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ABSTRACT

Bl

The quantized energy values of an electron enclosed in a spherical bhox are_calculated by
solving Schradinger’s wave equation. The energy levels are very close together if the sphere
is of ordinary dimensious. But as the radius of the sphere decreases toward atomic dimensions,
the value of every energy level increases and the spread between the levels also increases.

Thé purpose of the present note is to discuss the behavior of an
-electron ~enclosed in a sphere according to non-relativistic quantum
mechanics.

We consider an electron of mass i confined in a sphere of radius r_
by a force at the boundary. The potential 7 is %ero within the sphere,
but at. the boundary it becomes infinite.  We choose a spherical coordinate
system with the origin at the center of the sphere.  The potential encrgy
is then

=0, r<ry; V= co, for r=r,.

For the region inside the sphere the Schridinger equation for the
system is
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where A*=8m*m £/ /i and E is the energy of the electron. It is apparent _
that the variables are separable. To separate the variables in equation (1),
we make the substitution

10,0, oy = R Y (0, ). !



242 T. T. KOU

obtaining
1.9 (3R 2o 1 3 (. . 3Y 1 ey
Ear (Mg, )+ e Ysind 76 (" ao‘)—“Y’si;iﬂb“a‘af' (2)

By the usual argument, both sides of this equation must be equal Lo a
constant, which we call . We then have the two equations

1

a Y 1 22Y
sinf 20 sin 6 39) sin2 0 3¢" +al =0, (3)
and
1 d (,dR a
ey (7 77)+{"2‘“r§}3=°' *)

Equation (3) is quite familiar in the problem of hydrogen atom.
The allowed solutions are the surface harmonics Y=Y, , (6,9), where
a=[(l+1), with [ and m integers, and [=|m|. Introducing the
required value a=1(l+ 1) into (4), expanding the first term, we have

&R 2 dR 2 1+1)
Tt r dr {kﬂ_ r? R=0. )

By making the substitutions
R(r)= g‘%F(g), owkr,

equation (5) is reduced to

&LF 1 4dF (l+ 1
ErA T { } ©®

This is a Bessel’s equation. Its solution is the Bessel function J, 1 (0) of

order (I+%). Hence we have
R(r)=C(kr)% T143 (kr), (7

where € is a normalizing factor.
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In order that the electron is constrained to move within the sphere,
we must have the boundary condition that R (r)=0, and hence
J,41(kr)y=0, at r=r, since the potential rises to infinity at the wall of
the sphere, the probability of the electron being at the wall
will be zero. For any integer I, there will be an infinite set of roots
of -I/+%(k r,), which we shall label @, ,, n=1,2,3, .- . , co. The permitted

k’s are therefore

i

knz=—";‘—»’~‘.<z,n=1;2,a,---,oo), (8)
0

and hence the permitied energy is given by

h2 92
T Bt mr? )
Inserting the values for a,, the radius of the first Bohr orbit, and K, the
energy value of the normal H-atom, taken positively, in equation (9), it
is found that

We can determine the rooisof J;, 1 (kr,) numerically. Some roots of
it have been determined and tabulated in Table I.  For large roots, they
can be calculated from the following formula:’

o b—1 4 ~1)(Tb—31)_ 32(b—1)(836> — 982b + 3779)
= 8a * 3(8ap 15 (8 a)® ’

(11)

”

l
where a = (n + —5) and b= (27 + 1)~

For the lowest state of the electron associated with # = 1 and [ = 0,

the energy is given by

V
/

1. Cf.'G.N. Watson, Theory of Bessel Punction. 11922 P. 2u6.
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TABLE |

The Roots gn, of the Bessel Function Jp41(0).

L 0 1 2 3 4 5
1
1 5142 | 4.494 | 5775| 699 | 820 | 9.39
2 6.085 | 7.725| 9005 | 1042 | 11.71 | 12.97
3 9.425 | 10.00 | 1233 | 1370 | 15.04 | 16.37 -
4 | 1257 | 1407 | 1552 | 1687 | 1830 | 19.65
5 | 1571 | 17.95 | 1869 | 2008 | 2152 | 22.91
6 | 1885 | 2038 | 21.85 | 2331 | 2472 | 26.13
7 | 2199 | 2552 | 25.01 | 26.48 | 27.91 | 29.34
8 | 2514 | 2667 |.28.16 | 2965 | 31.00 | 32.55
9 | 2898 | 2082 | 3132 | 32.81 | 34.26 | 35.71
10 | 3142 | 3296 | 34.46 | 36.05 | 37.43 | 38.88

Since the roots g, ; in equation

I (10) are discrete numbers, the
a2
i energy values of the electron will
Too o .
tl= - form a discrete spectrum. -Hence
‘de O . .
N C I the effect of enclosing the free
R -am.
OO\, j“"ﬂa electron is to quantize its energy.
NN s P It is evident from a consideration
' \\\\ oot ﬁ.l f - 2 ~ . .
> g it o] of equation (10) or from an observa-

Fig.1. The continuous Fig.2. Energy tion of Flg’ 17 that the energy
curves represent levels  Jevels are very close together if ‘the

E’}i,l against ry/a, . . ‘ o . ]
radius 7, is of ordinary dimensions,

Bul as r, decreases toward atomic dimensions, the vglue of every energy

level increases and the spread between levels also increases.

