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ABSTRACT

Wang’s generalization of Bethe's theory of superlattices is applied to the cases of
quadratic and simple cubic lattice. Only neighbour interaction is taken into consideration.
All the calculations are carried out to the second approxXimation.

The variation of the critical temperature with composition is calculated. The degree
of order, the energy and the specific heat are calculated for the special case of equal numbers
of A and B atoms at various temperatures. It is found that the results differ very little from
those obtained by Bethe in the second approximation. In the case of the simple cubic lattice
the discontinuity of the specific heat is found to be-only slightly larger than that obtained
by Bethe. - :

’

1. INTRODUCTION

The problem of superlattices in alloys was first studied by Bragg and
Williams.  They attempted to connect the physical properties of the alloy
at a given temperature with the degree of order in the distribution of
atoms in the alloy as a whole by assuming that there is an average energy
in maintaining the order. Later Bethe gave an improved theory in
which the order of the alloy is regarded as set up by the interaction
between neighbouring atoms. In Bethe’s method the equilibrium pro-
perties of the alloy are determined by an indirect method without
evaluating the partition function. Thus this method in its original form
1s not applicable to problems in which a knowledge of the partition func-

L 4

tion is required.

To mend this defect Professor J. S. Wang' has given a method of
obtaining an approximate expression for the partition function in Bethe’s
theory. In this method the partition function is obtained by integrating
the configurational energy of the alloy obtained from a generalization of

* Based on an M. Sc. dissertation. National Tsing Hua University, 1948
1. J. S. Wang, Phys. Rev. 67 (1945), 98-106.
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Bethe’s theory. The equilibrium values are determined by means ot the
usual formiilae in statistical mechanics in terms of the partition function.

In the present paper the author applies Wang’s general theory to
the special cases of quadratic and simple cubic lattices, working to the
second approximation. For simplicity only interactions between nearest
neighbours are taken into account. Special emphasis is laid on the case
of alloy with equal numbers of A and B atoms so that a direct comparison

with Bethe’s original results can he made.

2. GENERAL FORMUI.ARE

In the present problem of superlatiices in a binary alloy consisting
of two kinds of atoms A and B in a quadratic and simple cubic lattice the
lattice points are divided equally into two classes @ and j, each class
having #/V sites, where [V is the total number of sites. Let 6, and 6, be
the fractions of @ and # sites occupied by A atoms. 'Then if N6 is the
total number of A atoms, we have

0, + 05 =20. ' )
The degree of order, s, is defined by
8§ = 0‘, - 05 ! (2)

Our.problem is to determine the equilibrium values of s and of the energy
by the method of statistical mechanics.  The usual procedure in statistical
mechanics is to cohstruct the partition function and derive all equilibrium
properties from it. -Unfortunately this procedure does not work when the
atoms have strong interactions with one another, and approximate methods
have to be used.

In Wang’s generalization of Bethe’s theory an approximate expresqion"
for the energy is obtained from a local grand partition function, which is
constructed for a group of a few sites around a given central site. The
partition function is then obtained by integrating the energy expression
thus obtained and the equilibrivin value of s is derived from the partition
function by the usual formula. I'wo ways of obtaining the energy
expression have been given, of which one is particularly convenient in



STATISTICAL THEORY O SUPERLATTICES 209

the case of interaction ouly between nearest neighbours and will be chosen
in the present paper. The group of sites for the construction of the local
grand partition function to the second approximation consists of the central
site, the first shell sites which are nearest neighbours to the central site,
and the second shell sites which are nearest neighbours to the first shell
sites.  The second shell sites are divided into two subgroups, the medium
sites and the comer siles, the former being neaver to the central site than
the latter. (See fig. 1 for the poéiti(ms of these sites in a quadratic lattice.)
Accordingly, there are altogether four kinds of sites in the case of the
second approximation. An A atom on each kind of sites is provided with
a parameter, which is determined by the condition that the fraction of A
atoms on these sites determined by the local grand partition function is
equal to 8, or 8, according as the sites are @ or B sites.

