T I

Thssewamm e

I -/ i S S
L & %AW, 324—330 B, 195049 A

R 2 5, *He, He SR T 1%
e HEZ M
B
LER BHE 9Ed

e [ S8 B I A% 0 5 6 D)

SRR R, 1 R — B B A, D 286 (TR ERATL
VeI, HEHEE H, T 2k ATE DS AHT BRI 2, BRI, JITE
Hito

e A —=F R, IR IBE) — R AR AR L IR AL, 218 °H,°H, °He, *He
ebae U TR 200 BV, ARSRREGRRLAGE, I
I T2 BRI 500 BPREE, fERRERRERAAME ARBEET
WG PR AR T B RS 286 ETEE, TikzaRERAREZNE, B
DA, AREEEE R, DRIRCh 2R LT, AR 3Be
S, BRI 2 A S I

SHe pyINEREF2 B IR B, ARG i, SEEAL A
o, SRR [=0, M;=0,7=0, My=0 2 AEEMHAEEIN, TRE

A u= (41)_% det [Pe, P8, Ne, NBJ; } 1)
vy =(41)(23); wy=(42)(31); v = (43)(12)

u B — s R ZATFIK, v e v SR R T2 A, Bl

(41)=i(4>5(1>—__ﬁ(4)a(1) L PA)N(1) — N#P() @
v 2 V2
PR EE He B
V=@u+ 101+ f2v2+ Y378 (3)

RERE—DRFHZEEER oo MREERFRAL ¢ %% 1 ZHFBHAIR

524




No. 5 &AL, SRARIE, WHHEC ¢ B H, °H, He, ‘He JHIH T-Bikk AHEZ MK 525

W ow, v, o0 vy ZEERE. EE ¢ =p@urorars) i r B2EHE. o=
Lo rs) B oror REEE, Brers REH, B r e, Srs ZHEKE
BASEEE BIR se e ZEEEHE, WAAH rorrs ZERAH.

A =3, B °H,°He ZUEEIM. LK?FEF], AR EAEL, o,
v, vy ZIEIRARR, Biltn, B Mr=3,M;=

w == (31)F det [Pe, PP, Na], vy =(25)P(1)a(l), vo= (51)1’(2)(1(2)}
(4)
vy = (12) P (3) a (3)

AII” AIJ ﬁﬁ:ﬁ[jﬁﬁﬂ#%*ﬂﬁ{ﬂ) R ¢ = ¢ (r1, rg, rg) ﬁ,%&%ﬁ‘:o Xl = % (1’1; rz' rg)
% r2 T3 ﬁ%}ﬁ‘) A2 A3 B]—{'ﬂm ri.Farg Z%ﬁﬁmﬁﬂjo

HIR RS
fyv*HYde _ [Y*Tyds + AA—1) YRV Yde 5)
Ty¥wde ~  [y*yPde 2 fv¥yde
R2ABKR R .
J‘//*wdT:Jr {¢2+5Z?+ %szl } a(r), (6)
fw* de'r=_f {¢ To+3y0 Tm+%xﬂ’m} d(r), (7)

f AT dv-—J = {—(g%+5f3)¢2—V?g%¢(xz—x1)
+ 3+ 5 mn+ 5= g+ nm+ ) | 40) ®)

A=3, 4 =41 LHIFRRYTEA, T RMEE, [ - d0) RERMETBHE 2
2R
@ BRI (1) RPPRZMEIAR, BEARILHHER R

§(Pe, P13 Pos F3) = 3 1/40 (r4 P Fo— rs) (2 a23,2) @, A=4 (9)

b (r2+r3——

2 3
2N m—r) @@, A=3 (10)

g (P1; Por P8) = . 1/7




- 326 e R ol M R R V01.7.~

b 15 55— fma@wsmmlﬁﬁzm%f&% Al A = 4 W

%1%91/40 {2& 292 (le ) ’/5 Ol’é’s)

—1/9 02, 0 }(Qak)qa (1)

