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Table 1. The first five physicists’ Hermite polyno-
mials.
Hermite ZIzCH%L
The degree of Hermite

AU SN

Hermite polynomial

polynomial
0 Ho(z)=1
1 Hi (z) =2z
2 Hs (z) =422 — 2
3 Hj (z) = 8z3 — 122
4 Hy (z) = 162* — 4822 + 12
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Table 2. Discrete model description of lattice Boltzmann method. For the seeking of space saving, the parameters illus-
trated in this table are of the corresponding unidimensional models. In numerical implementations, they require tensor
product illuminated in Eq. (9) and Eq. (10). It should be noted that the table lists the lattice constant ¢ instead of the lat-

tice sonic speed ¢s, which can be expressed as ¢ =1/ V2.

Model name Discrete velocityset { va } Lattice constant ¢ Weights { wq }

D2H2 {0,£1} 1.2247 x 109 {6.6667 x 1071, 1.6667x10~1}
D2H3-1 {0,+£1,4+3} 5.5343 x 101 {7.4464 x 1072, 4.1859 x 1071, 4.4182 x 1072}
D2H3-2 {0,42,45} 3.4420 x 1071 {3.1044 x 10~1, 3.0997 x 10~1, 3.4812 x 1072}
1 {4.7667 x 1071, 2.3391 x 101, 2.6938 x 10~2,
D2H4 {0,£1,+2, 43} 8.4639 x 10 81213 x 104}
1 {1.6724 x 101, 3.0315 x 10!, 5.3303 x 10~ 2,
D2H5 {0,4£1,42,43,45} 4.7940 x 10 57992 % 102, 2.0013 x 10-3 )
149 43 44 4 6.8590 x 10-1 {3.8694 x 101, 2.4178 x 101, 5.8922 x 10~2,
D2H6 {0,£1,£2, 43,4, %5} 8590 x 5.6153 x 1073, 2.0652 x 104, 3.2745 x 106}
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Fig. 1. Positivity analysis of lattice Boltzmann discrete models. The dash squares denote the positive areas of each lattice

Boltzmann discrete model, which are constructed as [—Upos; Upos] X [—Uposs Upos|. The Upos values of each model are annotated

after the model names.
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Table 3.  Case design for lattice Boltzmann method.
Case name Step time/s ULB,0
a 1.570796 x 10~2 0.5
b 3.141593 x 1072 1.0
c 4.712389 x 102 15
d 6.283185 x 102 2.0
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Error =
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T3 WL IE (5 P B3 T 00 3 B REIR ) A2 A R, 1 T X s (R80T BT AL 3, AL DX (1.0, 2.0] YE L A2 Ak

Fig. 2. The initial « filled contours of designed Taylor-Green vortex simulations for each lattice Boltzmann model in the fluid do-

main [0, 27] x [0, 2x]. Each column is a simulation set of a lattice Boltzmann model with different designed cases. Each row is a set

of a simulation case with different lattice Boltzmann models. The values in the contour panels are the values of Aw, i.e. the differ-

ence between the upos and the designed wurpo. For the sake of identifying the positivity violation process of a lattice Boltzmann

model, the filled contours truncate the range of « , limiting into [1.0, 2.0].
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5 &M T Boltzmann A5 i 8 B2 R U2 % 53 2k 18] B H 81 X R A% 7 Boltzmann AR 17 WX 2 3 -5 T.00
Fig. 3. The U? contour lines of Taylor-Green vortex in fluid domain [0.3775,0.6225]n x [0.3775,0.6225|n at half-value decay time

t = 3.4657359 s, including the theoretical solution (denoted as “Theoretical”) and the numerical results of lattice Boltzmann mod-

els. Each column is a set of simulations under the designed cases. Each row is a set of simulations under selected lattice Boltzmann

models including the theoretical solution.
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Fig. 4. The error evolution of each simulation. The panel a, b, ¢, d renders each designed case in Table 3 respectively. For the sake

