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Fig. 1. The two-dimensional mathematical model of

the nature convection.
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Fig. 2. (color online) The figures of streamline and the isotherm: (al)-(a4) are the figures of streamline and (aT1)—(aT4)

are the figures of isotherm for the model not considering the viscous dissipation and compression work at Ra = 103, 104,
105, 109, respectively; (b1)—(b4) are the figures of streamline and (bT1)—(bT4) are the figures of isotherm for the model

considering the viscous dissipation and compression work at Ra = 102, 104, 10%, 108, respectively.
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Fig. 3. (color online) The trend graphs of velocity and tem-
perature: (a) The variation trend of dimensionless velocity
uz* along the median vertical line of the square cavity; (b)
The variation trend of dimensionless velocity uy* along the
median horizontal line of the square cavity; (c) The varia-
tion trend of dimensionless temperature T* along the me-
dian vertical line of the square cavity. The red lines without
additional shapes for the model not considering the viscous
dissipation and compression work Ra = 10 (red solid line),
10* (red dash line), 10° (red dotted line), 108 (red dot and
dash line); The green lines with additional shapes for the
model considering the viscous dissipation and compression
work Ra = 103 (green o line), 10* (green * line), 10° (green
+ line), 108 (green (I line).
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Table 1. The average Nu numbers (Nu) of two different numerical models for different Ra number.
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10* AILTT 2.2545 AT 4.3953
SCHiR [22] (e%) 2.2528(0.12%) Sk [15] (e%) 4.4611 (1.47%)
SCHR [30] (e%) 2.2450(0.42%) SCHR [19]
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SCHR [20] (e%) 8.806 (0.47%) SCHR [19] 13.198 (0.326%)

H 2 1] LS BE % Ra BI38 N, N i& i1
R, B vy i A T [ {1 e R T A% 33 (1 VR 3 OR,
TR T o), FFABH 3R, X R WAL 3R L
H # A TR i AR R i A AR TR Ra B L F,
7 RS ROV IFE HURT e 48 DAY () Nw EEANE TR RE P
FAFE BRI 4 DA B 1R K, X 3% B B P R BORT e
RO T XA, 5 B AR — 8L ARSI
08 G B 0L 53 AT R R A B R 2% 8 BB D7 V3R
30 Nu 5 3CHR G Nu X H, KR 28 1.47%, %
UE T AR SCHE S PR 75 3 R Rl AT PR AR A 12
3.2.2 Pr¥# 3R HFRE R

TEMEAL IR R, Pr 50U R A B
X AL OGS FE M. Pr BUE/MREGE R Z LU
& T 177 % T Pr BUE KARFN A% F4 6 1 4
P HOF B SR A E AR E B AL, N T B Pr
HOF T PR RY (R 52 00, 252 AH O STk [31-—33), 4%
XA T Pr=0.07, 0.7, 7 =FIE00R, PR A
TEAN I Ra 30T 7 R0 B 5 AR A D

Bl A FNE 5 4330 45 H AN 28 R AN 5 1 PR
HEZE S E AR R Pr = 0.07, 0.7, 7 =FliE
LR, A IE 2R RS S I I 2R RN 45 iR 4R .
P4 AT 5 7 B (al)—(ad) N Pr = 0.07, Ra =
10%, 10%, 10°, 10° 154 FHIFRLZE, (aT1)—(aT4)
NEERZE; (bl)—(b4) A Pr = 0.7, Ra = 103,
104, 10°, 10614 F R E, (bT1)—(bT4) K55

B E; (c1)—(cd) N Pr =7, Ra =103, 104, 10°,
108 15 PRI, (cT1)—(cT4) NER L E.

i P AR B 5 (al) AT (aT1) \T LK BN,
Pr = 007 Ra = 1031550 T, ¥t 32 £ 8 4%
A, PR Y I U 2 IR AR R 2k B — B R
2 B O T OO R B R U 308, 45 iR 2R3 S E
oA, B ARE S5 H i (b1) A1 (bT1), Pr = 0.7
Ra = 103 &% _Exc e, BRI 4 M 5 H
(c1) F1 (cT1) /] LK I, Pr = 7H1 Ra = 103 15 4L
I, PR RGEAEH, FiR& o B IE th, i
P 1 72 S G B, S R A M R ORD R
25 Dy AR LA B R n A, S5 IR 2R ith AR B K
B & Pr 036 K, 2 M PAORE BOR PR 48 Th B 1
JHaa . AT 5 TR (a2) AT (aT2), (b2) AN
(bT2), (c2) fl (cT2); (a3) Ml (aT3), (b3) Kl (bT3),
(c3) F1 (cT3); (ad) #1 (aT4), (b4) A (bT4), (c4)
(cT4) —HEBLH AR L5 BEE Pr 3, Xt
TRAEFISG I, R0 BAGRE ORT He 48 D) B 52 14 K,
T A% 784 47 DX Sk sk B 5 6 A RE ORI R 4 D 1)
SR HE T PR e A, TE B A A DY JE BE T TR A%
TR L B B R ARG O S 4 T AE A
AR R B R, ) TR K
LB 5 T (c4) A1 (cT4) o /e F A, 1 e
BOFH R 48 ) B RS 1 4 F i, TR RGIR) 0 3 57 2 i
I 2.
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Pr=0.7 Pr=17