In the special cases of a quadratic and a simple cubic lattice with
neighbour interaction the general formulae in Wang’s paper can be greatly
simplified. For a central a-site, all the first shell s'}tes are 3 sites, and
all the second shell sites are a sites. Hence we have only four parameters,
2, for the central site, &4 for each first shell site, &, for each medium site,
and &, for cach corner site. We shall write these simply as 4, &, &,, &.
Similarly for a central S-sitc we have the parameters 4, ., §,;, {55, which
will be writlen simply as '?’.” £, &, & Again we shall simplify the
HOLALION 2,5 = Zi305 T = Zagpr Zie = Zagy 10 2, 25 25 Then the equations

for the determination of the parameters are!

>

00==laaa—logK;, . (3)
2lp =& ;Tl log Ko, 2300 = ¢, —a~a’) log Koo 2300 = & —a%d log K, )

where K, is the local grand partition function for a central a-site, and is

24

given by
Ky=F + A Fy, -

whiere Framm By, b, 8g) == Dy et e ey (5)
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P‘r = [4'(7] €1, &y 83)*

y = e~ VIkT, V= PA4 . [BE _ Q7AB,

In the expression for F, 'nl runs from 0 to z, n, from 0 to z,, n; fromm 0 to
zs, my is the number of AA pairs among the n, + n, + n; A atoms,  is
the number of arrangements for a given ses of values of n, 1), 15, m,, and
the summation is taken over all values of n,, n,, n,, m,. The parameters
lﬁ, &, o .Cz satisfy a set of similar equations with an interchange of the
roles played by 8, and 6.

Equation (3) can be written in the form

6. _ L Fy 6
1—-6, F 6)

Eliminating 4, in (4) by (6), we obtain
z op =(1—0,) ¢ + 04 Pins
229¢=(1 "Ga) P2 + oaq)‘lnv (7)

280¢=(1—0¢)q’s+009)3m

where

2 .
Py = Py (81, 8, &) = & 5 log F,
t

and Pry = @y (7 &, &, &)-

Here for the sake of simplicity the notation for @, is chosen differenily
from Wang’s original notation (which is ¥,).
Similarly for a central B-site we have

2
P

0{; = }’ﬁ log K@y or N U (\8)

28s=(1—0p) 11 + Op 11, )
Zo 0‘9 = (1 — ep) y &3 + 0{3 Lons

g eﬂ == (1 — Oﬂ) As +- Uﬁ Lo
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where Npg= G + 2 Gy,
G =G (L, 5 ) =F ({;, L, §),
Gy=G (1L, &, L),

1, =10 v‘a—a;- log G. (10)

Here again the notation y, i1s different from Wang’s original notation
(which is w,).

Equations (35) and (36) in Wang’s paper' for the energy E, and the
partition function Q reduce in the present case to

Nz 07
E1=Wk:T‘~‘W—(logK.+long), (11)

and

r

N
1ogQ=§[2%(1 F 24 2o+ 25) — 1] [8alog 0, + (1 — 6,) log (1 — 6,)

+ == [log Kg — 8, log s — z Oglog & — 25 0, log &, — z3 0, log &;]

+ 4—: [log Kg — Oglog g — z 85 log §; — z, 6 log §2.-- 23 0 log L3), (12)

where @ is the number of pairs of nearest neighbouring sites in the group
of the sites under consideration, which includes the.central site, the first
shell sites and the second shell sites.  The equilibrium value of 5 is de-

termined by the equation

, 9 d ’ d o
25,1080 = g logQ = 5 loz Q =0. 13)
in which the differentiation is taken with 5 kept constant. Substituting

the expression (12) for Q in (13) and using (3) and (+), we obtain



o
<

YEE-CHUANG HISU

8p 9 1.0=
TV—; s lon-
6, (1 — 83) Y 21 & . &
~ Dlog ;%7 4+ log — — zlog — + zo log - = + z; log .= = 0. 14
p=3 0[}(1 . aa) )Vﬁ ° 3 2 10g C:! + 3 108 S ( )

where

)
D=14z+z + 23— 24

z

When the value of s determined by this equation is substituted into (11)
we obtain the equilibrium value of the energy.

