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Fig. 1. Comparisons between the present numerical results
and analytical solutions with different times under the uni-

form and local refinement particle distributions.
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Fig. 2. The numerical convergence versus time under different

particle numbers.
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Table 2.  The Lynorm error Fo at different times
under the uniform and local refinement particle dis-

tributions.

t B2y oA ISEIES
0.1 2.2976 x 10° 9.7058 x 10°¢
0.3 3.4419 x 10° 2.5119 x 10°
0.5 4.8081 x 10°° 4.3028 x 10°
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Fig. 3. Different cases of particle distributions: (a) Uniform

case; (b) local refinement case; (¢) non-uniform case.
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Fig. 4. The present numerical results under the uniform and

local refinement particle distributions.

2 3G TR TR do = 0.047E FPM J7
22T SR TR FE 547 bR B S o A% pR AU 0 T 1Y
L8525 Ex Wb, B2 3 AT, SR R FE 4%
% R R 158 22 LU R HT e S A% pRBC R 1R 22 /. LUt
R ARG B, ALl AR FH LU S5 A% R AL

£ 3 WHAEEE do = 0.04 [T TLIRAE A% RS
S BB L0 0R S By XTI

Table 3.  The Lynorm error with quintic spline
kernel and gaussian kernel functions at do = 0.04.

t FLRFE S PR e T PR
0.001 0.0082 0.0107
0.005 0.0186 0.0243
0.010 0.0207 0.0272

it — A R B Y LR-FPM J7 32 5 4
Neumann i1 5[] #8510 BOEDRS B FNICSIGH B 35 4
B T R i R[] A (5 R 5 2 RIS Sy
e 4 AT A B 15 22 W 2 4510 1 T i ek
N, H do=1/20% dy = 1/40 19 % 22 2 1k 1
do = 1/40 % dy = 1/60 B TR ZEE4L K. 45 H AT LR-
FPM A4 Neumann AR &4 T C-H H R H
B IS

e AN A o TN 19 | s RS E |
YIS A G OL R LR 22 By 3 M 5,
AL W R T R AERL T o AR Y S AR A 201
RSB BUETR 225630, R i il T 122
T/ NF Y A GO T iR 25, 00 =88 N2 B
A5 R B

® 4 =001 s 2 TR T EEEAY L-fu 4L

122 B FISIY
Table 4. The Ly-norm error E9 and convergence
rate at £t = 0.01s.
ARl fiEl Es ey
do =1/20 0.0332 —
do =1/40 0.0078 2.09
do =1/60 0.0032 2.20

I e a8 s 7 RN 3 ) 1 7 PR [ K s i
TEHLT I Lo-TuB0R2E By XTI
Table 5.

under the uniform, local refinement, and non-uni-

The Ly-norm error FEg at different times

form particle distributions.

t B i SRyt A5 AR
0.001 0.0082 0.0049 0.0089
0.005 0.0186 0.0124 0.0150
0.010 0.0207 0.0184 0.0233

/B s 0 S/ VA R 2% A | o K8 B PR
IR ARG, 2% 6 51 T ¢ = 0.01 sBf A A
TR AE S 50 43 A 18 DL T B iR 22 F 8B,
e 4. 3 5 3 6 WA, KL FO7 EEAE A A 40 A AR
P54 ARG 0 T 45 3 BB E 25 R 22 40 L AR,
B T e I B E 384 DX 3 ) g A
L, FARFFRC U RS B . AR SCHORE T 7 AR 52 A%
BRI, AT DAZEASDL X el AT A B L %o )
WEATRERLSCIN, B AR S T B AR G ket
38 2R AN X B8 | C-H [ BB 4.