1 1 1 /
pp=——mbd —— @+ =0 L00) + 1/ = (o
=575 { S it 1/5 (ene) )

+v/2 (ees) } 29 (12)

Xa_—'g—.‘}ﬁ)b{?%(&,@)_g/—%‘(@l*@?»)}(gag)'z)g’ )

4=, WHEPTE S o ZIESRM, iR /40 £ V7 o BB IR
HF2 3, AFFRERBRE-HRAZ (22) @ @3) X, (R R
h2 A2/ M)

1 B+Cb+ D2?
a0 i ap OO Sp L
e=¢(a,b) 74 Totis) (14)
A =4
108 B o W) e
Sy (k+)( +1)5(“+55“+7“+7)’ (15)

105 . sy 142 o 7 i
512’/5 l)__-—1,-+1) (8 +7at +10a* + @+ at 5), (16)

o7 ;, 10519 04139 5 , 29587 ,
+ ab + ab + a

D= 2048(“’1) (a+1)9( w5080 s 308 e AB08

3099 5 1 4155 5 4 551~a+59)

¥ T Bl o

e Tl P L OA S 0] § B e
198 L @r IF (@' +—7a +77 e ) %)



No. 5. & BT, TRAREL WAAEEL ¢ B L °H, *He, *He A1k, &2 Mid 337
Ai=3 ﬂ?
2 1 . \ a’ 2 R 4 _1‘/.(1 —1
B=g— Do (84t +9a —2_501/11“ fan a+1), (18)
o 15162 6 4 2
C=say7 ¢ z)(o 1)5(16a — 208 a® — 1654* + 504% — 8
i ab ] a—=1
P -1
+ 630 TRt tan VT ) : (19)

(520042 + 7160@!? + 815604" + 59857 a° — 21674 a*

» 1 g - a?}
i 075(‘“'{ Z)(a‘z—--l‘)

5 12 1 95000 410 50 ad S
13120 2'2 4 25200 a!° 4 229950 a tan"l'/a 1)

i3 94-27; l( i 1)6 (256(1 + 2639 4% + 6590 a* — 136 2> + 16

1890 a8 + 5040a® | Ja— 1
, T 1!/ 21 (20)
ey | s
Wb HL (14) N2 M/ ME, 45 -

8=8(“)=?1I“2_B_" L (©9)

JEBR

5{m—(f3 D>} (25)

4 ﬁ%lﬂﬁﬁﬁl’?% s e s T & melﬁo ﬁ‘:k (22) ¥ o ZH/ME,
A A HE (AL A7 %/ M), Lf’i*’i‘ﬁlﬁ% (22) RAREBHE, ¥ o 28
R FEER




598 3 Wpooomo B Vol. 7.
W — 3 A =4
a B B—D @2
5 0-89 (% + 1) 0-65% + 0:912 | .0:092 (k — L)
4 149(k + 1) 1-04 % + 1612 | 0926 (k— 1)?
5 014 (% + 1) 150k + 2412 | 0-400 (& — 1)®
6 9:84 (k + 1) 1.98% 4+ 330L | 0648 (k—1)?
7 385 (k + 1) 048 % + 4251 | 0956 (& — 1)
8 430 (& + 1) 505k + 5:281 | 1312 (k— L7
ok A=5
1
a. | B B—D C?
|
1 073k +1D) 089% + 0661 | -00185(k —1)
2 | B2 (k+1) 208k + 2907 | 0284 (k—1)
5 | -667(k+ 1) | Bl4k+ 7151 | -160 (k=17
4 | 106 (B+1) | 807k+ 19351 | 244 (k—1?
5| 151 (B+1) |1-14 E+175 1| 805 (k—17

It T, ORI, SR QAT EUNDEE,  HE]
F—RR (1 + ¢/ T ake) EBBARMBE B 2IEY, RNTH—BEHC. K
TR o ZREVME WA FAARGR, TRATEE ¢« = ¢ () |