It is seen that s = 0 is always a solution of (14). For when s = 0
we have, by (2), 0, = 6;, and the two classes of sites « and 8 become
equivalent, so that A, = A5 & ={, &, =C, &5 =_{,. In this case, there-
fore, every term in (14) is zero.

In general the equation (14) has three real roots, one of which is
s =0 and the two other rools are equal in nnmerical value but are
oppesite in sign, one being obtained from the other by interchanging the
quantities for a central @ site with those for a central f§ site. 'The non-
vero root exists when the temperature is below a certain critical temper-
ature, at which the three roots all become zero. The critical temperature
is therefore determined by the condition that the equation (14) has a
multiple root :

;‘l
(52 zQ)_ =0, (15)
which reduces, by (1+4), to
D — .1. Oho _ 0l 20 08 _ % (08 _ O
71 =0 {La(a&, aaﬁ) g (54" aaf,) . (39}, a-gﬂ)

in which use has been made of the relations
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P o, ’ X
(5= 8 (B)0= (5.

=0

a

Iu the special case of equal numbers of A and B atoms, (6 =1 ), the
parameters for central 3 site bear simple relations with those for central
a site. From the expression of /" given in (3) with the consideration that
y is unaltered when n,, n,, n; are changed respectively 10 = — n, z, — n,
zy—n; while m, changes to m, + (z—1) (F—n)+2 (3 z,—n,)+ 3 3,—n; we

can easily obtain the relation”

P (6. 6, &) = =m0 e g2

R O T R N S Rt} (17)

2 i AR

Differentiating with respect to the parameters, we obtain for ¢, the

relatton

oy (&1, &, 83) = (18)
Similarly wé have T
o Cn il i)y =z, — 1 (T == L, 55 =2, 50, (19)

Using (7), (9), (18) and (19), the transformation

& —> LT n7E to —> ' 73 & —> T y!

changes 8, to 1 — 8, and 8, 1o 1 —6,. Therefore at § =& a possible

solution is

!
|

14

{

1 =1
N

3

™
co

f
g

3. Let XAA4, XBB, XMB denote respectively the numbers of pairs AA, BB, AB. we have
2 XAA 4 XAB = (z — 1) nl. + 2ns + ng,
IXBB 4 XA = (5 — 1)z = n) + 2 (20 — ) + (5 — )

.

Thus

BB - XAd = Yoo m ) bmt Lo == 1 9

B - = -2*~(.»— )+"-’+7),"3—-"~ n —2ny — ny.
Since (see equation (J3) of §3) =, = %—:I: -~ 9. zy =z we have

XBB - XAA =2z~ 1) — =2 =D — 2ny — ng.

These relations make the above consideration obvious. A more direct method is to use
equation (22). )
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From genecral considerations in statistical mechanics we conclude that this
is the only solution.
Thus for 8 = % we have, from (17),

F (81, &0, &) = 7=~V 67 632635 F (1§, Lo, &)
= e & e e G (8, Lo, G)
F (1) £, 89, &) = 7% &5 €32 65 G (5, Lo G)-
From (6) and (8) we obtain immediately
hg = },(;‘ Nz,

Using these relations, (14) finally assumes the form

—Dlog 1z“0afl<;gl,,—zlogel + zolog & -+ 23 log &3 = 0. (20)

This is the equation used in the following two sections.

3. THE QUADRATIC LATTICE

~ In this section we shall consider the special case of the quadratic
lattice in detail. The group of sites under consideration is shown in the

figure.
X
X 4 X
® + C + ®
X - X
&
(O Central site 4+  TFirst shell site
X Medium site Q Corner site
Fig. 1. )

The expression of F as given by (5) can be simplified by the following
. method. Let us introduce the new notations



STATISTICAT, THEORY OF SUPERLATTICES 215

> ’

n, =n, Ny == 1oy -+ Moy + Nue, ng = ngy -+ ny;.
The second subscripts 0,1,2, mean that the A atom under consideration has
0,1, or 2 A atoms as nearest neighbours (the central site being excluded).
We have

. my = ney 4+ 2 nee -+ ny :

and

.