#6 t=0.01sBRFERTRIFEIE S S04 R O
TH) L-uBUREE By FELHY
Table 6.

rate at t = 0.01 s under non-uniform particle distri-

The Lynorm error Ep and convergence

bution.
KLy B Es [he Ty
do =1/20 0.0251 —
do =1/30 0.0114 1.95
do = 1/40 0.0063 2.06

5 C-H 7R EEN

T AR B Y LR-FPM KL T J7 1550
{EASEAD) C-H R R, AT o3 e —4E ) — 4k
Neumann i1 5 Jof#Mr fie C-H A1, I 5 SCHR [8]
T BT B EUR Sr RAON A PR 2243 (finite difference
method, FDM) JEARHL45 FAHOT EE.
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51 —% Neumann 75 C-H 718

ZEXI 2 = [-1,1] L2 A Neumann MI{EH 5
PRy C-H I, Hakiks U

ou 0% 8G

==,

ot 0x2 du (17)
ou " oz2’

XoF IS (R (B 25 4 M wo () = 0.532+0.47 sin(—1.5mz)
FE SRR
dup_ow 093G _ 036 _
Orle=—1 Oxla=1 Oz dulz=—1 Oz du lz=1
A Ry —YE TC A BT ff 194 Neumann i1 5
C-H e, R R E ZWAHOL o B G, WA
SRAE W R J7 i 1 Jo i~ 1 A Jo 0 i 1 AR R
. AT5ia [ LR-FPM J7ikste? = 0.3 1500 T 545
AT TR, JF5 3CHk [8] H FDM ik ah ik ir
Y. B 5 5T €2 = 0.3, WHEE K Ry dt = 1076,
W25t = 0.2, ¢t = 2 s =[5 B 200 3 A
Bk R ZE . iRl 5 Al %1, LR-FPM Jrikfs
#| f9 7% Neumann i1 #t C-H J7 & W) 80 (H % 5
FDM 2552wy 4. K 6 45 H T &2 = 0.03,¢ = 0.2 shi}
ZI TR R I &, 7 [-1.0, -0.8], [0.8, 1.0]
Ab N, RERG 0.02 PR ES A Bk, 7E (0.8, 0.8)
PIAERR 0.04 (RE AR ER . FIEL 6 Al %0, ki Fi
S SRmEMMEBEEN THBEMESLERLYY
FDM 251 W&, (0 R in 18 0 B Bl 4h L
50T FDM aR. ixit— 2R R LR-FPM
i A C-H R T AR ).

1.0
— LR-FPM
--- FDM
0.5 —
t=0s —
3 0r
t=0.2s
—0.5 =" t=20s
_1.0 . . .
—1.0 —0.5 0 0.5 1.0

xT

Bl 5 2= 0.3 BB Z] FDM 45 5 LR-FPM 45 4t
Fig. 5. The numerical results obtained using FDM and LR-
FPM at different times with €= 0.3.

1.0

0.5

—-0.5

-1.0 ' : :
~1.0 -05 0 0.5 1.0

x

6 &2 =0.03, t=0.2sM 2] T 255040 5 )5 50
BT BE SRR L
Fig. 6. The present numerical results under uniform and

local refinement particle distributions at €2=0.03, ¢ =0.2's.
5.2 % Neumann 315 C-H 7%
R ) FPM J5 K i Neumann i1
AN C-H R IE, A7 % B IEHTEIX

I 02 =[0,0.8] x [0,0.8] % 2 21 F A AE £
P C-H A2, HXF R ) R Al (45 1Y Sy

ou 9
{E MV (18)
p=u®—u—e2Vu.

PMELZRAT

u(z,y,0) = 0.1cos (275%) cos <2n%> ;
H (SL', Y, 0) = U(.’I}, Y, 0)3 —u (Z‘, Y, O) - €2V2’U, (ZL'7 Y, 0) )