of rendering, the unit of the time axis is scaled as 0.173286795 s.
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Fig. 5. The error comparison of Taylor-Green vortex simu-
lations with postive value of Aw. The designed configura-
tions of Taylor-Green vortex are denoted with line styles, in
which the solid, dashed and dash-dotted line indicates case
a, b and c¢ in Table 3 respectively, meanwhile the lattice
Boltzmann models are labeled with line colors and markers.
For the sake of rendering, the unit of the time axis is scaled
as 0.173286795 s.
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Fig. 6. The numerical performance of Taylor-Green vortex simulations vs the value of Aw. Panel a plots the numerical errors of

model D2H4 under case a, b, ¢ and model D2H5 under case b, ¢, d, which possess close value of Aw respectively. Panel b plots the

numerical errors of simulations with a value of Au around —0.30. The numbers labeled on the curves are their values of Aw. The

simulation configurations are denoted with line style, in which solid, dashed, dash-dotted and dotted line indicates case a, b, ¢ and d

respectively, meanwhile the lattice Boltzmann models are labeled with line colors and markers. In all panels, the results of model

D2H3-2 with four designed configurations are plotted for a reference. The designed configurations of Taylor-Green vortex are de-

noted with line styles, in which the solid, dashed, dash-dotted and dotted line indicates case a, b, ¢ and d in Table 3 respectively,

meanwhile the lattice Boltzmann models are labeled with line colors and markers. For the sake of rendering, the unit of the time ax-

is is scaled as 0.173286795 s.
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Fig. 7. The numerical performance of Taylor-Green vortex
simulations vs initial . The error evolutions of numerical
simulations with negative values of Aw but negligible de-
parture of initial x from 1 are plotted, including model
D2H3-1 under case ¢, model D2H3-2 under case d, model
D2H4 under case b, model D2H5 under case c¢,d and model
D2H6 under case b, c¢. The results of model D2H3-2 with
four designed configurations are also plotted for a reference.
The designed configurations of Taylor-Green vortex are de-
noted with line styles, in which the solid, dashed and dash-
dotted line indicates case a, b and ¢ in Table 3 respectively,
meanwhile the lattice Boltzmann models are labeled with
line colors and markers. For the sake of rendering, the unit
of the time axis is scaled as 0.173286795 s.
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Abstract

Traditionally, the numerical performance of the lattice Boltzmann method is mainly determined by the
moment degree of a discrete equilibrium distribution. The equilibrium distribution positivity is merely
considered as an ancillary property which is used to constrict the numerical configuration. With the newly-
developed partial Gaussian-Hermite quadrature scheme, the positivity of equilibrium distribution is validated as
an independent property like moment degree which can be adjusted by discrete velocities. Researchers
speculated that the positivity should also be significant for the numerical performance by the lattice Boltzmann
method and can be used to improve the performance. Comparing with the classical improvement through
moment degree, the positivity approach will not bring additional computation. However, due to the lack of
boundary treatment, the speculation has not been validated by detailed numerical simulations. In this paper,
through employing a periodic case, the Taylor-Green vortex, to avoid the boundary issue, we in depth analyze
the numerical effect of the model positivity, including the numerical accuracy in the model positive range, the
influence of positivity on the numerical performance, and the significance comparison between positivity and
moment degree. The results show that for a given model, the numerical accuracy is not consistent in the whole
positive range. As the configuration is close to the border of positive range, the accuracy will degrade though it
is still acceptable. The numerical performance of a model depends on both moment degree and positivity. The
role that the moment degree plays lies mainly in the qualification of a model on Galilean invariance. Once a
model fulfills the Galilean invariance, its numerical performance is solely dependent on the positivity. Hence,
the improvement approach through modifying the model positivity is a viable solution, and a Galilean invariant
model with wider positive range does possess a better numerical performance regardless of its moment degree.
Furthermore, based on the numerical results in this paper, all DnHm models with high moment degree are
better than the classical D2Q9 model. Of the above models, the D2H3-2 model has the best performance and

deserves to be further studied
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