&1 —¢& ¢
— )
&19 8og — &
FHip
1 ka®
—— 2——.____———
S T ol e
= 1 a ka®
fp = — AT [
12 2/ “/ ( 2+5(1+a_))(1+a)2’
B 69, Biiiiee RN kao®
zZ RS e s (e 2

(24)




No. 5 4:niE IR, SEE ¢ BIR CH°H He ‘He SRR ATEZME 528

INETTRE o ZRVME, |

FEiE MR — R R ] g8/Fc B fo/ e Z YAl FLHEECER A °H, |
SET, e AR & 1 R = B AR AR 2 B, — é
® o= Fak) B o ZRUME, EVBSRRR, LS 2R HMRER—-EE |
S EBEEFE P2 MERER RAE s . R i
Flaf)— =0 3k £ a 2B, b= K (a), WERAKR, W « 2GR lﬁ
Fla,K(a)) — eg=0, %} a i/ Diisa 2IBLERK, 0 F/9a+ 0 F/0k-dK/da=0, :
SE =K (a) 1 a=a, BE—R/MESHBARE & Hi=fhae=n E:
5 1/0k FAIRA, S RS A & = ko, 75 a = a0 BB F (a0 ko) =&
Bk, 0 F (ah)/0 a= 0. JEHIFTRK. |

FH AR R T 2 286 9T EEA A A T2 B, BB R LA A2 1/
—20.8 Moy, (24) 501 6 = — 0096, P Beff Gk AFE 219 Mev FE, RAFRFZ
a ffi, o b AHREIE a = 1°5 By kS Hh, & =245, BRAERE [ =1 ErE ¥
W kol FIRETAG OH ¥ ‘He S ATEREERIN L #uT: () °H
2R AFER 839 Mev, Hlj 6= —0.368, 23] L= 145,a=27; (i) *He A
BES 20 Mev¥, Hij 6 = — 127,433 1= 105,a =47, FH L2 R R Fw T
- Feas B SR TR IR °H, °H, °He, *He ZEEATREARTTRE, THZE
Bk, ARATER, FomMF— [ EFHE °H, ‘He 2R A RRA I A,

2R HBRZHEK

1 (°H) & (°H) } 2(fle) | e(*He) | e(*He)/s(*H)
i \ |
z l }
1-05 21 — 0-09 477 | LMy 14
1-95 26 — 021 50 | —1:62 7.7
1-45 97 — 037 | 54 | —207 56
BEAER =037 l : tagle w197 55

fe LRt EERE], B () i o I BT B A RRRZBER
Moo A=3, A=4EBIH 10107 TIAREATEZHE, B (23) X, T i TR

I PUE

e

PO e et e e e

S e —

# L B[R] B B BB IE 2k IRIREBRAY K 8 26 LB —#-




550 W oom W OB W

C"/ (B=B)

A =5, WECTE 109, A= ABERBCE 25 %, I 1= 195, ﬁﬁ&*ﬂ;&g
'ﬁﬁﬂﬁ%ﬁﬁﬁﬁﬁﬁﬁﬁéiﬂﬁ%2§ﬁﬁ izﬂ?ﬂﬁ@lﬁ%ﬁ%ﬁﬁ#ﬁg
AB. TﬁE}ﬂﬂsiFﬁﬂ%m{@&i&ﬁﬁZﬁ&ﬁﬁzg



CHINESE JOURNAL OF PHYSICS
Vol. 7, No." 5,1950. pp. 351 — 358

ON THE BINDING ENERGIES OF THE ATOMIC NUCLEI
*H, °H, °He and “‘He

PART IL
By Kinc Sing-Naw, CHanG CHr-HexG anp H. W. PENG

Institute of Modern Pkhysics, Academia Sinica, Peking
(Received May 10, 1950)

ABSTRACT

Tt is shown that the discrepancy between the experimental values for the binding
energies of 3H and 4He and the calculated values based on the Mgoller-Rosenfeld nuclear
potential with a meson mass of 286 electron mass cannot be removed by further refinement
in the choice of the form of the wave functions.

