Chinese Physical Society
ME*E Acta Physica Sinica

€D Institute of Physics, CAS

BERTAZNSRERS I
KR AW INEE B RS

Multiple synchronous states in a ring of coupled phase oscillators
Huang Xia Xu Can Sun Yu-Ting Zheng Zhi-Gang
5| 15 & Citation: Acta Physica Sinica, 64, 170504 (2015) DOI: 10.7498/aps.64.170504

TE 28715 View online:  http://dx.doi.org/10.7498/aps.64.170504
23y 2% View table of contents: http://wulixb.iphy.ac.cn/CN/Y2015/V64/117

ERTRERC B BB S &
Articles you may be interested in

HL SR HL I P R 8 5 H AR X T Buck AR 48 3 113 ) 2 B 5 43 A
Dynamical modeling and analysis of buck converter operating in pseudo-continuous conduction mode
YE &2 4.2015, 64(18): 180501  http://dx.doi.org/10.7498/aps.64.180501

FET AR S BH A I B TR e L R A
Inductorless chaotic circuit based on active generalized memristors
Y22 H%.2015, 64(17): 170503  http://dx.doi.org/10.7498/aps.64.170503

BT RHMEEE R ) TORHRL B 77
A new data assimilation method based on dual-number theory
PP A H%.2015, 64(13): 130502  http://dx.doi.org/10.7498/aps.64.130502

PO GARTF AR 85 A5 5 A F e 51 ) 2247 A A

Numerical modeling and research on nonlinear dynamic behaviors of two-stage photovoltaic grid-connected
inverter

YE=4.2015, 64(13): 130503  http://dx.doi.org/10.7498/aps.64.130503

— BRI AR X AN I S R G0 A A 4 72
Period-adding bifurcations in a discontinuous system with a variable gap
YyPE2EH%.2015, 64(12): 120502  http://dx.doi.org/10.7498/aps.64.120502


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml
http://dx.doi.org/10.7498/aps.64.170504
http://dx.doi.org/10.7498/aps.64.170504
http://wulixb.iphy.ac.cn/CN/Y2015/V64/I17
http://wulixb.iphy.ac.cn/CN/abstract/abstract65294.shtml
http://wulixb.iphy.ac.cn/EN/abstract/abstract65294.shtml
http://dx.doi.org/10.7498/aps.64.180501
http://wulixb.iphy.ac.cn/CN/abstract/abstract65082.shtml
http://wulixb.iphy.ac.cn/EN/abstract/abstract65082.shtml
http://dx.doi.org/10.7498/aps.64.170503
http://wulixb.iphy.ac.cn/CN/abstract/abstract64506.shtml
http://wulixb.iphy.ac.cn/EN/abstract/abstract64506.shtml
http://dx.doi.org/10.7498/aps.64.130502
http://wulixb.iphy.ac.cn/CN/abstract/abstract64507.shtml
http://wulixb.iphy.ac.cn/EN/abstract/abstract64507.shtml
http://wulixb.iphy.ac.cn/EN/abstract/abstract64507.shtml
http://dx.doi.org/10.7498/aps.64.130503
http://wulixb.iphy.ac.cn/CN/abstract/abstract64436.shtml
http://wulixb.iphy.ac.cn/EN/abstract/abstract64436.shtml
http://dx.doi.org/10.7498/aps.64.120502

) I8 ¥ 48  Acta Phys. Sin.

Vol. 64, No. 17 (2015) 170504

ek FARENSRESEL N

IR

HEREY

B AR

1) (AERHTE R R, L3 100875)
2) (PRdb s KRB AR, Jb5 102206)

(201541 A 28 HU&F; 2015 4 4 A 30 HYZ R &2k )

AR T 4EA A I B Kuramoto AR T EAEXTARAR & F T A5 XU B 2 A TR WU B
FERTH N <3 HETREASHIULENR, N > 4 2IRT RGN ZIAEKZ FEES. AT —
AR EIRT RG T M 2 8 B SCE ST AT T B /T, 53] T e Wi fe e i, BUEsi 2
TR R G R IR XRFAE AR Rl A — 2. T 45 R BRAELRGFAT R BB SRR, RENAIF Y
SR S R R A& 2 P B F —AE DA, XUEW, AR T REHEARR D X b T2 s i ik i A B A
—WARRE S, AR RPN T i P R sk e P AR 2 AR E S IR,

