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Fig. 1. Typical compound relaxation oscillations in system (1): (a) @ =1.5; (b) @ =0.4; (¢) a = 0.2. Other parameters are fixed
at y=4,6=1, /1 =099, f2=1, w=0.01 and 0 = —x/2.
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Fig. 2. Bifurcation sets of the subsystem (2a) (a) and (2b) (b) in the parameter plane (w, ). Here GH represent the generalized

Hopf bifurcation, SubH represent the subcritical Hopf bifurcation, SupH represent the supercritical Hopf bifurcation, LPC represent

the limit point cycle bifurcation. The values of system parameters are the same as those in Fig. 1.
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Fig. 3. Typical stability and bifurcation behaviors of the fast subsystem (2) in the areas A, B and C: (al), (a2) a = 1.5; (bl), (b2)

a=0.4; (cl), (c2) o =0.2. The values of other parameters are the same as those in Fig. 1.
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2 0 i 75 A BRI Ak 22 ] 2232 5. SR T SubH,
5328 ) S SubHj 4378 k10 B I () JE 8, BhZkad
RAAT ek EARERER, Bkt C a5 i iz X, X
TR . RVRSGE ™4 T 1Ef XA PSE.
AL SR T, B G X B IR SubH; 43
@R B s BIRRE AT B B 188 B Y 2k
SRF /N, HL4kE s 3] SubH, 4 FF R R IR, &
LPC, AUa, Fe AW BRI fold 4372, BBk 31
FE MY BRER |, {H i T a0, Il
SEZERYR, MRS 3 — B a] 5 R AR 2 R 3
I, 3 sin(0.01¢) Fe/MER, T8 — KGR, FFIR T
ASJEL . Ao AT DA TE SR g ok AR i T
subHopf/fold cycle % ik mp=CH 4.

B B Mo BUEIX IR B i}, BIHAL S
AT A RS o = 040, ZES B ALIE R A,
WU o IS 2377 HE e PR IR A2 A il 3 (B AR AL
BT RG50S AR AR SN, ikl 7 Fios.

THIE B 51IE A MUEA R, AL R BAE,
%I BE k4 Hr 5 1% 2 A ¥ 28 subHopf/fold-
cycle #4525 Akt 4R . A s BARR BN LT
WA — 7T, 2 sin(0.01¢) A1 3] 1 B8k

Py FR A, B 7(a) WAL, BZIE 3 e 1) TG
B8, S BN FEIERE, e &k
H I SE AL T subHopf/fold-cycle 4375 . AN [R] ) /2
TENIE A T8 6(a) Y, BLERAUALHT B R E RO FRER
B3, REEMNTRE IR A KA, HE
sin(0.01¢) M\ 1 31 B/ N st B b A = R 5 28
RIG KT PSE BLR; 5 —Jrii, MIE 2 g nl &
2w -1 3] TR R, 7EHIE A T
WA P AATAT 5325, TAEIE Brh e &4 1T 41k
AT R, INEAS T B ] AR 6(c) AT 7(c)
s AT AR BT R B, 7R DB, 16 B h&
H1 PSE 352 1Y R M8 9% 377 12 A RS 4R 0 Fl B e 9 DX s
HUIFIE A EBEE /)N,

3.2 £ &3 supHopf/supHopf &

I 2 A, YA o PR AER I C(Hl o < 0.333)
B, 188 ] LSRN IR] 19 43 2 4R, B i &R
[l 3 SRS 2= 8l 24T . AR MR S
SRR AR . MBS E o TEFEIX IR C i, AR
a N FBUEWAF M Z17 0. I, AR—
P, ZE TSP EESE o = 0.2.

070501-6


http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1
http://wulixb.iphy.ac.cn/CN/volumn/home.shtml#1

Y B ¥ R Acta Phys. Sin.

Vol. 69, No. 7 (2020) 070501

i
| \"

—-0.5 0 0.5

0.5

—-1.0 1.0 —1.0 1.0
sin(0.01¢t) sin(0.01t)
2
) ()
s 0r (L \‘\”"WWW,”W /
-1 ! »
' x=sin(0.01t)
B lléOO 115300 11;100 . 11500 lléOO ll'ITOO
t
B 7 1B 1(b) SRR G P A

Fig. 7. Fast-slow analysis of the relaxation oscillations in Fig. 1(b).
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Fig. 8. Fast-slow analysis of the relaxation oscillations in Fig. 1(c).
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Compound relaxation oscillations connected by
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Abstract

Relaxation oscillations are ubiquitous in various fields of natural science and engineering technology.
Exploring possible routes to relaxation oscillations is one of the important issues in the study of relaxation
oscillations. Recently, the pulse-shaped explosion (PSE), a novel mechanism which can lead to relaxation
oscillations, has been reported. The PSE means pulse-shaped sharp quantitative changes related the variation of
system parameters in branches of equilibrium points and limit cycles, which leads the system’s trajectory to
undertake sharp transitions and further induces relaxation oscillations. Regarding externally and parametrically
excited nonlinear systems with different frequency ratios, some work on PSE has been reported. The present
paper focuses on the PSE and the related relaxation oscillations in a externally and parametrically excited
Mathieu-van der Pol-Duffing system. We show that if there is an initial phase difference between the slow
excitations with the same frequency ratio, the fast subsystem may compose of two parts with different
expressions, each of which determines a different vector field. As a result, the bistable behaviors are observed in
the system. In particular, one of the vector fields exhibits two groups of bifurcation behaviors, which are
symmetric with respect to the positive and negative PSE, and each can induce a cluster in the relaxation
oscillations. Based on this, we present several routes to compound relaxation oscillations, and obtain new types
of relaxation oscillations connected by pulse-shaped explosion, which we call compound “subHopf/fold-cycle”
relaxation oscillations and compound “supHopf/supHopf” relaxation oscillations, respectively. Our results show
that the two clusters in the resultant relaxation oscillations are connected by the PSE, and the initial phase
difference plays an important role in transitions to different attractors and the generation of relaxation
oscillations. Although the research in this paper is based on a specific nonlinear system, we would like to point
out that the bistable behaviors, the PSE and the resultant compound relaxation oscillations can also be
observed in other dynamical systems. The reason is that the fast subsystem composes of two different vector
fields induced by the initial phase difference, which dose not rely on a specific system. The results of this paper

deepen the research about PSE as well as the complex dynamics of relaxation oscillations.

Keywords: relaxation oscillations, pulse-shaped explosion, frequency conversion fast-slow analysis, multi-

frequency excitations, bifurcation mechanism
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