B4 (MTREER) A ERMERFEHON LD B R R KR AR (a), (b), () ZHE D8 Pr = 0.07, 0.7,
7 MR T Ra = 103, 104, 105, 10° ik ((al)—(ad), (b1)—(b4), (c1)—(c4)) IR LK ((aT1)—(aT4), (bT1)—(bT4),
(cT1)—(cT4))

Fig. 4. (color online) The figures of streamline and the isotherm for the model not considering the viscous dissipation
and compression work. (a) For Pr = 0.07, (al)—(a4) for the figures of the streamline, (aT1)—(aT4) for the figures of the
isotherm; (b) for Pr = 0.7, (b1)—(b4) for the figures of the streamline, (bT1)—(bT4) for the figures of the isotherm; (c) for
Pr =17, (c1)—(c4) for the figures of the streamline, (¢T1)—(cT4) for the figures of the isotherm.

El5 (MTRG) HREERFEBON R4 D 5 AR R R B SER &R (a), (b), (¢) ZB 258 Pr = 0.07, 0.7, 7
ZHMHES T Ra = 103, 104, 105, 106 #i £k ((al)—(ad), (b1)—(b4), (c1)—(c4)) MR LK ((aT1)—(aT4), (bT1)—(bT4),
(cT1)—(cT4))

Fig. 5. (color online) The figures of streamline and the isotherm for the model considering the viscous dissipation and
compression work. (a) For Pr = 0.07, (al)—(ad4) for the figures of the streamline, (aT1)—(aT4) for the figures of the
isotherm; (b) for Pr = 0.7, (b1)—(b4) for the figures of the streamline, (bT1)—(bT4) for the figures of the isotherm; (c) for
Pr =1, (c1)—(c4) for the figures of the streamline, (cT1)—(cT4) for the figures of the isotherm.
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i BT AR D RBE S Ra B3 0, xHRAEH
B4 n, 2 M FGRE ORI 45 DV F 3 5, 4 0
Bl 5 A xt b R BLAE Pro= 0.07, 0.7, 7 f = F0 50
T, AT LA H FARE R 4518 . R ) o EE T A& BE A
A Ra $01E 00N, BEE Pr BUGIIN, XHFAE
SR, I R EIORD e i T AR S 5, AN 25 B8 A R
{140 794 A R 9 2 el R 530 2 P ) X ) e ke el B I

AN G B B TR VA AR T AR T RO 2, R
BERY bR A A7 DYAS BE TR TR B 2 A 52, B
Pr A3, Q52 s, [FR 0T PLUR I Pr
X AL R P 3% 0 52 AR FH 55 T Ra B0 5210
IEZE R 5 SCHR [31]) A AR 56 285 SR SCHR [34] B SEES
SER—3, #— P IE T ARSCATR U v E )
AT

#2 PIREAE Pr &g 5T PSR Nu

Table 2. Average Nu numbers (Nu) of two different numerical models at different Pr number.

Nu
Ra AN SRR M REHORUE 48 Th (1 B AR XA Y 2 R R FEROR R 48 Th it B SR XA A
Pr=0.07 Pr=7 Pr =10.07 Pr=7
103 Ak 0.847 KT 1.976 ATk 1.51 ARIT7ik 1.84

SR [31](e%)  0.75(1.3%)

SCHR [35](e%) 2.01(1.7%)  3CHk [34](e%)

1.48(2.1%) 3CHik [32] (e%) 1.83(0.5%)

SCHR [36](e%)  0.70(1.7%) LK [37](e%) 1.98(0.2%)

104 AT 1.153 RICTTik 3.651 ARICTTE 3.9 KTk 5.92
SRR [31](e%) 1.16(0.6%) CHR [35](e%) 3.55(1%) ICHR [34][ (e%) 3.84(1.6%) CHA [32] (%) 5.80(2%)
SCHR [36](e%)  1.14(1.1%) SCHR [37](e%)  3.56(1%)