K §#i8): Kuramoto 88, [F20, MIRT, LS

PACS: 05.45.Xt, 05.45.-a

1 5 =

[F) 25 B0 G S L AH 5% ) /A 9 7 T A2 )
HLAEYSE AR TR 2 i 8]/
B AR ) — AT N R R ) B AR A
YRR, L2 BAR N EALE I ARG U, 9K
2 PLwg K B D N B ) F R 4 28 1)) A4
R ICEEAE B S R 70 2% 45 ) 4 R AL
FEILR. ATk, E M 1R 28 11547 A
N TR R i — D01 Oy 7 6 KA
YEF B 5 Te 2 (B I [F 2247 9 hn DA g, AATTHESR IR
T #EAT T IR £ 83, Winfree Al Kuramoto %5 %t J5
MAER 2K R B A ELAE F I BT A o BLAR AL A
8 AR G (P ARBRIAR T, H S BR R T — /M R
PIERISHESE MR 4 M ff B 1 K S A7 A T X £
i FEEKRTEEAFRRFETHFE AT N, Hp
Kuramoto $2 H (K1 4% R # & Ik 17 g p A [15-17)
BN R B T R R 2 —,

DOI: 10.7498/aps.64.170504

. KX
07; =w; + N Zsin(ej — 91),
Jj=1
i=1,2,---,N. (1)

Ak 0; K i M RT BRI AL, w; NI H R,
B H W R —E WA (W0 T, Lorentz 3040 5), N
NERRTEHE, K &R, N7 % Rg 4
PR AL A T FEBE, W RA G N 0

N
Z—Rei@—iz el% (2)
- - < :
j=1

Wat Z R—NERFZE, RIERGHATRE, Ik
WWAR, & NF¥MA. IWNTFEQ)ATH, YRS
B E A B (0:(t) = 0;(t), Vi,j € 1,---,N)
R =1, M 4R A KRR, YR 2 B A
A ERR (AT, EHRTTERR (N — )
T R = 0. Kuramoto #|HF#37 B 58 RIH
BT, s AR T R SRS TR K N E
| —EE Ko, F 28 R WNERFEE
A2, RGP NAEM TS 2T =R

* ERERBIEEES (HES: 11475022) gLk SE AR IR L 55 2 5 0% 4 (HHES: 2014MS60) ¥ B f)IRAT.

T #E/E#. BE-mail: zgzheng@bnu.edu.cn

© 2015 FEYIEF S Chinese Physical Society

http: //wulizb.iphy.ac.cn

170504-1


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn
http://dx.doi.org/10.7498/aps.64.170504
http://wulixb.iphy.ac.cn

¥ 12 ZF R Acta Phys. Sin.

Vol. 64, No. 17 (2015) 170504

BEARAS. FTRASINAN P 02, SRZ i 75 1)
O HLEE,

Horp TR R], () AR TR Pk
TIEBIFP IS, PSS, AR 78U (B
EATHARZEA B A 224). Bl H & 50  1)
g, R IR T AR 2 B EIL T, AT
PR IERITE AL, @I F 5 @ U8 R DR AF
MO PR AR R G 00 R L R, RITE A R 4 iR B 8,
H AP AR (IR T = AT P T /N [, i
R MM EREER R, REPAIRTHT
s ESSY R

12337 1) Kuramoto # R AEIT J LA (I0F7E Hh 4
ANWIHE ™ 2B M T 0 R SRR A SR SO R
AR A HL SRR 745, Horh R g A A — el A
R R AR B IR TR, RIR 7 R S AHAR R 2 4 ek
ZAIRT Z A EAE . X T Rl B &

A [19-31]

éi =w; + Ksin(0i+1 — 0,)
+ Ksin(&i_l — 91) (4)