. 2 -
-~ F = L'Z &t gy 12g 1y + 13p &g My My PR + 2y - 1y

Denote by m,, m,; = 2m, my, the numbers of adjacent AA, AB,
and BB atoms in the first shell.  In the quadratic and simple cubic lattice

each site tn the first shell has z — 2 adjacent sites. Hence we have

(z—2nEmyp+2meq=2m+2m g,
1]
(z—2)(z—n)=myp + 2mpgg=2m + 2mpp.

But m_, 4, m 5, mpg just give the maximum possible values of 7y, 729, ngy
for given values of n and m. Hence we have

z—l) (z —n) —m, maz. ny =2m,

ECI’H-

max. noyy = (

“

1
max. Ny == (E z— 1) n—m, max. ngy =2z —n, mar. ng; = n.

In the expression for F et us first make a partial sum over the possible
configurations arising from a given set of values of n and m. We can
write F in the form

F ==X 8nm 81" Qnms (21)

where g, is the number of arrangements for a given set of values of
nand . For a quadratic lattice they are given in the following table.

Table of g, for a quadratic lattice

. n 0 1 2 2 3 4
2m 0 2 2 4. 2 0
&nm 1 4 4 2. 4 1
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The function Q,,, is evidently given by

nnt

. [ max. nyy max. ng mazx. ngy max. 1y max. ngy
Qum = 2 ( ) ) )( (7
ngg 1o Tiye g 113

£ 120 ot e g P + 1y y toy + ?”‘z‘z + oy

the summation being taken over all possible values of 1, elc., for given
n and m. Substituting into it the maximum values oblained above, we
have immediately

(42— 1)z sl F et \n(4z~-Dy 1+ gy \»
= (1 + & ) (e L&Y
Qun = (1 + &) (4 )" ()" T ()

(1 + & ’)})“' m ’
lavaasam |l - @

Since z, and z; are, by definition, respectively the maximum values
of n, and r;, therefore

1
2o == Mazx. Noy + Mazx. ny; + max. ney = 5% (z — 2),

23 = mazx. ngy + max. ng -= z, (23)
Further, we have, by definition,’
' u—z= XAy XBE 4 X4B
Making use of (23) and the equations in footnote 2, we have
u=2z

Thus

D=1+z+22+z3—2—z~l—l=22+1.

For the quadratic lattice we have
Z =29 = 2y = 4, u =16, D == 3.

Introducing the symbols
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we e (1T {feﬁ}“)(%s Th(1E ),

RN 1+ &
(24)
U= (1 + &)? ,
(I +e)(+ar)
we can put (21) into the more serviceable form
F=014e)d:=D2(1 + &) 5 gyum ' v™ . (25)

To make further formulation simpler we introduce the functions A4,8,C
defined by
o ngm B XD _v 2 -
4 2'.gnmu v, B == 2 Pu log A, C s 30 log A. (26)
Similar to ¥, ‘we understand by - 4,, 8,, C, those functions obtained from
A,B,C by replacing the argument u by un (or & by &).
Substituting (25) and (26) into (6) and (7) we obtain the following
four equations determining 4, &, &,, & as functions of 6,, 85, and 7 :

8. A (
Ay = m‘: ;1; > (27)
Op=(1—6,)B + 0,8, (28)

o 1 1
9¢=———-——~1+82+9{3(1+&2 1_*_82,,2‘2)

1 1 2 v o |
B ( 1+ & + 1+ ey N _1_:‘__5;17) (1 — 6a) C + 60 Gy, (29)

—_(1 — \ &g 1]83 .
0, (I O‘g} 1+83+951+?]83. (50)

We now apply these equations 1o the study of the variation of the
critical temperature with composition. Since it is immaterial whether
the alloy contains a fraction 6 of A atoms or a fraction @ of B atoms, the
curve of critical temperature against composition must be symmetrical
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with respect to 8 = 3.  From (16) we see that we need also the derivatives
of the parameters, which can be obtained froin equations (27) to (30) by
differentiation’. A