105 AT 2.34 ARICTT 6.87 RITT ik 6.97 KTk 10.3
SCHR [38](e%) 2.31(1.2. %) 3CHK [35](e%) 6.74(1.9%) 3CHik [39](e%) 6.88(1.3%) ik [39](e%) 10.1(2%)
SCHR [33](e%)  2.29(2.1%) LR [37](e%) 6.94(1.5%)

108 AT 4.65 RICTTik 10.32 RITT ik 11.9 KTk 16.4

SCHR [38](e%)  4.52(2.8%)

SR [33](e%)  4.61(0.8%)

ICHR [35](e%) 10.5(1.4%)  3CHik [39](e%)

11.6(2.5%) 3CHk [39] (e%) 16.8(2.4%)

ICHR [37](e%) 10.2(1.2%)

N B BB AE AR S A 7k R AT
FHERG T, 2% 2 25 IR A FABE T TH 545 H 1 P %%
FURE (Nu). HR 27 IS HEEE Prigigm, x
WAEHIEE R, NuiZ#iig R, B2 KE% /N T Ra
G RIS, AE PriEnl T, B ERE
B FORN R 4 DS Y (1) Now LEAS 5 R 2 ME HGRE ORI
4 DAY B R, T 3 WY 86 4 AR IR s 4 T (2
T, 5 B 8L AR A1
X3 A BB i i R 28 2 BUE T R B Nu 5
SCHERIC N bf b, d5e K28 2.8%, SiE T A ST
HH PR EE 7V (R AT AT PR AN RS .

%
ARSI A Al P L 1028 b LA B B

RGNS R % 2 s ' T RE S, LI T
REEDSMEH MG, il T ET 2R

4 %

TR A0, 25 86 PR HORT s 40 ) ) 8 5 1 X4 A7 R
BN G PR 25 2 BUE T, SEUE T T LB
Boussinesq I LUxT & BE 3K X I3 A b8 207 LBM
RIPR, 9718 T # LBM ${f 7512 1) B 7 FL

AR ST 2L 0 2 F8 b A R BN IS 4 T AN AN 2
JE RIS B AR i B E R B, BT T ANF Ra
KON Pr JUT i A B G O DL R JEE 38 AT
Nu A% . BRI Ra FI34 K Nu $05
WG R, J7 e X A AR BTG O, 10 S ALY
JRIA TR AN RS R A A UM e 45 T AR 7
LR AR E, BRI A ],
5 S8 AR T e A DU A B T A ST 7 S 1
WFZ, TR SRR, BF TR DL T A
HICRT L 248 Dot B SR I R R BE S Ra (98 KT 4
R, ZRMALE R BE s 2 vh AN B 2. BF 7T [
It A B, B Pr 86K Nu BCmig B oK, J7 15
PR A A 328 48 5, PP A 2R £ X 53] 38 ¥
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FEOK, 26 R Rk AR UM e 4 Th RO AR 30 S AR T Al
EHIRMIARE, Prif KIIRENZ S T Ra 38 K™
AT, ARSI 45 R 5 SRS R — 2, e 1
A SCRAE TR AT AT PEAHER 1.

fff 5%
Chapman-Enskog &2 # 5 3 T L 88T A&
E’JXX AT BR A FA G R TR OR 2% 2 B O R 2 AR
o4 BRI B 20 AT B Bk AT 2 RUE R IT W] 43
fi= e+ S (A1)
hi = h$d+ehM + 2pP 4 ... (A2)
40, = Z €"0,,V =¢eVi,a =ca;.

n=0
K JE S 7 R (13) A (2) XoF B[] R 2 [ i Taylor
&It WA

d 52 (9 2.
5(6t+ez )fl+7(at+el )fz

+wilfi + 7%+ O(6))

2

) 82/ 0 2
5t<a+el-V)h +—(8t+el V) h;

+ (wn — wr)[hi + h$] + O(87)

=4 <1 - —) F + 6w K (A3)

2
Hp
Fy=crY
FO — |82 (ei-u)(eia) a-ul
i TWPI R, T Rt RI, |’
K, =eK™"
i T(:I: t)
KV —e, (&% _p)(1\BY 4
o T %\ ReT? T(x,t + o)
2
e, -u, e
— D — 2)Ti(z, b);
* 2T, BT )Ti(@,?)
W, 2@

qi = €q; +6qz +---,

(1) _ eq _wr
4; |: "RT, + fi +< 2)

< (10 = SR e an
g = (1 - %)f}’“*”ei a1, k> 1.