[t is interesting to point out from equation (12) that if the radius of
the sphere is T times the radius of the first Bohr orbit, then the energy
value of the lowest state of the electron in sphere will be exactly equal to
the lowest energy value of the electron in H-atom in numerical value.
But there is the difference that the epergy values for the electron in the
sphere are positive and that for the electron in H-atom are negative.

T ig. 2 gives the distribution of energy levels for an electron enclosed

in a sphere of fixed radius s T shows that the .\prcuds between thie
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higher energy levels are wider than that for lower levels. But for electron
in the H-atom the energy levels are very close together at higher energy
values. The contrary distributions of energy levels in the two cases ave
due to the facts that in the first case the radius of the sphere is fixed, the
increasing of the kinetic energy of the electron is to increase the enclosing
pressure of the sphere and hence to increase the degree of the discrete
nature of energy; but in the second case, the increasing of kinetic energy
of the electron is to permit electron to move in a more weak field region
at a farther distance from the nucleus, and hence to decrease the degree
of discrete nature of energy.

Now we consider the radial wave function expressed in equation (7).

For any integers / and n, it may be written i the form
oy _1 N -
Rn;l (’) == ( n,l (lfn,l 7‘) 2 ‘[H-»,} (lfn,l 1)y (1%)
or, since A, ,=0,,/r, in the form

Rn,l (’) = ("n,l (()ﬂ,l O-)F'—l: '[1+§ ((’n,l l)'), (14‘)

where
a=r/r,.

The normalizing factor C, , in equation (13) and (14) can be deter-

mined from the normalization condition

f"o [R(r)Pridr=1.
0

Using the formula®

1 . 1 .
f [T (ax)Pdx= Y [Toq1 (@)]?, (15)
0 =
where a is the root of J, (2),
we find -
S
Al ‘l 2 n
g gt 2l (16)

2. Cf. Whittaker and Watson. Modern Analysis. (1935), P. 381.
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The complete solution of equation (1) 1s

‘v/'n,l,m (l', 95 (/)) = Rn,lt\(") )’l,»? m (07 (I))v ' (1 7)
where
1
r %! {— ! 2 m im{'
Yim(0,9) = (2:-'_;(11)-5‘ m"ﬂ) } Pt (cos 6) 22, {8
and .
Kn,l (7‘) = ———3:1/2—0,1,1’—“(9",1 0‘>_£-l€ ']-l-h} (971,1 ”)v g = 7'/)‘“, (19>
ry> Jz»f;}((?n,z)

. are the normalized surface harmonic and radial functions respectively.

The angular part of the wave function (17) is identical with that of
H-atom. It is quite familiar and hence need not be discussed further
here. Certain of the normalized radial wave functions R, are given in
Table II.  The radial wave function R, , vanishes n times in the interval
0<r=r,’

Each wave function of the electron is specified by the three quantum
numbers n,/ and m. From equation (10) it is seen that the energy
of the electron depends only on / and » but does not on m, so that all the
wave functions for any given values of n and Z, and all the possible values
of m have all the same energy values. It is well known in the discussion
of H-atom that for any given value of /,m may have the values—I,
-(-1),---,-2,—1,0,1,2,.-.,(!l—1),and . Thus for a given value
of [, the degree of degeneracy is 27+ 1.

TABLE [II3

Normalized Radial Wave Functions R,; For Electron Enclosed
in a Sphere of Radius ry

. 0'—_-7'/7'0

2

1
] == 0, Rn,O = — sin (Q,,,Q U)

3
r02 J% (Qn,o) 1/7T9n,0

n=1,23,..., 00,

3. Cf. Whittaker and Watson, Modern Analysis, P. 365.
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105 10 :
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| @na 0~ on, 7] oo s }
n==1,23, ..., o0,
5 2
I=5, Ry,=-— 2 945 420

1 {
2J NV Tons
Ty 13(971,;1) T gn,o
2

~

n==1,2,%-..,00,

5
3

(9}1,5 0-)5 (957,5 ()‘)
945
s 0"

+ 1] c0s (Qn5 (7)} .

] sin (g 5 0) — [

Qn,f) U)

105
(Qn,.') 0)2

The probability of finding the electron at a distence between r and
r+dr from the nucleus, with its angular coodinates having values bet ween
6and 8+d6, ¢ and @ +d g, is

Wk W d T =Ry (P2 1 (8, PP rismdrdfdg. (20)
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To determine the probability that the electron be between the distances s

and r +dr, regardless of angle, we must integrate over 6 and ¢. Since

the spherical haimonics are normalized to unity, this integration gives us
simply

Pydr=[R, (NPr2dr (21)

The average distance of the electron from the center of the sphere is

given by the integral

oo -
'ngl = f'l li/‘Im lr“nl”l dr =,_/‘ [Rn,l ("M‘ rrdr. (22)
0
For any state with zcro angular momentum (/ =0), the average value
of r is calculated to be

P A 23
"0 njrndg(nwx)l* (23)

In conclusion the author is greatly indebted to Professor J. S. Wang
of Tsing-Hua University for reading and dicussing the manuscript, and to
Professor S. Y. Sze, Head of Physics Department of this university, for his
encouragement.
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