In making numerical calculations we choose a definite k& T/ V(cor—
responding to a definite temperature). Assume a valuec for ¢&; and deter-
wmine &, & by solving (28) and (29) by the method of successive approx-
imations. With &, &, determined the value of 4, is obtained from (27).
We .then calculate the derivatives of la, &, &y & with respect to 6, and 6,
by solving a set of simultaneous linear equations derived from (27) to (30).
All the values obtained are substituted into (16) to see if it is satisfied. If
not, we start this process with a new value for &, Repeat this method a
number of times until (16) is satisfied. In this way we obtain a value

8 for 6 which gives the composition of the

. ) o~ alloy wif;h t}.le. preassigned value of

7 W kT/V as its critical value for kT/7. In

:. /| \‘ this way we obtain the curve as shown

’g 4 T \ in fig. 2. In the case of the first ap-

o | '. proximation a closed expression has been
- 1 - - . .

gz : J obtained by Easthope*. This is also

& E E plotted in fig. 2. for comparison. It is

° z . (R > seen that for a definite composition

— %nd appro x.:—ist approx.  the critical value of AT/7 is lower iu

Fig. 2. Quadratic lattice the case of the second approximation.

Let us now study exclusively the case of equal numbers of A and B
atoms (8 = 3). First of all we wish to calculate the degree of order
corresponding to various values of A7/7. We now require besides equa-
tions (28) to (30) also equation (20) with §, = 1 — 6, Corresponding to
a definite AT/ ¥V, we start with a value assumed for &; and determine
8., &, &, as before. The values thus obtained are substituted into (20) to
see if they ave the equilibrium vilues corresponding to the given value of
kT/V. This method is repeated a nunber of times until (20) is satisfied.
The values of s thus obtained are plotted against LT/ V in ﬁ‘:’ﬁ" ;')

: ) i
3. For Li.;g“\.fg;'mulac see Appendix |. v
4 G.E. Easthiope, Proc. Camb. Phil. Soc. 33 1937 . 502
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We are now in a position to calculate the equilibrium values of £,
corvesponding to various AT/ F. We shall use equation (11) in the follow-
ing explicit form

NV z —2)1? gq &1
FEi=-""1¢ ey &Y
1573 {f’[1+e2q‘—' + 1+8317]+9“B"

+ (z 1

[(1—8,)C + o,,(:,,J}. (31)

1
_2)(14_82,72'— 1+8277)

The equilibrium values of £, as obtained from (31) by substituting 1into
it the equilibrium values of the parameters, are plotted agaiust A7/ / in

fig. 4.
e
\ 4
& \
.5 /J
6 - \
A RN 1\ l
! N L2
‘ — S ! /
H i 3] I
| ' | T ! N
2 j _%_, I
.
] ‘ ‘ l ° 12y cuo 375 = hoo 5e5
o 25 250 s s00 - -625 150 kT/V —>
KT/V —> )
Fig. 3. Quadratic lattice § = 1 Fig. 4. Quadratic lattice 0 = £

Although the specific heats' can be obtained by differenl,ial,ing (31)
with respect to temperature, the formula thus obtained is very compli-
cated and the calculation is teo labortous. Therefore we have adopted
the method of numerical differentiation with finite differences applied 1o
the calculated values of the energy. At the critical temperature the
method of differences is not advisable. However, an exact formula for
the specific heat at the critical temperature can be obtained by means of
an’ expansion’ similar in nature to that used by Bethe in his determination

3. For an explanation of the method see Appendix 11
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of the critical temn perature.  In this way we obtain the following results.
For the sake of comparison they are tabulated side by side with the results
obtained by Bethe® in the case of the first approximation.

50
= s
: /
2
5 20 }
£ '- ?
3 ,
] i
o 1S
£
2
g /
R L
S /
b=
[
8, 05 A
&'

~
¢ Gear a1% 500 625 550
kT/V ~—>
Iig. 5. Quadratic lattice 8 = 4
Present method Bethe’s 1st approx.