1 (A1) AT (A2) SARN TG T2 (A3) AT (A4) X EL & B 5

g% fi(o) = fi(eq), (Aba)

154401-10

W = h{?, (A5D)

e (O e V) +wef)
(6t1 + e; - Vl)h(O) (w — wf)hl(-l)

2
= — (wn —w)(fY + (;tF(l)) <ei-uf“7)

+5t<1 - %)Q”, (A6b)

20 0, f O+ (0 + e V)Y = —we P, (ATa)

3t2h(0) + (0 +ei- V1)h(1)

2
= — (wn — w)h{? + (wn —wr) £ (ei w— %)
#o (1= ) (ATh)

HIJESCHTRE (8) Bl (A1), (A2), (A5) AT
S =0 Ve o, Sh —o,

n>0. (A8)
HRARIESC AR (3), (4) I (14) AR5
M F =0,
ZeiFi = pa,

Z e;e.F; = plau + (au)"];

Z qi = pu - a,
> eiqi = (pEI + Zi e,-eifz) -a;
i K; =0. (A9)
HRA JE S 2 (5) F(6) AT LATS 2
> =0, (A10a)
i fileiz = pua, (A10b)
XZ: ffeizeiy = pugtiy + pRT S,y (A10c)
> kit =pE, (Alla)
i h%ir = (pE + p) uq, (A11b)

Z hi%eizeiy = (pE + 2p)ucuy + p(E + RT)0ay.

(Allc)
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1 fiE~FiE
K TR (AGa) Fl (ATa) 4 55K 58 BE I RN 4E, ATS5]

ty A to N 205 2
B p+ Vi (pu) =0,

Ot,p = 0.

(A12)
(A13)

HI77HE (A12) Al (A13) W] LATS 21 57 & s e R 27 12

Op+ Vi (pu)=0. (A14)
2 R
YRR (A7) #ATHEE M — M4 18
Oty (puy) + D1z ( > emeiyff”) =0. (A15)

S B RFEEFEN Y e £, HITHL (A6a)
SROHRE 1) I AR T A
O, <Z fi(o)eizeiz) + 012 < Z fi(o)eizeiyeiz)
+ wafi(l)emeiy
w.
=6 (1 - é) : ZwiFi(l)eizeiy
+ 5': ZwiKi(l)emeiy. (A16)
VR v qanC LK G E
— Wt Z fl‘(l)eizeiy

= O, (puzty + Pdzy) + V1[p (Uz0zy + Uyzs + Uzlyz)]

(14 )slar k(@ w)) (A17)
X T5RE (A6 a) FEAT T ) — B A rT 49 3 DL T 5
O, (puy) + Ora ( > eixeiyf§q> = payy. (A18)
FRIETE (A10c) 1 (A18) AT LA75 3
O, (puy) + 01z (puaty) = pay — Orap. (A19)
H7FE (A19) F1 (A12) AT13
Ot (pucuy) = pay — uzO1yp — UuyOrap
— O (pusuyus). (A20)

& Ma 55T, ZBroieT DL2RE. 8 Re s P EHES O, p
FiL3, X (A6b) sRANE] LIS
Oty (PE) + 01y [(pE + p)uy) = puyaiy. (A21)

CHE = (coT +u?)/2 = (DRT + u?)/2 AN Ti 2
(A21) W15

1 D
O, (§pu2 + pERT>

1 D
+ Oy (§Pu2uy + PERTuy + puy>
= puyaiy. (A22)
VR SR IE S

00 () + 9rs ) + 9] + 00 (1)

+ Ora G%RT%) + POratis

= puyaiy. (A23)
77 FE (A19) F1 (A23) AT13

Oup = %Puyaly = pary — Ora(pua) — %pauux. (A24)

HHFE (A20) A1 (A24) AT LIS H
Zf¢(1>eizeiy = - (:5% + %)P{[vl ‘u+ (Vi 'UJ)T}

- %(v1 -'u,)I}.

1 BA_EJ7 RE AT LA 3 DUR B & S 1E 7T AR

(A25)

Ot(pu) + V- (puu) =-V; -p+ V-1 + pai, (A26)
WA Il = pp[Vi-w+ (Vi w)® = (2/3)(Vi - w)I] +
2(1/3—=1/D)up(V1 - u)l.

3 AEEFIE

X 7R (A7h) SREWHE Al 15
w
O, (pE) + 61y(z eiyhl(-l)) =6 (1 — %)pu ca. (A27)
KNS REESFE TR, FEE Zeiyhgn, Xt 77 F2 (A6b)
KRB 15
= (wn —wp) Y eiyhl?
= 8t1 Z eiyhz(‘()) + alac Z eixeithO)
(1) mu’
+ (wn — wy) (ux ;emeiyfi - ;eixfi 7)
+ (wh —w )ﬁ N Ze- ey FV —Ze- F(l)u—2
h f 2 T - ix Ciy L'y - wxdy 2
w
o (1 - 7h) Zeiyqfl)«
WRAETTRE (A11), (A9) FT (A25) AT LA H
= (wn —wp) Y eiyhl?