In Part I#, the binding energies of the nuclei ®H, °H, *He and “He
have been calculated by using the Mgller-Rosenfeld ‘nuclear potential.
The results are in fair agreement with the experimental results if the
mass of the meson is taken to be about 200 electron mass.  However, the
calculated and the experimental values differ widely for a meson mass of
the order of 300 electron mass. Since the mass of the mesons now
produced by nucleon impacts is about 286 electron mass, the above
discrepancy is serious. We shall therefore examine the accuracy of the
previous calculation in the present paper by‘ making further refinement
in the choice of the wave functions. This paper is a sequel to Part I,
and for notation which is not explained here, please consult Part I

For *He, the spin of the four nucleons can combine with a resultant
zero in two ways; and similarly for the isotopic spin. Hence corresponding
10 the eigenvalues I=0, M;=0, J=0, M;=0, there are altogether four
spin-charge eigenfunctions which can be taken as

u = (41)~% det [Pa, PB, No, NBJ;
} 1)

vy = (41)(23), vp=(42)(31), ug=(43)(12).

# The preceding. paper.
351
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Here u is the determinantal eigenfunction used in Part I, while v, v, an
v, involve the pairing of two nucleons e.g.
(41) = 0(4)5(1)—_f(4)a(1)  PWNM -—__N(4‘)P(1)
‘ V2 V2
Iustead of the particular form Qu adopted in Part 1 we shall now take fo
{he wave function for *He the general form

Y=qut vt vzt kv

Because of Pauli’s principle, the symmetry property of @, X1, X and Jg
follows from that of u, vy, Vs and v,. Thus, =@ (ryy 115 To» r,) is tota]I
symmetrical in the 7'ss g1 =X (Fy I15 T ry) is antisymmetrical in 7, and
but symmetrical in simultaneoﬁ; Ly

r,, also antisymmetrical in 7, and 7,
further, %, and %, can be obtained

interchanging r, with 7, and 7, with ry;

from %, by cyclic permu‘tations of ry, Py Ts-
sideration yields also the above form for ihe wave function
3

Similar con:
v, V,, and vge

for A=3, °H or *He, but with different expressions for ,

- 1
For example, for M=%, My=z We have 5

[ 1408
5

i1
)
ssions for other values of M; and M. Also, (p._,.i__);:

=7 (P Poy 1) 18 antisymmetrical’
can be obtained from %, by cylic
i e :;.

w = (31)"% det [Pa, P@, Ne], v = (23)P (1) e (1), v = (31) P (2) 2 (2),

vy=(12) P(3) (3),

and similar expre
@(ry, o 7) 15 totally symmetrical, 7
in p, and r;, and further, ¥, and %,
permutations of py, gy T3

For the variational integral

' ‘fwv*dez_'_ f@_i‘wm = A(4—1) '_flp*V121prZr (5)
TTyryde JYEYds o JyFydr |

we get

:I¢*¢df=f{§>2+5x?+%xm}d(r), (6)

3
j‘w*Ttpdr=f{tqu>+5x1 Tq>+—2—szx1}d(r), 7 =
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\,

< { (g3 +3f3% )90 —1/6 gzgo(xz %1)

Sy* V12¢d_7 =
+ %(g% +8 ) pem 4 B(— &+ 5 xe (11 + Xs)} d(r). (8)

These equations hold for both 4=3 and A =4, with T denoting the total
kinetic energy and f-...d(r) denoting integration over the whole con-
figuration space.