Specific heat per atom 2442 A(T=T.—0) 214 k(T=T,—0)
03164 k(T =T, + 0) 0214k (T = T, + 0)

Vartation of s near T°. s = 1.7531 ’/I"———T s = 1.553 /_]:c;‘l
¢ T, T,

4. THE SIMPLE CUBIC LATTICE

The calculations in the present section are similar to those in the
preceding section. The only difference is that the z’s differ from those
for the quadratic lattice. According to Bethe’s original formulation of the
second approximation, the first shell sites are at a distance a from the
central site, whife the medium and corner sites are respectively at dis-
tances vV 2a and 2a from the central site. As there arve sites at a dis-
tance v 3a from the central site, it seems that one should include them

6. Bethe, Proc,-Roy. Sec. 150 (1933) 532.
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in the group of sites under consideration. It may be noted, however, that
the introduction of the second shell is considered to have effect only on the
first shell sites when we are dealing with the case of neighbour interac-
tion. Therefore in the second approximation we need not consider those
sites at distance v/ 3 a from the central site, because they are neither near-
est neighbours of the central site nor nearest neighbours of the first shell
sites. Thus in the present case we may imagine the group of sites 1o be
situated in three mutually perpendicular planes, each plane containing

the sites arranged in the form shown in fig. 1.

The constants z, z,, =5, @ and D now assume the values

=z =0, e = 12, zg = 0, = 36, D =13,

Since in deriving equations (21) to (50) the arguments used are not re-
stricted to the case of quadratic lattice, and these equations hold also for
the case of simple cubic lattice with the z’s replaced by the present
values. The values of g, , however, are different from those for the
quadratic lattice. They are tabulated in the following table

Table of g, for a simple cubic lattice

1 & 1 2 2 3 ] 4 4 5 6
2m 0 4 6 8 8 6 8 6 4 0
2 3 12 8 3 12 6 1

-

)g nn 1 ()

The explicit forms of A4, B, C in (25) are therefore quite differeiit for the
two types of lattice.

For the sinple cubic lattice the variation of the critical temperature
with composition is studied as before. We again make use of equations
(27) to (30) and (16) with the present z’s and g’s. The results obtained
are plotted in fig. 6.

For the case of = %, equations (27) to (31) and (20) are again used
to obtain curves of order against AT/F’, E y against ATV, and specific heat
against £77//. They are shown in figs. 7, 8, 9. In these figures Bethe’s
original results” for the second approximation are also plotted in dotted
lines.
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22
1.6
1.2 =3
V4 \\
Y \
P/ Ny
.8 \
4 l\
-4
|
]
/ k
4
o 2 s 6 -8 0
6 —>
——— 2nd approx. — — — 1st.approx. ~
Fig. 6. Simple cubic lattice
1Lv S
38
€
.4 —
»
-0 .25 .50 74 J oo 5
KT/ V —>

Fig. 7. Simple cubic latfice § = 4

E/NV —>

Specific heat per atom in unit k

\5

[ ] I I :
H 1
! i ‘ i
— i - . )/"I
T T
L]
L
1 :i’l i
Logo
»
D
v
7
)t
/ i
4
0 .28 .50 35 1.00 1% f,L‘o_;
KTV —> gt
Fig. 8. Simple cubic lattice § = ’.%T
. 4
1
I
II 1
i A
78
I/ 1
by t
'
£z 1
/ I
)
1
i
1
. 7 .
! [t g S
—_— -7 i
) 24 .53 7% 1Cy 125 159

At the critical temperature an expansion is made.
to calculate the specific heat at the critical temperature and the behaviour
of s near it. They are all given in the following table.

KT/ V —>
Fig. 9. Simple cubic lattice 6 = }

This enables us
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Present method Bethe’s 2nd Approx.
Critical value of 7, 0.4396 0.4303
Specific heat per atom 217 k(T=T.—0) 2.4 k(T=7T.—0)
0104 k(T =T, +0)  02054(T = T.+0)

Variation of s near T s =062, Le— T.—T s = 2.32 ,/ I—T
: c Tc Tc

It is seen that although the discontinuity of the specific heat is now
a little more marked, the results obtained by the two methods are
essentially the same when we are face to face with the large discrepancies
between experimental results and theoretical predictions.

Finally I wish to thank Professor J. S. Wang for suggesting this
problem and for his constant advice during the course of investigation.