F1 Neumann i1 57 &4k

Bl 7 t=0.1sH% FPM Jy B4 R
Fig. 7. The FPM result at ¢t =0.1s.
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H 04 HH -04
I 0.2 S E o6
I —08 : I —0.8
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0
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éo.g ....... c e éo.s
06 . T 1Hos
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] P A : — 0o
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HHE o2 15 s
2 P A i
] —06 0.2F e o o ¢ — o
~1.0 R N 1o
0.4 % 0.2 0.4 0.6 0.8
X X
B8  t=0.08sHfZIA Sy BEAE 5 30k (1) P RUESEL S A (a) SCHR [11] PBUE S R (b)— (d) A0 ik 7E = Floks
T T (e s R

Fig. 8. The contour results obtained using the present method and the numerical results in ref.[11] at ¢ = 0.08 s: (a) Numerical

results in [11]; (b)—(d) present numerical results.
Vu-n=Vyu-n=0,
Hrhr,=L,=08, e=+10.002, M, =0.5.

Bl 7451 T ¢ = 0.1 sH %) LR-FPM J7 % iy 15
LR, 53R [11) hEEZE RAR LLEL, WTLUE
PR ks R, K 8 45 T ¢t =0.08 s B Z
GRBF J ik M S HZE (K] 8(a)) FIA S ILTE
SRR AT B SHEL R (8 (b)—
Kl 8(d)). IEREWERE 8 FIHI, A S IR T35
G3AG RN DL AR 5 43 A O T A5 B A
Neumann i1 % C-H H R EEHEMHE M5
GRBF 451 W)4, WA SC7 B BUE B0 e By
F40 Neumann 11 5 C-H [R50 AT SEA.

K945 H T t = 0.08 sHFZ A [Pk 18] B 45
B 53T I 0 LK Jmy N 43 A1 T AU S S
& 9 W1, LR-FPM B #ii — 4 C-H [n] T
SRSy, I, LR-FPM A8 &% . Al 4% s 11l
C-H I, 255 ot Jrii s sl AR 415 3 A G L T
(LA ALL.

1.0
%
0.5 *Q
3 0 1 %i
. 1)
é
_o05t é — dp=0.8/40 kﬁ
f? -»- dy=0.8/60 1Y
P -8 dy=0.8/80 fi
Egjf"f LR-FPM “t‘:tx;n_
_10 . . . . .
0 0.2 0.4 0.6 0.8
Y

Bl 9 ¢=0.08 s I} 2k )y Ao 4 o A1 175 00 B AR fi Wi 8
Fig. 9. The numerical convergence obtained using the

present method under different particle distributions at
t=0.08s.
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Abstract

The phase separation phenomenon between different matters plays an important role in many science
fields. And the high order nonlinear Cahn-Hilliard (C-H) equation is often used to describe the phase separation
phenomenon between different matters. However, it is difficult to solve the high-order nonlinear C-H equations
by the theorical methods and the grid-based methods. Therefore, in this work the meshless methods are
addressed, and a local refinement finite pointset method (LR-FPM) is proposed to numerically investigate the
high-order nonlinear C-H equations with different boundary conditions. Its constructive process is as follows. 1) The
fourth derivative is decomposed into two second derivatives, and then the spatial derivative is discretized by
FPM based on the Taylor series expansion and weighted least square method. 2) The local refinement and
quintic spline kernel function are employed to improve the numerical accuracy. 3) The Neumann boundary
condition with high-order derivatives is accurately imposed when solving the local linear equation sets. The
1D/2D C-H equations with different boundary conditions are first solved to show the ability of the LR-FPM,
and the analytical solutions are available for comparison. Meanwhile, we also investigate the numerical error
and convergence order of LR-FPM with uniform/non-uniform particle distribution and local refinement. Finally,
1D /2D C-H equation without analytical solution is predicted by using LR-FPM, and compared with the FDM
result. The numerical results show that the implement of the boundary value condition is accurate, the LR-
FPM indeed has a higher numerical accuracy and convergence order, is more flexible and applicable than the
grid-based FDM, and can accurately predict the time evolution of nonlinear diffusive phase separation

phenomenon between different materials time.

Keywords: pure meshless method, Cahn-Hilliard equation, local refinement, nonlinear diffusion
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