We choose for @ the simple expression given by (11), Part I, and for
# we take in accordance with the symmetry property

1

PP 1) = ———=b (ry — Py, o — P3) 2% A% fi A=4, 9

% (P Py, 72 75) VR (ra—rpre—rg)2a g or 9)
1

2 (P rors) = 2—7—1/—7b(r2 Lopg— QP e — 1) 243 lgq) for A=73, (10)

b being another parameter. In terms of the relative co-ordinates @
introduced in Part I, we have

1 1 1
T = QV—Ob{ 01— .,—1/—(91 o) + / (01, 03)
-2 (gg,qs)} 2a% Mg (11)
1 . 1 & 1 9
Yo = 91/74T)b { ——2—g1+ E—@«}-—l/g(gl,eg)+ }/%(Qhes)
+1/2 (o2 gg)} 2a>12p, (12)
1 2 g o
%s=mb {ﬁ(ehez)—%/%(ehes)} 2a> 12 p,e (13)

for 4=4; while for .4="75, the terms involving g, are to be omitted and
at the same time V40 is to be replaced by v/ 7 in the above expressions.
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Then, after some calculation which is similar to that of Part I, we get for 4
the energy (in units of %% A2/ M) the following expression which replaces -

(22) and (25) of Part I:

e LM BRIELY DB 1
e—s(a,b)—xa e (14) 1
Here for 4=4 we have :
B 105 e a3 3+4'7 i 5 g 1 2 4
=——— (¥t D) —— 32 —a*+ —a+ —
T R Ve 35 7 7 )
i 050/ 53 1 al b R Jaen 0 a5 g A2 e ¥
(—m/G\A l)(a+1)7{a+ a+1a+21a+5a+5 (16)
LT a? o7 S {0B19] or, ToRIB0 s D058
D=soast + D p {4 aiChir TR o Sne 4 sRe
3099 , , 4153 o , 351 39
T VA D ST “"'44}
T ab o 0 B e 1 '
- 34 —a2+ —a+ - ¢; 17
1[25l(a+1)3{a+ G s R e (17)

and for 4=5 we have

1 a® : 30 at
B= k)= 8a*+9a®—2 —————tan~!
57t( )(a*-——l)"{ VaZ—1 }/
c=_L /6% 5 @ )65 00845 —165at + 50a¥—8
307 ) 7 (@—=1y

650 a® /a——l
OS2
+'|/af“’ - tan R 5

il a® |
- 3 200412 4 7 10 s =7 6
D - 6()&*1:(] + 1) ) {5 00412 4+ 7160 al° 4 81560 a° + 59857

251674 ot ¥ 5752 a2 — 720

=t }’ (18)

. 15120 &' + 25200 2l + 229950 2°

a*—1

a+ 1

(19)

=1 '[l—'l
iy }/a-i- 1 }
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Bl l a 256 a8 + 2639 ab 4 690 a* — 136 a2 + 16
9457w ~ (a>—1)°
8 6 o v
__ 18904° + 50404 e ya=1 . (20)
}/a2 N a—+ 1
where we have used for abbreviation
M 2 o M 2 9
k=m(5§6+ 315 l=“ﬁ2—l—(_g0+5f6)' . (21)
Minimizing (14) with respect to b, we get
e=s(a)—-#7'—a2—B—d, (22)
where
1 I e SOk
zl=-E §v/(B— D)+ C®— (B — D)} (23)

denotes the correction to & due to the inclusion of 7, x,, 1, terms in the
wave function. By further minimizing (22) with respect to a, we get
the binding energy in units of %#*4%/M, apart from the minus sign.
The variation of (22) with a can be seen from the following tables which

are obtained from the complicated expressions given above.

TABLE 1
A=14

a B B —.D 6
3 0-89 (% + 1) 0:65 & + 0-91 1 092 (k — 1)
4 149 (k+ 1) 104 & + 1-61 ¢ 996 (k — 1)
5 914 (k + 1) 150 & + 241 1 400 (k — 1)
6 2:84 (% + 1) 1-98 & + 330 648 (k — 1)
7 355 (k + 1) 2:48 & + 425 1 956 (k— 1)
8 430 (k + 1) 5-05 k + 528 1 1312 (k — 1)
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TABTE 2
A=3
B B'0D c?
1 075 (k + 1) 0589 £ + 066 1 00155 (& — 1)
2 321 (k + 1) 208 %+ -290 1 0284 (k— 12
3 667 (k + 1) B4 &+ 7131 160 (& — 1)
4 106 (k+2) 807 & + 1:235 1 244 (k- 1)
5 151 (& +1) 114 k4175 1 805 (h— 1)

charge-spin eigenfunctions as long as we neglect tensor forces. We shall
improve the radial wave function by introducing a factor of the form
14c¢ vV 2 alp,involving another parameter ¢. By minimizing the energy
with respect to ¢, we get the following secular equation which determines 1
e=¢ (a), |