APPENDIX 1

The equation determining the critical temperature is, according to
(16),

it L (G- 2 -2 (Ge -t - 2 (Ze-20)
1 « a A
"T(W“ aez)}r_—o 0. (-1

By making use of equation (27) and the equation obtained by partially
differentiating it with respect to s we succeed in eliminating 4, and its
derivatives in (I—1). The equation now becomes

1 i. 381 _ 381 _
§0=0) " 5 \90, aop)y (1=8+ 8y

1 o 1 ) ‘ \
- & (g;i - 32;),=o (TQ-Z - 1) [(ﬁg - ‘1‘”_*?1;2'—'73) (B — By)

1 1 2 \ N
—_ ) - 1
+(1+82+ 1"‘"‘621’]2 1+621])(( (/'1)+ ]
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) ;
(- 500 G - l+w)(1)-3 +1] =o.

(1—2)

Besides equations (28), (29), {30) we require also equations deter-
mining the derivatives of the parameters. They are obtained by diffe-
rentiating (28), (29), (30) and are found to be

B— B —1= 2‘% (3,&',,7 _ 36‘.1)3’:“ [(1 —8) s,,—a—aev— B+ 6, 5%3,1],

96, 20p
- (1—3)
1+.(C_C")(1 41 o+ +1821]2_ : fs._.-»;) o Jlr - +1&ﬁz
= ( 1 41- o T 1‘ +132,]2‘ 1 +Ze.21]) - le (253 - g;;)s_u
[ H)éva C+0e aa &
et gvg;)szo[m Fapt {u o )
+{ ( f’i‘z"})" e 4{ ey (1 + m;) } f—oc +0(‘n}] (1—4)

1 £y 1 /8¢, d &y 3
3 —_ R 1 — 5B [
1—[—83+ L+ & é:,(ae,, 605).‘-,4‘ ( 0)\l++)‘+ T+ en §°

(I—5)

) from

1 &, o¢,
In making numeric al caleulations we calculate — ( 2
6, 85

(1 —=3), (I =), (1 —5) with the values of & (tal(;ulm(,d from (28), (29),
(50).  All theso values are then substituted into ([ — 2) to see if they

arc the oquililn'ium values.
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To investigate the behaviour of the alloy near the critical tempera-
ture we make the following expansion. The method is the same for both
types of lattice; only the numerical constants involved are different for
the two cases. For simplicity here we give an account for the case of the
quadratic lattice.

To carry out the expausion it is found convenient to eliminate 6, 6,

£, from all equations.  In particular equation (20) becomes

Slagy + log sy 9 log - F }‘1‘ + 4 log 1 + 4 log ?#J?i py ol =0,
(11—1)
Since at. s =0
gy =171 & = 1;"%‘, & =573 ho =172 w = r;‘~zl.
for s == 0 we can write wy =17 (1 4+ J), t
and let.
ty = ’)_‘—% (1 4 &4, 0 + €30 0% + £, 0% + --2),
Py =721+ 2+ Ao OF A Ay P A ),
1w o= 1[‘%‘(1 RO VI R S N, L BT L S
For 1 we have
—_)2 e
v = a L:_n"‘y)«_» [1 + 1((11 _'-'1");)(.Z ISR ] = vy ['1 + v‘&% ()"—i + . ..]’
with vy = _ﬂ‘.Lﬁ _
(1 + 9y

Equations (28), (29), (30), and (II — 1) become

. . ky
X4 — 1) Enm 13‘% o) [{(u — 2y uy — 5
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+{(n—2>(u3—ulu2+i§)——é—(zs—xlxﬁ?)+%((n—2)ul——f§)3

+ ((n—2)m — T((:+ e } >] =o. , (1—2)

(1 — 2 i oy (1—gp
mz'mgnm?] z vy [1 5+{2((n—2)u1 2)"'7(—1—_*—_—'1’-']—)?