(A28)

= [atl (pus + pEug) + Oy (pRT(Sxy + puxuy)}
+ O1y[PEdzy + (p + pEusuy)]

1 1
+ Tf(* - —)p(@zuy + Oytia Juy

Th Tt

—[(p+ pE)az + p(u - a1)ug). (A29)
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72 (A12) Al (A18) W43

1

Ot Uy = pay — UgO15Uy — ;31xp. (A30)

TR (A21), (A24) Fl (A30) AT 75
9, [(p + pE)uy]
= (p+ pE)(pay — uzOizuy) — (E + RT)01yp
+ uy{puyary — Ory[(p + pE)uy] — %puyaly — paiy
~ Bra(pua) — POiata}. (A31)
HRAE T FE (A20), (A24), (A25) Fl (A31) W45 H
> eiyhlt

B D+ 2 T 1
= B ’ThpRV1T <5t + D)
2

X p{[Vl cu+ (Vi-w)') - B(Vl : 'u,)I}. (A32)

N———

i BL T RRRRATT AT A5 H R A S AE T R

2u(pE) + V1 - [(0F + p)u]
=Vi- (mp(co + R)VT) +V1-(IT-u)+ pu-a. (A33)

MR 772 (A14), (A26) F1 (A33), AT LAFS A TR
H R A B T RE T 2 U0 A B B R B R 26 2 8
TE 735 T sxet L 2 WA 712 77 72 (B BR SC7 R (15)):

Oep+ V- (pu) =0,
O(pu) + V- (puu) = -V -p+ V-1 + pa
H(pE) +V - [(pF + p)u]

=V - (mplco + R)VT)+V - (Il -u)+ pu - a,

W Il = pp[V - u + (V- w)' = (2/3)(V - wI] +
2(1/3=1/D)up(V - u)I.
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Abstract

Micro-scale flow is a very important and prominent problem in the design and application of micro-electromechanical
systems. With the decrease of the scale, effects, such as viscous dissipation, compression work and boundary slip etc.,
which are ignored in a large-scale flow, play important roles in a microfluidic system.

With its certain advantages such as high numerical efficiency, easy implement, parallel algorithms etc., the lattice
Boltzmann method is a powerful numerical technique for simulating fluid flows and modeling the physics in fluids. The
double-distribution-function lattice Boltzmann method has been widely used in a micro-scale thermal flow system, since
it utilizes two different distribution functions to take account of the viscous dissipation and compression work. However,
most of the existing double-distribution-function lattice Boltzmann methods are “decoupling” models, and decoupling
will cause the models to be limited to Boussinesq flows in which temperature variation is small. In order to overcome the
above problem, based on the low-order Hermite expansion of the continuous equilibrium distribution function, we propose
a coupling double-distribution-function thermal lattice Boltzmann method. This method introduces temperature changes
into the lattice Boltzmann momentum equation in the form of the momentum source, which can affect the distribution
of flow velocity and density, so as to realize the coupling between the momentum field and the energy field. In the
process of fluid flow, the temperature change of the energy field includes two parts: one is for different times at the same
lattice which can cause the change of the fluid characteristic parameters, such as the viscosity coefficient and the thermal
diffusivity; the other is for the same time at different lattices which mainly affects the distribution of the velocity. In
the collision and the migration processes, temperature change is introduced into the fluid flow to achieve the effect of
temperature changes on the flow field and the coupling between the energy field and the momentum field. This method
can break up the limitation of the Boussinesq flows and expand the application scope of the lattice Boltzmann method.

Two natural convection models (one takes into consideration the viscous dissipation and compression work, and the
other does not) are studied in this paper to verify the effectiveness and accuracy of the coupling double-distribution-
function thermal lattice Boltzmann method. Flow field and the changing trend in temperature, velocity and the averaged
Nusselt number are analyzed emphatically at different Rayleigh number and Prandtl number. Results of this paper are
excellently consistent with those in papers published, confirming the validity and accuracy of this method. Results also
show that the convective heat transfer gradually enhances with increasing Rayleigh number and Prandtl number in the
cavity, and the boundary layer is obviously formed in the regions very close to the walls; the heat transfer is greatly
enhanced if viscous dissipation and compression work are considered; and these effects should not be neglected in the

micro-scale flow system.
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