ETHETC, €19 0
€19 o9 — &
where
e =_Lﬂ2__kﬂ3
11 4 ('l-l—ll)?"
i a ra 1 Lo ka®
G 91/?-1/5 (-—E-l-g 1+a) £ a)y

&m=la2_{3_ Qa 8 a? } ka®
2 ) 20 i@ Ear  @Par
and & (a) has further to be minimized with respect to a.
Instead of using the numerical values for gi/% ¢ and f3/fi c adopted in
Part I, we shall now try to determine these in the form of & and / from
the binding energy data of ?H, °H or *He. The following mathematical -
consideration shows how this can be done in a simple way. Suppose the

energy is to be obtained by minimizing the function é=F(a,k) with
respect to a, & being a parameter. And we want to choose & so that the
calculated minimum should agree with the experimental value &, say..
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For this purpose, let us solve the equation F'(a, k) — ;=0 for % as a func-
tion of @, say k=K (a). - If we insert this back into the above equation,
the result is of course an identity in a, namely F(a,K (a))—g,=0. By
differentiating this with respect to @ we get again an identity in a,
OF | oF dK

da 9k da
minimum or a maximum £k, at a=a,, and 9 F/9k is finite for k=4%,,
a=a,. Then the above identity shows that at k=%, a=a,, we also have
EAAN)
oa

In what follows, we shall adopt the experimental value 286 electron
mass for the meson mass. 'We ‘insert in (24) the value —0-096 for &
(which corresponds to a binding energy of 2-19 Mev), solve for & for
various numerical values of a, and find the minimum %= 2:45 at a = 1-5.
Having thus determined % from the binding energy of the deuteron, we
can treat (22) similarly and determine now the parameter I from either
the binding energy of °H or that of *He. The results are: (i) by using
&€= —0-368 which corresponds to a binding energy of 8-39 Mev for ®H,
we get [ = 1-45 and a == 2-7; (ii) by using &= — 1-27 which corresponds to
a binding energy of 29 Mev* for *He, we get /== 1-05 and a=4-7. This
difference in the values of I shows the inconsistency of explaining the
binding energies of *H, °H, *He and *He by means of the M¢ller-Rosenfe 1d
nuclear potential. The discrepancy is large, as is further illustrated in the
following table where the same value for  is used for both *H and “He.

TABLE 3

Comparison of results

Il

0. Suppose that the function k=K (a) possesses a

=0 in addition to F (a, k,)=¢&,, which is just what we desired.

l a (°H) & (°H) a (*He) ¢(*He) |&(*He)/¢(°H)
1-05 241 —0-09 47 —1-27 14
1-25 26 —0-21 5:0 —1:62 77
145 27 —0-37 54 —=2:07 56
Experimental —0:37 =127 5:5

# This is about 395 larger than the real experimental value, -thus allowing for the
Coulomb correction. Gf. Part I.
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3

It appears from the present calculation that the correction to fhé
energy due to the 1mp10vement made on the wave function is rather 4
small. For 4=73 and A4 =4, the correction (23) to the energy due to
the J,, Zs; X5 terms of the wave function can be approximated by b

4==C%/4(B — D),

and this amounts to a 1094 correction for 4=5 and a 2-5% Correctioﬁ ‘:
for 4=4. When we compare these figures with the percentage dev1at10n .
of the calculated values for & say with I=1-25, from the e‘cpenmental 4
values, we immediately see that the latter discrepancy is real and canuot
be removed by merely refining the form of the wave functions. ‘