+i(—‘;’?4} 5] +2gmn-%v:,"[{2(n—2>u1—zl +L}

4(1 + 9y 1409
+{g<n_2>(u2_§)_(b__) 1+n}

+ {2<n—2)ﬂ(u@—ulu2+i§) ~(o=hk+2) + (-2 — )’

. ((n—z)ul )+(1h+”)g(( '?)ul )+(}IZ§
+%l((il——+—n))—(2(n-—2)ul—ll 1—2H7)}62]=’ (11—3)

o n 2 2 1
Egnm?]—?"gl[{1+ £€31+9(”—9)u1—11}+{1 %(632-'—2‘€§|)
7z + 9

T A
+2(n—2)(u2—%)—(l2——é—)}6

2 22- 3 i
+{ 1(6’33"‘2-"_5 + ?765'-83]832)-*-2(”—2)(1&3—“1“2-*'1)
1492 6(1 + 7y 3

2
R
e

— (=l + l) +Z;(1j71%831+2(n—2)u1—~l1)3

m(1 — n)? 2 _ _ o7 _ .
+ YR (1+n%£3,+2(n 2) uy ).1)}6"]_0, (IT—4)

— 8t —gE, 1 ‘
{ 10 81— 31"—1—"‘4'111—11} { 10 812 ( —'"Q‘Fga)
1 4+ 92 1+r§
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P = (=) v (=P o

1 1
10 —_ 8 2 2 . 372 31 1A
+ { '—*’2— (833 + —:.*——]_—l_ I Sg‘ — &1 832) + 4 (Uﬁ — Uy U + -g-)

142 6 (1 + 12)°
1
A 2% (1 — 7)) 47 (3 + 319 + 297
B N A e ) Doz, - 20 1 I
ChULES) RER 3(1+9¥
1
1 710 — 82 81 S e
+ZT( 1+11%~_€3’~ TF 9 Fhu =) ¢ =0, (11—5)

In these equations a common factor 0 has been cancelled out.

Let us introduce the following notations
Ay = X 8nm 1]'12" v, Ayin) == 2n gnm n*g vy, Ao(m) = Imgpn 1/“"3‘ o7,
Ay (0% = Zn> gum 7)‘% vt
It is found that if we multiply (I — 2), (Il — 3), (Il — 4) respectively by

= 2[44y— 4y (n)]

4= Aoy Ao — AL (ny
=_ 1 i_ {4 Ay — Ao (M)}
b=-7Z [4 T S — Ag<n>]‘
5 — dot
2
c 4

and add them to (I — 5), we obtain an expression of the form
.P+RI+WF=0.

In this expression P and R are functions of 7 only, whereas # involves
u;, Ay, & as well. Putting d =0 we obtain the condition for critical
temperature. This condition can be explicitly written down :

o) (1~ )2 Ay (m) 4k f4 4o — Ao} 1 __ 8y
[1 v T Ed A [+ =408 + .4¢;A0(n2)——A(2,{n)] =T



228 YEE-CHUANG HSUE

This is actually equivalent 1o using equation (10), the only difference

being that at present all the equations are differentiated with respect to

&, rather than s.

With the critical value 7. determined we can expand 7 about 2, or

T about T.. We expand P and R in this way, and it is found that they

all begin with the term (T — T)/'T. = §.  Write

P=pPrgg .. ‘[{:RI;C+

In W we veplace all variables by their critical values. At the critical

temperature the values of 1, Z,, &, can he obtained by setting in (II — 2),

(It —=73), (I —4) and solving the simultaneous linear equations thus

obtained. In this way we obtain an equation of the form

P'E+ R'50+ W, 0+ terms of higher order = 0,

where W, stands for the value of # at the critical temperature.

order that this expression vanishes identically we must have

PrE+ IV, 02=0, et
Thus

P’ T,—T
(Y=/ - =2.835'/—°——, .
7.t (
The order s, on making an expansion in d, assumes the form

5 = lle—Qul {Ao(ﬁ)*QA(,

boa ...
A d+

Hence to the first order
s o / Te=T
T,

Substituting critical values into the above expression for s we obtain
e T
s == 1,731 Y ——Tc——

In
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The energy F, is expanded along similar lines. A rather complicated

calculation gives finally

NV =T .
o= 4877 — 3486 1< 1 _ 2913 8].
iy = [‘4377 3.486. L 2913 d ]

The part involving 6 is the cause for the discontinuity of the specific heat
at the critical temperature, because above the critical temperature all

parameters are simple powers of 7) as mentioned above.
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