EIT AR B IR T R SR [R] 2D i 2 1) =) 3 40 1
A AR TR 22 2 18] () 58 4 10 BT = 6 18 0 2
A7 B2 Sk [33] @i BUE AR B, BRI
AR R P A . R GHRT B ARIR
i AL RS BRI, R GEIA B 58 2 A i I SR AR &
SR /N, T LB AR 5 B g, i AR e
T AR, SCHR [34] 3 — PR 8 T LB
H B/ e SR 5 5 2 A R PR, ESE T RO A A
FEARRMEANZAG R B PE. Tilles K H AR 1]
WEFE T B AR AR G IR 1 3[R D XS B 2 AR 5
SR, RIEE AT AR X A7 AE 2 B, HIXSE 1%y
FBOR T EATH B AT XA A RO B SRR [36]
W It T B AR AR & Ik 15 52 B I 8] 1E S8 4 & A
< HIFED M ERD N2 REWR. £
[37) h, AR 1 B E AR AR 18 20 7 45 H BRae 28
& A BRIR T ARG R D XA L ESRE
fige, HIXLEAE AT DL AN A 101 3 KR RALE.
FATER B & /MG T RE (1) Ml B &7
T (4) #RE XS FRAE A, B Xt 5 B4R &8 T 5 X 10
YER. DR Pt 78 10 [R] 20 IR 0 2 1 A1 B R 5
2, ASCRE LR BT 2 AR AR 2 T

PR HIFEAT A, B i B3 AR IR T 1 3)
k2 StEIE

0; = w; + 2K sin(f41 — 0;),i=1,2,--- ,N. (5)

NTETHHE, AR B, A RT BRI W,
HPPME AT VBN Q2R B AR T BRI E A
A%, RENEWS B EE QE o (7R 2,
RGBT ARHIE RS AL, WHgH BIRT, B
K FEIL TR (On i = 61), ZFEREIRT
RGHI ARSI

FEASCH, FAPE P &340 LR R &
PR IBN 14T . I T B & BRI R 5t
(N =2,N =3) AT WA, “MERERT —E
BUER, Pr a7 &g R0 B8R B, F 2R
WAL SR EERE I T 1, Mk T 82 (N > 491
RGN AL KRN FSREEINN 203055, R
BT IR T AR e, BRI Ry, Dk
THERGHEFRPX AARENXNTFZEN
R AAAL [F P 35, MEAEZ 0 3OES, 2R
T RGEE R T EBHIEIN, 238 H 2 2 IUHE
ER, o LT X AN 73 52 AT AR AR R T A AL
ZWURFRE 10 SR, B M RS M AR 2 3K
SWBN AR E N, BATRBUMERT LU AR R 1R A
SCHR/N T, B I SRR HTE AR E . R
RGBT AR RS 70 3, AR TN ARG ot
FERIEOLT, ARGl [l B AE R D XK E A0 2
L, RIFEARFD XA SR T R 4 IR — R[]0
Bl 105 . BATHIBT Fe 45 R R IR 4R T
RGHERAEFD I 2P EZ AR B, el
FER] —#E & R IR, R T RGAERIL X 2
Fatk.

2 AFERAS AR

BATE ST ITHE (5) Frti ik M AHE 775 [ 25
X AAERE X (1 % W 2 8 F B0 2;, UEXT &
G2 R BN AT NE AR IR. AR,
M EARIE T = 0. B 4T 2GR
HINN =3, N =10, N = 20, N = 50 [{]°F- 545
# 0, PR T RGBT K AR ERD . A
T E AR w,; 7F [—1, 1] Y5 Bl Y BEHLIZ E 4]
BRI ZI AL [0, 2m) TER AT EAE. M 1 (a)
FELLER], TN =3R4, BEMAREN

170504-2


http://wulixb.iphy.ac.cn
http://wulixb.iphy.ac.cn

¥ 12 ZF R Acta Phys. Sin.

Vol. 64, No. 17 (2015) 170504

BN, 3R 1T 5 00 6 32 TV SR B AR [R] (1 A 2
w=01, N4, B1(b)—(d)aRsE T
N = 10,20 #1 50 [ [ 2273 200, RGAEAF RIS
SRR, WIAGARALER A2 (0.2 YUl N REALIE RS, AT
PLRIL, fEAEFRID X, BEARBIAE 2% AN R, BT By
BAFE N WIS, [F5 5 7 W # 2 B — 1, 1X 368
FEAERIE X KRG 3) )5 BA w1, BPRA §—
I 5. AR 45 SRk AR FE 3R 7 52 A TR AP I
ATLVERIX T N > 3RS, B 7 FdiEe =0
HIE S &AL, AR R e, HERXE
1(b)—(d) TEF &  K BRI 1A% £
FATNAET K BN, K 8N A5 3
FEARRIRTHAR, M K 5K N T 3R 740

