AT H AR BRUEUE B3RS K & R Mo
T EARRRIE B E, R IR 3 . 14 A0
P15 730 ) 7 )5 H PRIz pRAE J () R BR B A
[V o J || BESEAR R T . R 345 T AEA R
IR 7 KPR LR B T VAR — dE R 2 U7 R (19)
RN R B THE S 5210 H ARz s B ATE AKX
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BOTVER R R R T 5y T RE A R

4 % @
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SRANE FEAN g (1), 3R 1 T — A x5 A
BN R BORNEA T, R S SO S A
Iy A I R e o A K 8] TR H bR R T SRR,
] B R RONUR A RS 6 B U B, B R
T T FAR G FOF R A e AR AR S, Hd i —
IR RIS SR RE TH 5 H AR iz bR S LR P 1) .
iR MeInEE, ol T AR E RS
GORHR A R HT SR AR SR AT SRS ) B Xt
JERNRIE RGBS TF R A R ) BEAR R A 4
YR o T3 RE o BT R T BORHRM AL BB S 0, 4
SRR By ke AR A ROt fh vk AR L RSl A
ARG AP BRI S 5. B A5 RN
TR 1) BT o BORHAAGSE DL T FE N A R
FA AU I R B A E s 2) BoTiE TS H AR
2 PRUBE FE TR B 50T, A2 To FAh iR ZE IR 17 0 T A P
THERE B REIA BT SEHURE PG 1, BUEIL I RERS
B, BT OGS T BORH R AL R SR 3) 47
FEVLIN R A I, ik T (KA 46 26 AR BE S S ) LB MY
i, i HAIEARKEAN T EAC A — € 3 n, R YT
TIERA B BT A ERe. IR TEE R 2k
AN S o S5 PR A 31 B[R] A R R AN I 35 362 i
AR Jm SR TAE it — DI .
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Abstract

In gradient computations of the variational data assimilation (VDA) by the adjoint method, in order to overcome a
lot of shortcomings such as low accuracy, difficult implementation, and great complexity, etc., a novel data assimilation
method is proposed based on the dual-number theory. The important advantages are that the coding of adjoint models
and reverse integrations are not necessary any more, and the values of cost functional and its corresponding gradient
vectors can be attained simultaneously only by one forward computation in dual-number space. Furthermore, the
accuracy of gradient can be close to the computer machine precision without other error sources. The paper is organised
as follows. Firstly, the dual-number theory and algorithm rules are introduced. Then, the issues of gradient analysis and
computation in VDA are transformed into the processes of calculating the cost functional numerically in dual-number
space, and the gradient vectors can be obtained at the same time in an easy, efficient and accurate way. Secondly, the new
algorithm for data assimilation in nonlinear physical systems is developed by combining accurate gradient information
from the dual-number method with classical optimization algorithm. Thirdly, numerical experiments on sensitivity
analysis for an ENSO nonlinear air-sea coupled oscillator are implemented, and the results are presented to demonstrate
the important advantages of the dual-number method in the calculation of derivative information. Finally, numerical
simulations for data assimilation are carried out respectively for the typical Lorenz 63 chaotic systems, the specific
humidity evolving equation with physical “on-off” process at a single grid point, and a parabolic partial differential
equation. Some conclusions can be drawn from the numerical experiments. The newly proposed method may be suited
to many kinds of optimization problems with ordinary or partial differential equations as constraints, such as data
assimilation, parameter estimation, inverse problems, sensitivity analysis etc. Results show that the new method can
reconstruct the initial conditions or parameters of a nonlinear dynamical system very conveniently and accurately. Its
another advantage is being very easy to implement with a high accuracy in gradient computation, so it is robust in the
process of numerical optimization. The estimated initial states or parameters are convergent to real value in the cost
of no more computations, when there are noises in the observations. But many tests are still needed to demonstrate
the validity and advantages of the new data assimilation method, especially in more complex and realistic numerical

prediction models of atmosphere and ocean.
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