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Fig. 1. (a) Two-dimensional harmonic potential (Eq. (2)), where Lo is the character scale of the system, w’ Lo/(v/2a) = 1, and
wy = 2w}, . To break the discrete symmetry, we added a §(x — @0,y — yo) potential at (25/Lo,ys/Lo) = (—0.278,—0.226); (b) On
the potential given in Fig.(a), we added an additional Gaussian potential Vg = Ucf[(“”*“”G)2+(?/*31G)2]/(2"2)7 where U = 1t,
o/Lo =0.2828, and (zg/Lo,yc/Lo) = (—0.3441,0.1226). Thus the potential field forms two valleys and one peak, and the posi-
tion of the bottom of the right valley is (v /Lo, yv/Lo) = (0.3574, —0.0179), with corresponding potential Vi, = 0.1053¢. There

are two saddle points between the two valleys, as marked by the crosses, with corresponding potential values 0.591¢ and 0.976¢.
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Fig. 2. The Poincaré section of the motion of a particle moving in the potential field given by Fig. 1(b), e.g., when p;, =0, Dy Vs

the angle 6 of this point with respect to the bottom of the right valley (zv,yv) ((a)—(c)). The total energy of the particle is
E =0.3t (a), E=0.45¢t (b),and E = 0.75¢ (c), respectively. (d) The six classes periodic orbits that will be discussed later.
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Fig. 8. The quantum numbers n along the trajectory vs energy. m = 0 for all cases. Crosses are the numbers of wavelengthes

counted from the wavefunctions minus one, circles are derived from the semiclassical formulas. (a)—(d) correspond to C3-C6 orbits,

with E, = 0.0220¢, 0.0013¢, 0.0280¢ and 0.0193¢, respectively. Insets show some typical scarring states and the corresponding
classical orbits, and the difference An between these two methods. Note that C3 orbits only appear for E > 0.35¢ when C2 be-
comes unstable. C4 is the other unstable branch of C2, and becomes stable only for E > 0.95¢t. C5 and C6 are orbits connecting

the two potential valleys, only appear when higher energy is high enough.
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SPECIAL TOPIC—Statistical physics and complex systems

Quantization condition of scarring states in complex
soft-wall quantum billiards”

Li Xiao-Liang  Chen Xian-Zhang Liu Chen-Rong  Huang Liang'

(School of Physical Science and Technology, Lanzhou University, Lanzhou 730000, China)
( Received 11 March 2020; revised manuscript received 3 April 2020 )

Abstract

Quantum scar is an intriguing phenomenon in quantum or wave dynamics that the wavefunction takes an
exceptionally large value around an unstable periodic orbit. It has attracted much attention and advances the
understanding of the semiclassical quantization. Most of previous researches involving quantum scars focus on
hard-wall quantum billiards. Here we investigate the quantum billiard with a smooth confinement potential
which possesses complex classical dynamics. We demonstrate that the semiclassical quantization approach
works well for both the stable and unstable classical periodic orbit, besides the fact that the shape of the orbits
varies as the energy increases or even the stability switches. The recurrence rule of the quantum scars in this
complex solf-wall billiard differs from that of the hard-wall nonrelativistic quantum billiard, such as being
equally spaced in energy instead of being equally spaced in the square root of energy. These results implement
the previous knowledge and may be used for understanding the measurements of density of states and transport

properties in two-dimensional electron systems with random long-range impurities.

Keywords: quantum scar, soft-wall quantum billiard, complex smooth potential quantum billiard,

quantization rule
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