1.0
N=3 (a)
o
o
05F
91
GG
o] 0 ;@? T
—0.5 | e;f
o
=
710 1
0 1 2 3

K1 ARRTERGTHHE Q HMERE K ZUKFEE > 2 H

(¢) N =20; (d) N =50

FRIEAEF — 33 b, AF D STRE A FBIIG % AF
BAABIAFRMFEL 23 23X H S RGRT
MR, BATRILRERE RGN, 73308
FRSO B0, | T B ARSI AT da AR A7 (AR B A,
TR ERMBIRE BT, RAHANLETHES
EAEAF D SCHME— & b, AR RMEE D
X, SR L EMERE RN R, B,
MEIR T RASGAIERFED B T 2AFPES
HEMIR. XRS5 IRT BRIFRK AL
TR, AT EIRT (1 H IR HoAl o A (40
o) oL, KILRGFRES BN EET X
A

(b) N=10 0o®

N=150

° Be@gaﬁ

°

@®° @y
mouacamae common 0@ ©®3
GO0 COERDETDO O TR0 e §
o

o o®
°
00 @
)
©o CRBEDO 6000 op]
° & °o o
° ° o
%0,
°

-5.0

0 1 2 3 4 5

(a) N = 3; (b) N = 10;

Fig. 1. Bifurcation trees of average frequency for different system sizes N = 3, 10, 20, 50, respectively.
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different steady states. The size of slope from numerical simulation coincides with our theoretical results;

(c) The phase difference of neighbor oscillators in synchronous states; (d) The order parameters of different

states.
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Fig. 7. Bifurcation trees for system with N = 9: (a) Bifurcation tree with increasing coupling strength from zero;

(b) The plots of §2 versus K, the coupling strength decreases adiabatically from K = 4.00 gradually and the initial

state is in a zero branch; (c) The plots of §2 versus K, the coupling strength decreases adiabatically from K = 4.38

gradually and the initial state is in a negative branch; (d) The plots of {2 versus K, the coupling strength decreases

adiabatically from K = 5.04 gradually and the initial state is in a positive branch. The initial phase in (b)(c)(d) is

chosen as the final phase under the corresponding coupling strength in figure (a).
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Abstract

A significant phenomenon in nature is that of collective synchronization, in which a large population of coupled
oscillators spontaneously synchronizes at a common frequency. Nonlinearly coupled systems with local interactions are
of special importance, in particular, the Kuramoto model in its nearest-neighbor version. In this paper the dynamics of a
ring of Kuramoto phase oscillators with unidirectional couplings is investigated. We simulate numerically the bifurcation
tree of average frequency observed and the multiple stable states in the synchronization region with the increase of
the coupling strength for NV > 4, which cannot be found for N < 3. Oscillators synchronize at a common frequency
w = 0 when K is larger than a critical value of N = 3. Multiple branches with {2 # 0 will appear besides the zero
branch, and the number of branches increases with increasing oscillators for the system N > 3. We further present
a theoretical analysis on the feature and stability of the multiple synchronous states and obtain the asymptotically
stable solutions. When the system of N = 2 reaches synchronization, the dynamic equation has two solutions: one
is stable and the other is unstable. And there is also one stable solution for N = 3 when the system is in global
synchronization. For the larger system(N > 3), we study the identical oscillators and can find all the multiple branches
on the bifurcation tree. Our results show that the phase difference between neighboring oscillators has different fixed
values corresponding to the numbers of different branches. The behaviors in the synchronization region computed by
numerical simulation are consistent with theoretical calculation very well. The systems in which original states belong
to different stable states will evolve to the same incoherent state with an adiabatic decreasing of coupling strength.
Behaviors of synchronization of all oscillators are exactly the same in non-synchronous region whenever the system
evolves from an arbitrary branch according to the bifurcation trees. This result suggests that the only incoherent state
can be attributed to the movement ergodicity in the phase space of coupled oscillators in an asynchronous region. When
the system achieves synchronization, the phenomenon of the coexistence of multiple stable states will emerge because of
the broken ergodicity. All these analyses indicate that the multiple stable states of synchronization in nonlinear coupling

systems are indeed generically observable, which can have potential engineering applications.
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